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The spectrum of K* mesons in the momentum range up to 0.9 Bev/e produced by cosmic- 


ray protons was measured at an altitude of 3250 m above sea level (Mt. Alagez). 


The 


cross section for the above process is estimated. 


EXPERIMENTAL SETUP 
iB diagram of the experimental setup is given in 


jokes Sake 


with lead nuclei. 
were detected by two liquid scintillation counters 


C, and Cy», and fell upon an aluminum absorber A 
If the K* meson stopped and 
decayed in the matter of counters C3 and Cy or in 
the array detected 


40 g/cm? in thickness. 


the lead absorbers D and D’, 
the decay of the K* meson in those cases when at 
least one of the shower particles, produced in the 
same interaction as the K* meson, traversed 
counters C, and Cy. It is clear that in such 
cases, K* mesons produced in stars with a small 
multiplicity were detected by the array with a 
smaller probability than K* mesons produced in 
stars with a large multiplicity. The estimate of 
the above effect will be considered later in the 
discussion of the results. 

A triple delayed-coincidence circuit C, + C, 
+ C3(C,) selected the decay events within the 
time range (7—45) X 10°? sec. The trajectory 


of the primary particle and the number of the lead 


layer in which the interaction occurred were de- 
termined by means of a 220-channel hodoscope. 
Thus, the energy of K* mesons was determined 
from their range in lead. 


Six layers of lead (I— VI), each 50 g/cm? 
thick, formed the matter in which K mesons were 
produced in the interaction of cosmic ray particles 
The K* mesons leaving the lead 


_ The time of decay of K* mesons, i.e., the time 
between the appearance of a pulse in the counter 
C, and of the pulse in the counter C3(C,), was 
measured with a high-speed oscillograph devel- 
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FIG. 1. General diagram of the array. 
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oped by us earlier.’ The signal of triple coinci- 
dence C, + C,+C3(C,) triggered the sweep of 
the oscillograph and served as the master pulse 
for the hodoscope. The screen of the cathode-ray 
tube and the hodoscope panel with neon lamps were 
photographed on film. 

The hodoscope. The position and dimensions of 
the Geiger-Miiller counters are shown in Fig. 1. 
Trays T, and T, determine the place of occur- 
rence of the star and the trajectory of the K* 
mesons, and the counters of the groups Ga, Gp, 
Gc, Gp determine the number of particles falling 
on the hodoscope from above. The Geiger-Muller 
counters of group Gc, placed in the front and back 
of the array, are not shown in Fig. 1. 

Each counter of the trays T,;—T, and of the 
groups Gp and Gc was connected to a hodoscope 
cell with a neon lamp MGKh-90. The counters of 
the trays Ga and Gp were connected in groups, 
each of which was connected to a cell with a neon 
lamp. All neon lamps were placed on one panel, 
which was photographed. 

Scintillation counters. One of the liquid scintil- 


lation counters used in the array is shown in Fig. 2. 


The counter consisted of a brass container filled 
with a solution of p-terpheny] in doubly-distilled, 
chemically pure benzene. The concentration of the 
scintillating substance amounted to 1.4 g/l and was 
chosen from considerations of small light absorp- 
tion by the solution and sufficiently large amplitude 
of the light pulses. For better light collection by 
the photocathode of the photo-multiplier tube, the 
inner surfaces of the metal container were lined 
with polished aluminum foil. Counters C, and 

Cy measured 300 x 100 x 50 mm, while C3(Cy4) 
measured 300 x 150 x 40 mm. Photomultiplier 
tubes of the type FEU-2V were used in the coun- 
ters. 

Electronic circuits. A block diagram of the 
electronic circuitry is presented in Fig. 3. The 
photomultiplier signals from counters Cy, Cy, Cz, 
and C, were fed after preliminary amplification 
and shaping to the input of the coincidence circuit.” 
The resolution curve of this circuit is given in Fig. 
4. The method of measuring the time of decay of 


FIG. 2. Construction of the counter. 
1—counter body, 2—flange, 3 —flange, 
4—fluoroplast washer, 5—cone, 6 — quartz, 
7—screw, 8—fluoroplast washer. 


Counter No.1 AF] 


Counter No. 4 


FIG. 3. Block diagram of the array. PM-— photomultiplier 
of type FEU-2V, AF — anode follower, CF — cathode follower, 
S —shaping circuits, CC —coincidence circuits, H —hodoscope, 
C —camera control circuits, OS — oscilloscope sweep trigger, 
VA — vertical amplifier, M— photomultiplier signal mixer. 


FIG. 4. Resolution 
curve of the triple coin- 
cidence circuit C, + C, 
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the K* mesons does not differ essentially from 
the method described earlier.® 

To detect K* mesons with a mean life of 1.2 
x 107-8 see, the electronic circuit should have a 
sufficiently high resolving time. In order to 
measure the time spread of the scintillation- 
counter system, we determined the time between 
the pulses of the counters Cy—C3 and Cy—Cy, 
corresponding to the simultaneous passage of a 
particle through the counters. 

The data obtained are shown in Fig. 5. The 
accuracy of the time measurements by means of 
the counter system C,—C, was 2.2 x 107? sec 
and was determined essentially by the spread of 


FIG. 5. Time spread 
of counters C, €.(C,): 
The x axis represents 
the deviation A from 
the mean value of the 
time interval between 
the pulses of the coun- 
tersu Candace. (@)). 
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electron trajectories in the photomultiplier and by 
the counter size. 


DECAY SCHEMES 


Since the present experiment was not intended 
to identify the various decay schemes of K* me- 
sons, the arrangement of the scintillation counters 
and the parameters of the electronic circuits were 
selected to record the most prevalent types of K* 
decay, Ky, and Ky. 

The high energy of the decay » mesons (€y 
= 152 Mev, range 104 g/cm? Pb) insures good 
detection by the scintillation counter C; (C4) of 
a “& meson emerging at any point of the absorber 
A. The Ky, decay scheme was recorded by the 
array with a somewhat smaller efficiency, in view 
of the smaller range of the decay 7 mesons (Ez 
= 108.5 Mev, R = 60 g/cm? Pb), some of which 
stopped in the absorber and did not reach the 
counters. 

In nuclear interactions in lead, comparatively 
many 7m mesons are produced together with the 
K* mesons (the mean life of the mt meson is 
pepe x 107 sec). 

Detection of the —yp decay (Ey, = 4 Mev) 
was possible only when the 7 meson stopped and 
decayed in the scintillating substance of the counter 
C3(C,) and when at least one particle of the shower 
passed through counters C, and C,. In such a case, 
three pulses appeared on the oscillograph screen — 
one due to the shower particle traversing the counter 
Cy, one due to the ma meson stopping in the scintil- 
lator of the counter C3(C,), and one due to the pu 
meson, which loses not more than 4 Mev in the 
scintillating liquid. The first two pulses, from 
counters Cy, and C3(C,), coincide in time. 

In the reduction of the data, only the decay 
events with A,/A3 <5 were considered, A, being 
the amplitude of the second pulse and A; that of the 
third pulse. This corresponds to a limiting energy 
- m@-meson of 20 Mev. It should be noted that such a 
selection criterion leads to omission of certain 
similar decays of K* mesons, although to a smaller 
degree, since the energy of secondary products in 
the K* decay is considerably larger. 

The contribution of the 4—e decay is small 
in view of the small value of the chosen time range 
as compared with the mean life of the 4» meson 
(Ty = 2.22 x 107° sec). In addition, a large frac- 
tion of the decay electrons is absorbed in the lead 
absorbers D and D’. 

The mean life of K* mesons as measured in 
the present experiment coincides with the values 
obtained by other authors.*-* This confirms the 
small admixture of —y and w—e decays. 
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MEASUREMENTS 


Four experiments were carried out. In the first 
experiment, (a), 1200 hours long, the placement of 
the apparatus was as shown in Fig. 1. Data ob- 
tained in this experiment made it possible to ob- 
tain the range spectrum of the K* mesons in the 
interval 50 — 350 g/em? Pb, and also the produc- 
tion cross section of K* mesons for protons of 
cosmic radiation. Experiment (b) (200 hours), 
in which the three lower layers of lead were re- 
moved, was devoted to a comparison of the effi- 
ciency of the detection of K* mesons produced in 
various layers of lead. Lead layers I —III in ex- 
periment (b) differed from layers IV — VI in ex- 
periment (a) with respect to the detecting efficiency 
of the K* decay only in their geometry. The third 
experiment (c) (500 hours) differed from experi- 
ment (a) only in that the absorber A was removed 
in experiment (c). The array detected the decay 
of K* mesons stopping in the matter of the counter 
C3(C,) and in lead absorbers D and D’. The fourth 
experiment (da) (196 hours) was carried out to de- 
termine the background due to air showers. The 
placement of the counters was the same as in ex- 
periments (a) and (b), but the absorber A and all 
the six layers of lead were removed. In this ex- 
periment, K mesons could be produced and come 
to rest only in the matter of the counters C,—Cy,. 

In reducing the experimental data of all four ex- 
periments, decay events satisfying the following 
conditions were selected: 

1) The time between the appearance of pulses 
in counter Cy and C3(C,) lies within the range 
(7 —45) x 107° sec, and the amplitude ratio A,/A3 
=/9) 

2) The production of K* mesons in the lead 
layers is not connected with an air shower. 

3) The trajectory of the particle producing the 
star does not pass through the side Geiger-Miller 
counters of the hodoscope (group Gp in Fig. 1). 

4) It is possible to determine the layer in which 
the interaction has occurred from the hodoscope 
picture. 


DISCUSSION OF RESULTS 


The number of decays detected in experiments 
(a), (b), and (c) are given in Table I. In experiment 
(a), no decay events satisfying the above selection 
criteria were detected during the 196 hours of 
operation. 

Column 5 of Table I lists the data of the experi- 
ment (b), normalized to 1200 hours of operation, 
with account of the absorption of protons in the 
three layers of lead, for a nuclear-interaction 


mean free path equal to 160 e/em?, Comparison 
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TABLE I 
Experiment (a)| Experiment (b)| Experiment (c) 
(1200 hrs) p stars p stars Spectrum of 
Momentum ie 
Normal- range of K* mesons 
No. of ized to Normal- K Ape from experi- 
layer p n 200 |1200hrs, | 500 | ized to. Pee CEP ee ontetay 
stars| stars | hrs |takingin-| hrs 1200 (Bev/c) d (b) 
to account hrs am 
proton ab- 
| sorption 
I 5 0 5) 12 3 7 0 ,88+0.95 12a 
II 7 0 6 14 1 2.4 0,81 +0 ,88 1827 
Ill 5 2 6 14 3 7 0,72+0,81 16+7 
IV 10 3 —_— 3 7 0.638+-0.72 3714 
V 15 a — —_— 3 7 0,54+0.63 63t11 
VI 8 14 — _— 3 ff 0.41+0,54 316 
Counters 3 — 2, 4.5 0220841 14+6 
1 and 2 and 
the absorber 


of the results of the experiments (a) (column 2) 
and (b) (column 5) shows that the probability of 
detection of a K decay is independent (within 
the limits of statistical errors) of the position 
of the lead layers relative to the absorber. The 
data of experiment (c), normalized to 1200 hours 
of operation, are given in column 7. By compar- 
ing these with the data of experiment (a) (column 2), 
we can determine the ratio of the detected decays 
in absorber A and in the matter of counters C3(C,). 

As already mentioned, the probability of the de- 
tection of K mesons stopping in the matter of the 
counters C3(C,) depends on the multiplicity of the 
star in which the K meson was produced. This 
probability decreases with decreasing multiplicity 
of the star. It is clear that high-energy K mesons 
are produced with more penetrating particles than 
K mesons of lower energies. Therefore, the above 
effect will be especially important for the lower 
layers of lead. 

The experimental data (Table I) for the layers 
IV — VI give the following ratio of the number of 
detected decays of K* mesons in the matter of 
counters C3(C,) and in absorber A: 


Neounter/ Nabsorber NSH 


The calculated value of this ratio is 


Ncounter/ Nabsorber == 1.91 [0.88 al 


(see Table Il). If we assume that the array detects 
only 50% of the decay events of K mesons stopping 
in the matter of counter C3(C,), then the given 
ratio will be smaller by a factor of two and will 
equal 1.05. The total detection efficiency of K* 
mesons is then smaller by 35%. Comparing the 
ratio Neounter/Nabsorber found in the experiment - 
with the calculated one, we can conclude that the 
losses in the detection of decays produced in stars 
with a small number of prongs are small compared 
with the statistical error of the experiment. This 
is most probably due to the fact that most K* me- 
sons are produced in stars with a large number of 
penetrating particles. 

In the upper layers of lead, a small number of 
K particles produced by neutrons was detected 
(Table I, column 3). This makes it possible to 
conclude that K mesons are predominantly pro- 
duced by the charged component of cosmic radia- 
tion. The increased number of K* mesons pro- 
duced by neutrons in the lower layers of lead is 
due to the increase in the solid angle for primary 
particles. (For protons, the solid angle is limited 
by the counters of group Gp.) 

The observed number of decays of K* mesons 


TABLE II 
Weight of 
matter Q),/4r Q,, sterad PQ,(2,/47), kg-sterad 
P, kg 
Absorber 24,2 0.49 0.19 0,88 
Walls of counters TE) O17 0.64 
and absorbers 
Scintillator ono 1 0.17 0.60 
Counter shoulders 13.0 0,3 Omi 0.67 


*0,,/47 is the solid angle for detection of K+ meson decay products, Q, is the 


solid angle for protons. 
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FIG. 6. Momentum spectrum of K* mesons. 


produced by the charged component in experiments 
(a) and (b) is given in the last column of Table I. 
The results are corrected in taking into account 

the absorption of protons in the lead layers and 

the nuclear interactions of K* mesens with a mean 
free path’ L = 640 g/em*. The data are normalized 
for the same width of the momentum range, 0.1 
Bev/c. The momentum range of the K particles 
corresponding to each layer are shown in the next- 
to-last column of Table I. 

The momentum-spectrum of K particles is 
shown in Fig. 6. The decay curve constructed on 
the basis of all detected events is shown in Fig. 7. 
The mean life of the studied particles, as meas- 
ured in these experiments, is (10.0 + 1.2) x 1i0= 5 
Sec. 

The cross section for the production of K* me- 
sons by protons can be estimated under the follow- 
ing assumptions: 

1) The detection probability of the decay, in the 
time range given above, is equal to 1, only ifa 
secondary particle falls on one of the side counters 
C3 or Cy. The absorption of the decay products in 
the absorber and in the counter walls is neglected. 

2) In the calculation of the solid angles, we shall 
assume that the K*-meson trajectory is a continua- 
tion of the trajectory of the star-producing particle. 
(This assumption is confirmed by the fact that the 
K*-decay detection efficiency is independent of the 
position of the lead layer with respect to the ab- 
sorber. 

3) The minimum proton energy necessary for 
the production of a K meson which can reach the 
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FIG. 7. Integral 
distribution of mean 
lives Tt. 
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absorber or the counters C3 and Cy, is ~ 5 Bev. 
The main inaccuracy of the estimate lies in the 
uncertainty of this value. However, the small 
cross section for the production of K mesons for 
proton energies up to 5 Bev provides the basis for 
considering such a choice of the limiting energy 
close to the real one. The proton momentum spec- 
trum at 3200 m above sea level is approximated 


by the function N(p)dp =A 2"dp, where® A =0.9 
x 10particle/em?-sec-sterad (Bev/c), and the 
angular distribution of protons is of the form? 

N (6)d@ ~cos*@d@. The cross section for the pro- 
duction of K+ mesons by protons, calculated un- 
der the above assumptions, amounts to i of the 
geometrical cross section and represents the 
lower limit of the actual value. 

The results of the experiments show a sharp in- 
crease in the cross section for the production of 
K* mesons with increasing energy of the generat- 
ing protons. From the shape of the given spectrum 
of K* mesons, it can be seen that the spectrum falls 
in the range of soft K* mesons. The observed num- 
ber of K* mesons produced by protons and neutrons 
indicates the predominant production of K* mesons 
by the charged component of cosmic radiation. 

In conclusion, the authors consider it their pleas- 
ant duty to express their gratitude to A. I. Alikhanov, 
G. P. Eliseev, V. A. Lyubimov, and A. G. Meshkov- 
skii for discussion of the results, to A. I. Alikha- 
nian for the facilities for carrying out the experi- 
ment at the cosmic station on Mount Alagez, and 
also to K. A. Zaitsev and A. N. Rozanov for help 
in carrying out the experiment. 
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Pulse ionization chambers and a hodoscope were used to study the interaction of primary 
protons and a particles with carbon nuclei in the stratosphere at 31°N geomagnetic lati- 
tude. The electron cascade initiated in lead by y quanta from the decay of the neutral 7 
mesons produced in the interaction was investigated. It was found that the primary-particle 


energy consumed in vi 


production in the interactions between protons or q@ particles and 


carbon nuclei in the ~ 10! ev energy range is on the average (10 +3)% and (14 + 10)% 


respectively. 
INTRODUCTION 


lech ara 1954, no direct measurements had been 
made of the energy fraction consumed in the pro- 
duction of a mesons in a Single act of interaction 
of cosmic-ray protons with light nuclei. Slight in- 
elasticity of the interaction between nucleons and 
light nuclei in the energy range of ~10!° ev was 
inferred indirectly through a study of the absorp- 
tion of the nuclear-active particles in cosmic rays 
and the production of the various secondary com- 
ponents of cosmic radiation in the atmosphere.’ 
The validity of this conclusion depended substan- 
tially on the assumed value of the cross section 
for inelastic interactions. 

The energy consumed in the production of 7 
mesons can be determined from a measurement 
of the ionization at the maximum of the cascade 
shower initiated by the y quanta produced in 7° 
meson decay. By measuring the total ionization 
produced by all the electrons at the shower maxi- 
mum, and also the average ionization due to a 
single electron, we can determine the number of 
particles Nmax at the shower maximum. The 
relation between Na x and the energy E of the 
primary electron or the photon initiating the cas- 
cade, given by Beien’kii,? makes it possible to de- 
termine the average total energy E of the y 
quanta produced in the 1° decay from the number 
of electrons at the shower maximum, i.e., the 
average energy E,9=E transferredto 7’ me- 
sons: 


0 


NY rere = K (Bei 2) EB jf Vin (2 / 9) Bs 


where £ =6.4 x 10° ev is the critical energy in 


1 


(1) 
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lead. Thus, 2 measurement of the number of elec- 
trons at the shower maximum, obtained by meas- 
uring the ionization due to these particles, yields 
directly the energy consumed in the production of 
7 mesons, without the need for any assumption 
regarding the cross section of the inelastic inter- 
action.* 

On September 20, 1954, measurements of the 
ionization at the maximum of cascade showers 
produced by y quanta from the decay of 7° me- 
sons (average energy of primary protons — Eqp 
= 20 Bev, that of the primary a particles — Epq 
= 40 Bev) were carried out in the stratosphere at 
an altitude of 25 km and at 31°N geomagnetic lati- 
tude. Pulse ionization chambers and a hodoscope 
were used. The apparatus was lifted into the 
stratosphere by probe balloons. The results of 
the measurements were transmitted to the earth 
by radio. 


EXPERIMENTAL SETUP 


The arrangement of the counters, ionization 
chambers, and absorbers, together with a block 
diagram of the electronic circuits, is shown in 
Fig. 1. The telescope, which selected a vertical 
beam of particles, consisted of three trays A, B, 
and C of self-quenching Geiger-Miiller counters. 
Each tray, consisting of three counters, was con- 
nected to a triple-coincidence circuit. The geo- 


*In the 10°—10*° ev range, K(E/8)/V In(E/B) does not 
depend strongly on the energy. Therefore, the number of par- 
ticles at the shower maximum can be regarded as proportional 
to the energy consumed in the production of 7°mesons. Accord- 


ing to Belen’kii, the average value of K(E/8)/V In(E/B) in 
the 10°—10*° ev range is 0.080. 


INTERACTIONS OF COSMIC-RAY PROTONS AND a PARTIC LES 


FIG. 1. a) Arrangement of the counters, ionization 
chambers, and absorbers in the apparatus. b) Block dia- 
gram of the electronic circuitry: 1—triple coincidence cir- 
cuit, 2—gating univibrator, 3—hodoscope master pulse 
shaping circuit, 4—hodoscope, 5—rotary switch, 6 —hodo- 
scope pulse tube, 7 —triple-coincidence gating circuit, 

8 — generator of calibration pulses, 9, 10, 13, 14 and 13, 24~— 
channels of linear amplification, 11,15, 25— gating circuits, 
12, 16, 26 — pulse-stretching circuits, 27 —blocking of the 
sensitive channel of the lower chamber, 17 —circuit for 
simultaneous transmission of pulses from both chambers, 

18 — modulator of the transmitter, 19 — transmitter. The 
elements in the block diagram are marked according to the 
block diagram of the apparatus in reference 4. 


metrical factor of the array was SQ=9. The in- 
vestigated absorber =, of 19.5 g/cm? graphite, 
was placed between trays B and C. During the 
time of flight, the absorber was inserted into the 
telescope or removed from it every three minutes, 
so that the measurements with graphite were alter- 
nated with background measurements all the time. 
Two cylindrical pulse ionization chambers were 
incorporated into the setup, one inside the tele- 
scope between the trays A and B (chamber I), 
and the second below the lower tray C of the hodo- 
scope counters (chamber II).* An absorber con- 
sisting of 2 cm of lead and 1 cm of aluminum was 
placed above the top tray A. The thickness of this 
absorber was sufficient to insure that practically 
all particles of the electronic component from the 
atmosphere underwent an electromagnetic interac- 
tion in it and initiated cascade showers, which were 


efficiently detected by the counters placed above the 


line MN. The top group D of counters, connected 
in parallel andactuated by a separate hodoscope cell, 
covered the total acceptance angle of the apparatus. 
Therefore, all triple-coincidence events due to 
single particles inside the acceptance angle of the 
apparatus were necessarily accompanied by a dis- 
charge in counters D (four-fold coincidences ). 
Photons which traversed the instrument underwent 
conversion in the upper lead absorber, producing 
electron showers detectable by the instrument. In 
that case, however, counters D did not discharge. 


*The dimensions of ionization chambers I and II were, re- 
spectively: cylinder diameter 100 and 200 mm; length 300 and 
300 mm; wall thickness 0.5 and 0.9 mm brass; diameter of in- 


ternal electrode (steel rod) 3.0 and 6.0 mm. The chambers were 


filled with spectrally pure argon at 5.0 and 3.0 atmos, respec- 
tively, and were operated at 1000 v. 


423 


== 
S o 


ve 
Dd 


oC! 
oO 

{ 
O 


ed 
(ae 


SS 


KR) 
eS 


oC) 
)) 
») 


linear 


— 


‘amplifier 


Le) 


Y 
iss, 
>) 


= 
= 


= 
WESESES ED ESE 


CG) 


i 


U 
o 


D 30 0mm 


Ss 


A lead absorber 2 cm thick was placed above cham- 
ber II underneath tray C. The y quanta from the 
decay of the 7° mesons produced on carbon were 
converted in this absorber, and a cascade shower 
developed which attained its maximum within the 
absorber. The telescope, the ionization chambers, 
and the graphite and lead absorbers were surrounded 
by counters connected to the hodoscope (counters 
E, F, G, H, L). All the telescope counters were 
also connected to the hodoscope.* 

The setup was triggered (see block diagram, 
Fig. 1b) by a triple coincidence (block 1) of dis- 
charges in the trays A, B, and C of the telescope 
counters. The resolving power of the triple coin- 
cidence circuit was 5 x 10°® sec and that of the 
hodoscope cells was 2 x 10-° sec. The linear am- 
plifiers 9—10, 13—14, and 13—24 (connected 
to chambers I and II) were gated through junc- 
tions 11, 15, and 25, at the moment of passage of 
a particle through the telescope, by a square pulse 
of 2x 10“ sec duration, the length of the meas- 
ured pulse being ~ 1 x 10°* sec. The linearly am- 
plified pulses of chamber I ranged from 10 to 
~ 400 uv at the amplifier input (the probable pulse 
due to a single relativistic single-charged particle 
being 18uv). For chamber II, which was meant 
mainly for the detection of showers containing a 
large number of particles, the range of linear am- 


*The counters were filled with a mixture of argon and ethyl- 
ene. A thin graphite layer spread on the internal surface of the 
glass walls served as the negative electrode. The wall thick- 
ness varied from 1.0 to 1.5 mm. The dimensions of the counters 
were: A,B, C—diameter 20 mm, length 200 mm; D—diameter 
30 mm, length 300 mm (5 pieces); E —diameter 30 mm, length 
200 mm (17 pieces); F, G,H, L—diameter 30 mm, length 300 mm 
(28 pieces). 
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plification was wider, from 10pv to ~ 10 mv at the 
input.* This made it possible to measure accur- 
ately by means of chamber II the ionization pro- 
duced both by a single relativistic particle and 
by a shower containing up to 500 particles (the 
probable ionization in chamber II due to a single 
relativistic singly-charged particle produced a 
pulse of 25uv at the amplifier input). 

A description of the block diagram of the ap- 
paratus, some characteristics of the operation of 
the individual circuits, and also the method of radio 
transmission and of the recording of the signals 
received on earth are given in reference 4, which 
describes an experiment carried out with similar 
apparatus. 


RESULTS OF MEASUREMENTS 


The hodoscope data were used to determine the 
nature of the shower and the place of its initiation. 
In this experiment, we were interested only in 
events in which charged particles traversed the 
apparatus. These particles were selected by the 
discharges they produced in counter group D. 
Using the hodoscope data, we excluded cascade 
showers produced by electrons in the upper lead 
absorber. In that absorber, practically all of the 
electronic component (~ 98%) underwent cascade 
multiplication. A shower was considered electron- 
produced when discharges occurred either a) in 
more than one counter of trays A or B, or b) in 
one counter each of trays A and B together with 
a discharge of at least one counter out of those 
placed above the graphite absorber (counters F 
and G located above the line MN). The other de- 
tected events represented either singly-charged 
particles which did not interact with the absorbers 
(discharge of one counter each in trays A, B, C, 


*The range of the amplifier connected to chamber II was 
extended in the following way: after two amplification stages 
(block 13), the pulse from chamber II was fed simultaneously 
to the sensitive (14, 15, 16) and “coarse” (24, 25, 26) channels. 
The pulses were stretched (see description of the block dia- 
gram in reference 4) by circuits 16 and 26 and, as long as the 
pulse from chamber II was small, both stretched pulses were 
fed to circuit 17. This circuit recorded the longer of the two 
received stretched pulses, i.e., the pulse from the sensitive 
channel. If the pulse from chamber II was larger than ~ 400 pv 
at the amplified input, then the sensitive channel was blocked 
by circuit 27. As a result of this, only the stretched pulse from 
the “coarse” channel 24, 25, 26 of chamber II was fed to cir- 
cuit 17. In order to note the passage of the pulse from the 
chamber along the “coarse” channel, the voltage pulse from 
the blocking neon tube in circuit 27 was fed to a marking cir- 
cuit. As a result, every time the sensitive channel was blocked 
a voltage pulse appeared on the switch contact connected to 
the cathode of the neon tube in the marking circuit. 
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and not more than one counter in tray E), or 
showers in the lower part of the instrument, the 
particles of which were detected by a counter lo- 
cated below line MN. This category of showers 
also included electron-nuclear showers emerging 
from graphite and from the lead located above 
chamber II. (These showers caused either a) the 
discharge of one counter each in trays A and B 
and the discharge of more than one counter in tray 
C, or b) the discharge of one counter each in A, 
B, C together with the discharge of at least one 
counter in the side trays H and L, or together 
with the discharge of two or more counters in 
tray E.) Since the showers produced in graphite 
were recorded against a large background of 
electron-nuclear showers from the lower lead 
absorber and of nonlocal showers, the effect due 
to the carbon was evaluated from the difference of 
measurements with and without graphite. We dis- 
regarded the possible variation in the background 
of the nonlocal showers upon changing from meas- 
urements with the graphite to measurements with- 
out it. However, there was no reason to believe 
this variation to be large. 

The particle that produced an electron-nuclear 
shower in graphite was identified by the ionization 
produced by this particle in the upper chamber I. 
Because of the presence of large fluctuations in the 
ionization in the chamber gas, and also because of 
fluctuations in pulse size due to the superposition 
of noise, we assumed that the ionization primary 
protons in the upper chamber could produce ioni- 
zation in the range J/Jy) =0—3.0, and primary 
alpha particles could yield J/J) =3.0—7.5 (where 
Jy is the probable ionization due to a relativistic 
singly-charged particle, and J is the ionization 
due to the given particle ).4 

Figure 2a shows the ionization spectra of show- 
ers in the lower part of the apparatus (below the 
2-cm lead layer), obtained at an altitude of 25 km 
from the data of the lower chamber II, under the 
condition that the pulse in the upper chamber I was 
0 — 3.0 times that due to probable ionization by a 
relativistic singly-charged particle (this being the 
range of showers produced by primary protons ). 

A correction is applied to this spectrum for the 
ionization due to 6 showers, based on data ob- 
tained on earth, since it could be assumed that 

all local showers detected at the surface of the 
earth in the lower part of the apparatus were 6 
showers. The solid and dotted histograms were 
obtained for measurements with and without graph- 
ite, respectively. The results of the measurement 
without graphite were multiplied by 1.26 to reduce 
them to the period of the measurements with graph- 
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FIG. 2. Ionization spectra in the lower chamber 
II, obtained in the stratosphere at an altitude of 25 
km, in measurements with the graphite absorber 
(solid line) and without it (dotted line) for pulse in N 
the upper chamber equal a) 0 < G/Jo); < 3.0; 
b) 3.0 <Q/Jo)y< 7-5; c) (J/Jo)y > 7.5. For ioniza- 
tion values (J/J,);; > 15, the scale of the y axis is 
compressed by a factor of five. N—number of 
showers with a given ionization. 
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ite (t =42.3 min). Equivalent data are shown in 
Fig. 2b for an ionization range in the upper cham- 
ber equal to 3.0 —7.5 times the probable ioniza- 
tion (range of showers from primary a particles); 
a correction for 6 showers was not introduced 
here. Figure 2c represents the same for an ioni- 
zation range in the upper chamber greater than 

7.5 times the probable ionization. The excess of 
the number of showers in measurements with 
graphite, due to the showers produced on carbon 

by protons (Fig. 2a)* and by a particles (Fig. 2b), 
is clearly noticeable. For an ionization in the upper 
chamber greater than 7.5, the effect of carbon has 
not been detected, within the limits of the very 
scant statistical data (Fig. 2c). 

Using the data of Fig. 2, we can calculate the 
average ionization in chamber II under 2 cm of 
lead per shower initiated in carbon by a proton 
or an qa particle. The average ionization per 
shower initiated in the carbon, expressed in units 
of the average ionization due to a relativistic 
singly-charged particle, gives directly the average 


*The absolute number of interactions between protons and 
carbon nuclei obtained in the present experiment is in agree- 
ment with our 1955 data.° 


a ee si 
210 220250 40 £50 
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number of charged relativistic particles in the 
shower. To obtain the average number VY of elec- 
trons at the shower maximum of a cascade pro- 
duced by the y quanta from 7m? decay, we should 
apply to the measured average number of charged 
relativistic particles in the shower a correction 
for the number n of penetrating particles in the 
shower. 

A formula for calculating vy on the basis of 
the obtained ionization spectra was derived from 
simple considerations, and is of the form 


ST(NSTPPY,/ 1,20Jg) — SUNPPY,/1.20Jo) 1 


Bee nl. (2 
SivetPh_ S) Ph | (2) 


where Jy is the probable ionization of a relativ- 
istic singly-charged particle, 1.20 J) is the aver- 
age ionization of a relativistic singly-charged par- 
ticle, Jj is the ionization of the given particle, 

Ne pe is the number of showers with a given ioni- 
zation J; /Jy obtained in measurements with graph- 
ite in the telescope, ph is the same for measure- 
ments without graphite, n= 4.2 + 0.5 is the aver- 
age number of charged penetrating particles (pro- 
tons and m mesons) per shower initiated in carbon 
by a proton (according to our data), and n= 9.1 

+ 0.7 is the same per shower produced by an a 


7 = 0.80 | 
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Results of measurements of the energy con- 
sumed in production of nm mesons in 
electron-nuclear showers initiated in carbon 
by protons and a particles 


a-particle 
pany, Dariscle Ey fe et ev E, = 40-10’ ev 
Ionization range J/Jo in 0—3.0 320-750 
chamber I 
Measured average number 11,4+3,5 32.2+23.0 
of electrons at cascade 
shower maximum, 7 
Number of electrons in the 26+8 73-92 
shower N_,, with cor- 
_ rections 
JB CNY (2.1+0,6)-10° (5.8+4.2)-10° 
(E,u/Eo)-100, % 1043 14410 


particle in carbon, from the data of Rao et abe 
obtained from emulsion measurements. 

The correction for the production of 7’ mesons 
in secondary interactions in graphite and lead is 
accounted for by the factor 0.80 in Eq. (2). 

The directly-measured average number of elec- 
trons v at the cascade shower maximum, pro- 
duced by y quanta from the decay of 7’ mesons 
in showers initiated by protons and a particles 
in carbon, is given in the table (row 2). This was 
obtained by means of Eq. (2) from the data of cham 
ber II (Figs. 2a and 2b). To obtain Nmax, we in- 
troduced a number of corrections to the measured 
value of the number of electrons: 

1. The ionization pulses from particle showers 
was expressed in Eq. (2) in units of the average 
ionization produced in the chamber by relativistic 
particles. In reality, however, because of a differ- 
ent geometry of the passage of shower particles 
through the lower chamber, the average path of a 
single particle in the chamber was somewhat longer 
than the average path of a shower particle. There- 
fore, the average ionization due to a single particle 
was greater than the average ionization due to a 
shower particle, and the measured number of par- 
ticles v was underestimated. Taking into account 
the difference in the geometry* and also the depend- 
ence of the electron momentum on the place of in- 
cidence of the particle in the chamber, we found 
that the measured number of particles, v, had 
to be multiplied by 1.11. 

2. Since no lead scatterer was present in the 
instrument below chamber II, the energy spectrum 
of particles as measured by chamber II was harder 


*The correction for the difference in the geometry took into 
account the angular distribution of the electrons emerging from 
lead, in accordance with the calculations of I. P. Ivanenko.® 
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than the equilibrium spectrum of Tamm and Belen’ - 
kii.2 The spectrum of electrons in the showers 
under 2 cm of lead, was measured in a cloud cham- 
ber, in the absence of backward scattering, by 
Nassar and Hazen.’ Since chamber II was made of 
brass, it was necessary to take into account the 
effect of transition from lead to copper in the cham- 
ber walls. (The effective thickness of chamber 
walls was ~ 2.3 mm or 1.9 g/cm? Cu.) For this 
purpose, we used experimental data of Hereford 
and Swann® on the range-energy relation (extra- 
polated) for electrons in copper. According to 
these data, a range equal to the effective wall thick- 
ness of chamber II, dogg = 1.9 g/cm? Cu, corre- 
sponds to 3.8 x 10° ev. The number of electrons 
with energy E < 3.8 X 10° ev, according to the 
spectrum of Nassar and Hazen,’ amounts to 25% 

of the total number; i.e., 25% of the electrons were 
absorbed in the chamber walls. Hence, the correc- 
tion factor for the absorption in chamber walls is 
Tao. 

3. In view of the fact that the measured electron 
spectrum was harder than the equilibrium spec- 
trum, the scattering in the chamber gas was not 
large. The scattering in the energy range E >4 
x 10° ev, for which cos @ > 0.95, was assumed 
to be practically nil. A correction for scattering 
in the gas chamber was introduced for particles 
that had an energy less than 4 x 10° ev after pass- 
ing through the chamber walls. The mean scatter- 
ing angle in the energy range 0 to 4 x 10° ev was 
calculated for the electron spectrum of Nassar and 
Hazen’ from formula 1.55a of Sec. 22 of the article 
by Rossi and Greisen.? The measured path length 
and hence the ionization due to the scattering of 
electrons in the chamber gas, was found to be 
equal to 10% (correction factor 0.90). 

4. To permit comparison of the experimental 
data with the cascade theory, which deals with an 
equilibrium spectrum of electrons, we transformed 
our spectrum to an equilibrium spectrum, taking 
into account the electrons of the “reverse” current 
which would flow into the chamber if the chamber 
were surrounded from all sides by lead and if there 
were no absorption in the chamber walls. The 
value of this correction for the “reverse current” 
was determined by us from the experimental data 
of Blocker et al.,!° who used a thin-walled ioniza- 
tion chamber. The correction factor for lead, ac- 
cording to these data, equals 1.70. 

The resulting correction factor equals 2.26. It 
should be noted that a considerable contribution is 
made to this by the correction for the “reverse 
current,” well-known from experimental data. The 
contributions of the other corrections are less sub- 
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stantial, and the possible inaccuracy in that deter- 
mination cannot substantially change the obtained 
result. The table (row 3) lists the number of elec- 
trons at shower maximum, Nya x, with all cor- 
rections. Substituting the result obtained for Nmax 
into formula (1) of Tamm and Belen’kii, we find the 
average energy E,0, consumed in the production of 
vi mesons, for one shower in carbon, to be (2.1 

+ 0.6) x 10° ev for protons and (5.8 + 4.2) x 10° ev 
for a particles (row 4 of the table). The aver- 
age energy of a protonis E,) = 20x 10° ev and 
that of an q@ particle is Ep, = 40 x 10° ev, making 
the fraction k of the energy consumed in produc- 
tion of 1° mesons, in interactions involving carbon, 


ky = (10 +3) % and ky = (14 + 10) % 


for protons and q@ particles respectively. Thus, 
our result confirms the earlier conclusion!” about 
the small inelasticity of the interaction of protons 
with light nuclei in the energy range of ~ 10!" ey. 
The value of kq obtained for primary a particles 
under analogous conditions is, within the statistical 
error of the measurements, not different from the 
value obtained for protons. 


CONCLUSIONS 


The average fraction of energy transferred by 
a ~ 10! ev proton to 7 mesons in a single act of 
interaction with a carbon nucleus is equal to 0.10 
nOs0S% 

The corresponding value 0.14 + 0.10 obtained 
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for primary a particles is, within the limits of 
the statistical error of the measurements, not dif- 
ferent from the value obtained for protons. 
L. G. Landsberg took part in the experiment. 
The authors would like to express their deep 
gratitude to I. P. Ivanenko for taking part in the 
discussion of the experimental data. 
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In a systematic scanning of 47 cm? of emulsion irradiated by 4.5-Bev 7 mesons, 8 double 
stars were found which were attributed to nonmesonic decays of hyperfragments with Z = 2 
to 6. In these stars, the connecting track thinned down and one of the secondary tracks had 
a range >5000yu. The hyperfragments, together with their secondary products, have been 
identified. Possible decay schemes are proposed for the hyperfragments, assuming one 


neutron to be emitted. 


TANG is well known, at the present time there is 
considerable interest in nonmesonic decays of hy- 
perfragments. The number of reliably identified 
cases is still small, although heavy hyperfragments 
decay in this way a significant fraction of the time. 
The difficulty in the analysis lies in the occurrence 
of neutral particles, and of heavy, short-range frag- 
ments among the decay products of the hypernucleus. 
In the work reported here, we tried to identify 
several hyperfragments found in a G-5 emulsion 
exposed to 4.5 Bev 7 mesons. That these cases 
do indeed involve hyperfragments is shown by the 
facts that the track thinned down toward the end of 
its range and that the range of one of the secondary 
particles was more than 5000u. The presence of 
a fast proton is a sufficient but not necessary cri- 
terion for the recognition of a hyperfragment. The 
probability of accidental superpositions in the en- 
tire volume scanned is about 107*, which practi- 
cally eliminates the possibility of coincidences in 


the cases we examined. However, in doubtful cases 
the emulsion was soaked and examined from the 
opposite side with a long focus objective. Conclu- 
sions about the nature of the hyperfragments were 
based on as exact as possible identifications of the 
hyperfragment itself and its decay products. The 
charge of the hypernucleus was determined by 
measuring the width of the track as a function 
of the residual range. As a preliminary step, we 
constructed integral curves for p, a, Li, Be 
and B to be used for calibration. 

In several cases, the charge was found from 
the thin-down length. The secondary particles 
were identified by measuring intervals G(R) 
and scattering a(R). In the following we describe 
the cases considered in detail: 

Case No. 264 (Fig. 1). This case was very favor- 
ably located in the emulsion. All tracks end in 
one layer and lie in the same plane. The hyper- 
nucleus had charge 3, as found by measurements 
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FIG. 2 


of the track width and thin-down length. We calcu- 
lated decay schemes containing one neutron among 
the products: 


1. ,Li8-—> Ht + H!+ He +n; 
2. ,Li® > Ht + H? + H?-+ n; 
3. ,LiS + H!+ H+ Hi n. 


The binding energy B, corresponding to these 
possibilities is > 20 Mev. 


4. ,Li’—+H!4 H? 4+ H?+ 4; 


2 


5. ,Li? > H! + H? + H? + n. 


For these decay schemes, By) > 15 Mev. 
6: ,Li => HL 2 We +, By = 5 Mev. 


Comparing this value for B, with values ob- 
tained by other authors, we concluded that the most 
probable decay scheme is 


plete ee bites le eek? Sail 


Case No. 3013 (Fig. 2). The tracks of all the 
secondary particles except 2 and 4 are short and 
inclined, which makes identification difficult. 
Track 2 is a proton, while tracks 3 and 4 corre- 
spond to charge 1. Track 1 was made by a particle 
having charge not less than 2. Hence, the hyper- 
nucleus has a charge of at least 6. Assuming 
Zyf = 6, calculations on decay schemes give a 
binding energy B, = 70 Mev. A reasonable value 
for the binding energy of the Ag particle is ob- 
tained, together with conservation of energy and 
momentum, if we assume the decaying nucleus is 
B!" and one neutron is emitted. The most probable 
decay scheme is the following: 


B's Het + Hi -- 2H? + n. 


Case No. 3021 (Fig. 3). The charge of the hyper- 
nucleus is 6, as determined by measurements of 
the track width and the thin-down length. The en- 
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FIG. 3 


ergy associated with track 4 was found from 
changes in the ionization under the assumption 
that the track is that of a proton. Tracks 1 and 2 
have charge 2, as found from measurements of 
the width, while track 3 has charge 1. We calcu- 
lated all possible decay schemes of ,C!*, Cc", 
and OM assuming that one neutron was emitted. 
The most probable decay scheme is 


Oe aide Ne Sele arn 


The binding energy in this case is B) ~ 8 Mev. 


FIG. 4 


Case No. 312 (Fig. 4). In this case the hyper- 
nucleus has charge 2, as found by measuring the 
track width. Both the secondary tracks end in the 
same layer. Track 1 was identified by measuring 
intervals G(R) andthe scattering a(R). It 
turned out that track 1 is a deuteron. Assuming 
that one neutron was emitted, the following three 
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HGS 
possibilities were calculated: 


1. ,He® ~ H? + H? +2, By, > 10 MeV; 
2.  ,He*—H?-+Ht-+n, B,>15 MeV; 
Set Heb == A 2 SE an: Byz1 MeV. 


Comparing these values of B, with those given 
by other authors, we consider that this case cor- 
responds to the decay scheme 


», He®-> H? +- H* +n. 


Case No. 338 (Fig. 5). One of the decay prod- 
ucts of the hypernucleus is a heavy fragment. The 
tracks of the hypernucleus and of the heavy frag- 
ment are inclined at the same angle to the plane 
of the emulsion. The points corresponding to the 
track widths of the hyperfragment are beyond the 
range of the calibration curve for boron. The 
points corresponding to the widths of the heavy 


FIG. 6 


fragment correspond to beryllium. The charges 

of the other tracks were found by ionization meas - 
urements and are Z,=4, Z,=1, and Z3;=1. 

The hyperfragment could be either Ae or ro oe 
since analysis of the decay schemes for Ao Cl and 
Ao c!8 both lead to the reasonable value ae =9—10 
Mev. The decay schemes are 


_,Cl—> Be® +- 2H! + n, 
,,C8— Bel + 2H} + n. 


Case No. 284 (Fig. 6). The track of the hyper- 
nucleus is short (28) but its inclination is also 
small; comparison of its mean width with the cali- 
brating curves indicate a charge Z=4 for the 
hypernucleus. This method does not work for track 
3. The charge associated with this track was ob- 
tained by comparing the charge of the hypernucleus 
with the charges associated with the other two 
tracks, the latter charges being obtained from ioni- 
zation measurements. Analysis of the decay 
schemes for A)Be shows that more than one neu- 


Ww 


FIG. 8 
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tron must have been emitted. It is presumed that 
the decay scheme is either 


,,Be® > H? + H2 + Het + 2n, 


I 
or 


>, Bel? — H! + H? + Heb + 9n. 


Case No. 2711 (Fig. 7). The charge of the hy- 
pernucleus is taken to be 2, since along the whole 
range the track widths lie below the calibrating 
curve for the qa particle. Particle 1 was identi- 
fied from ionization measurements. The charge 
of particle 2 cannot be found from width measure- 
ments; Z, was taken to be 1 on the basis of a com- 
parison between the charges of the hypernucleus 
and particle 1. Of the three possible decay schemes 
for ApHe, we adopt . 


He — H! +H? + 2. 
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The value of the binding energy By, found for 
this decay scheme is the one that lies closest to 
values quoted in the literature. 

Case No. 275 (Fig. 8). The length of the hyper- 
nucleus track in this case is 181 , and it is but 
little inclined. Measurements of the track width 
give the charge with good resolution in Z. The 
points corresponding to the track widths lie on 
the calibrating graph near Li. The charge of 
track 1 is 1, as determined from measurements 
of the ionization. The charge of the second nu- 
cleus is 3-—1=2. Of all the decay schemes cal- 
culated, the most probable one is 


a,Lie > Ht + Het + 1 


This decay scheme gives a binding energy < 8 Mev. 
The table below summarizes the cases consid- 
ered. A characteristic feature of most of these is 


Tracks 
Case Primary Neutron Bo, Mev 
no. star symbol particle Range, wu energy, 
Mev 
11+3% Hf dex 50 
} i 5 il : 9900 
312 (fig. 4) : ye iy, 
3 99 
15+.0 Hf > He® ide 
2 | <15 000 
3 — 89 
17-0 x Hf i 181 
75 (fi it > 23 000 
Vee 8) 2 He! 43 <8 
3 — 77 
{18t30 Hf pie 87 
1 9900 
264 (fig. 1) ) 88 
3 Dos =o 
4 — 90 | 
7407 Hf , Be? 18.5 | 
1 3746 
: » 2 983 
284 (fig. 6) 3 | Het 162 a: 
Cea Sie — Tai 
1440 « Hf Bae 16* 
al Het 10* 
2 16 500 z 
3013 (fig. 2) : 26* = 
4 | 47.9 
5 | — 1 
(QED a Hf ; 94.5 | 
» He? 48.5 58 
021 (fig. 3 3 | : 135 | 
; is) i <25 000 
5 or 42 
{B= Oizs Hf | Ae $50) 
| Be? 34 A 
: » | 821 a 
338 (fig. 5) | 3 609 | 
| 4 = 108 


*The indicated mass numbers were assigned on the basis of the adopted decay 


scheme. 
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that two nucleons are emitted which carry off most _ istence of these particles at the instant of decay 


of the energy. This supports the idea that nonme- is due to an unstable substructure in light nuclei.? 
sonic decays of hyperfragments go according to The authors would like to thank T. I. Ukolova 
the decay scheme! and S. N. Meleshchenko for their help in making 
error an the measurements. 

The fact that in most of the cases one fast pro- ' Filipkowski, Gierula and Zielinski, Acta Phys. 
ton is emitted gives grounds for supposing that Polon. 16, 139 (1957). 
there is a fast neutron among the decay products *M. Baldo-Ceolin et al., Nuovo cimento 7, 328 
of the hypernucleus.2 Hence, most of the nonme- (1958). 
sonic decays of hyperfragments which have been in Combe, Nuovo cimento Suppl. 3, 182 (1956). 
described here go according to )? + 10 Sain oF Tole 

H*, H®, and He! occur among the secondary Translated by R. Krotkov 


products of the decay. It is possible that the ex- 121 
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SECONDARY STARS CREATED BY THE INTERACTION OF 8.7 Bev PROTONS WITH 


PHOTOEMULSION NUCLEI 

G. B. ZHDANOV, P. K. MARKOV, V. N. STREL’ TSOV, M. I. TRET’ YAKOVA, CHENG P’U-YING, 
and M. G. SHAFRANOVA 
Joint Institute for Nuclear Research 
Submitted to JETP editor March 23, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 611-615 (September, 1959) 
The secondary interactions of fast neutrons, protons, and 7 mesons in a photoemulsion 
stack bombarded with 8.7-Bev protons were studied. It was found that, on an average, 
0.68 + 0.07 fast neutrons were created in a star. The fast nucleons carried away (55+9)% 
and the fast m mesons (33 + 9)% of the energy of the primary particle. 

INTRODUCTION 


For the study of high energy nucleons interacting 
with nucleons and nuclei, there is a definite inter- 
est in the distribution of energy among the second- 
ary nucleons and mt mesons. The data in Grigorov’s 
work! leads to the result that the average transfer of 
energy to the fast nucleon after the collision of a 
3 — 40 Bev nucleon with a light atom is 70% of the 
initial value. For the interaction of ~ 9 Bev pro- 
tons with photoemulsion nuclei, the portion of en- 
ergy transferred to the fast 7’s was 20 to 40% of 
the energy of the primary proton,’ and the portion 
transferred to single fast secondary nucleons was 
equal to (40 + 20) %.° 

The goal of our work was to get an estimate of 
the energy of the fast nucleons and 7’s formed 
in the interaction of 8.7 Bev protons with nuclei 
of the photoemulsion atoms, on the basis of an 
analysis of the secondary stars. 


EXPERIMENTAL ARRANGEMENT 


The work was carried out on a stack (composed 
of 100 emulsion pellicles of the NIKFI-R type) 
which was bombarded by the inner beam of 8.7 Bev 
protons in the proton synchrotron of the Joint In- 
stitute for Nuclear Research, using an air-driven 
target introduced into the chamber at the end of 
each acceleration cycle. The stack was placed in 
a stainless-steel vacuum container with walls 3 mm 
thick. The scanning for stars was carried out by 
areas with a magnification of 300. 

The angular half-width of the beam tracks was 
0.2°. We counted as secondary stars* those which 

*The following terminology is used, for brevity: stars 
formed by protons of the primary beam are called primary, 
stars formed by particles created in the primary stars are 
called secondary, and so on. 
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had no fast-particle track (with ionization J 

= 1.4J)) forming in the plane of the emulsion an 
angle from 178° to 180° to the direction of the pri- 
mary proton tracks.* To determine the stars 
created by fast secondary neutral and charged 
particles, we traced the fast particle tracks in 

274 secondary stars up to their exit from the stack 
or until they took part in another star. On the basis 
of the analysis of these tracings, 677 secondary 
stars with one or more fast particles were classi- 
fied in the following way. 

1. If at least one of the fast-particle tracks in 
the star was in the interval 90° — 178° relative to 
the beam direction, we counted it as formed by a 
secondary charged particle. The error in esti- 
mating such stars was ~ 1%. 

2. If the only fast-particle tracks in the star 
formed angles between 0° and 90°, we counted 
the star as created by fast neutrons (with energy 
>500 Mev). Here the number of stars formed by 
neutrons, with ng =1, was overestimated by 
(18 + 8)%, in the main on account of the fast sec- 
ondary charged particles moving in the backward 
direction. 


EXPERIMENTAL RESULTS 


The distribution by number of fast particles 
ng for stars formed by fast neutrons is given be- 
low. The number of stars with ng = 1 was dimin- 
ished by 18%, corresponding to the results given 
above. The data for ng =0 were got by calcula- 
tion, as shown below. 
6 Total 


£92 


0 | eo ee so 


83 ee Same 


Tes 
Number of stars: 71 


To estimate the average energy of the fast nu- 


* By J, we always mean the ionization of 8.7-Bev protons. 
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cleons, one of the authors (Markov) suggested 
introducing the relative probability for the appear- 
ance of stars with fast-particle numbers ng = 3 
and ng = 1: 


yet V Wie 8) PN. = 


An analysis of the experimental data on the inter- 
action of protons with emulsion nuclei for various 
energies®4 shows that 7(E) is linearly dependent 
on the energy in the interval 3 to 9 Bev (Fig. 1), 


oD) 
a L FIG. 1. Dependence of the 


ee relative probability 7 of the 


re | appearance of stars with fast- 
40 particle numbers ng > 3 and 
30 | ng > 1 on the kinetic energy 


= 


20 i“ E of the protons according to 
) ae references 3 and 4 (the line 
zi is drawn by method of least 
eo <i A 1 a. 
a a a a squares). 


and this is significant for an estimate of the aver- 
age energy of secondary particles in a nonmono- 
chromatic spectrum. It is impossible to formulate 
a similar dependence for the stars formed by neu- 
trons because there are no data corresponding to 
this in the literature. However, one can suppose 
that the n(E) E dependence for stars formed by 
protons and neutrons in nuclei is unique, and then 
one can estimate the average energy by examining 
the stars formed by neutrons using the E depend- 
ence of »(E) for stars formed by protons. 

From the examined stars formed by neutrons, 
7 = 0.12 + 0.03,* corresponding to (3.7 + 0.5) Bev. 
The average energy of the stars formed by neutrons 
can be determined also by a different method, using 
the known E dependence of ng(E) for stars 
formed by protons® and analogous to the method 
used in reference 3 to determine the energy of fast 
charged particles. It should be noted that this 
method is not’fully independent of the first method. 
From the ng distribution of stars created by pro- 
tons of various energies,‘ one can estimate the por- 
tion of stars formed by neutrons with ng = 0 cor- 
responding to an average energy of 3.7 Bev. The 
answer should be 37%. It is essential here that the 
percentage of stars with ng = 0 depend linearly on 
the energy in the 3 —6 Bev region.* Thus the num- 
ber of stars formed by neutrons should be 192, in- 
cluding stars with ng =0. The average number of 
fast particles in a neutron star is ng = 0.97 + 0.08, 
and from this the average energy of neutron stars 
is obtained as (3.3 + 0.5) Bev. 


*Everywhere in this paper, only the statistical error is 
shown. 


GBS ZHADAN GY eters 


It is evident that both estimates agree within 
the limits of error. We take as the average energy 
of fast neutrons the average of the energies ob- 
tained by the two methods described above, or 
(3.5 + 0.5) Bev. The average energy of fast pro- 
tons will also be taken to be (3.5 + 0.5) Bev. 

By comparing the number of stars created by 
charged particles with ionization J = 1.4J),we can 
estimate the absolute number of fast neutrons be- 
longing on an average to one star, taking the inter- 
action cross sections of the charged particles and 
neutrons as equal and independent of the energy. 
Then for a given geometry the number of second- 
ary stars is proportional to the number of particles 
created in the primary star. In Fig. 2, the angular 


FIG. 2. Angular dis- 
tribution of fast charged ae 
particles: a—originating 
in primary stars accord- 
ing to reference 3, b— 
generating observed sec- 
ondary stars, c — gener- 
ating secondary stars 
taking into account cor- 
rections for the gap 0°-S°. 
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distribution of fast charged particles which pro- 
duced secondary stars is given with and without 
corrections for ineffective counting of stars in the 
interval 0° —5°. The angular distribution of fast 
charged secondary particles in the range 0° to 90° 
is also given, from the data in reference 3. To 
make the two coincide, one must introduce a cor- 
rection for the geometry for stars formed by fast 
charged particles coming out at an angle > 20° to 
the beam direction. After this is done, it turns out 
that 857 stars from fast charged particles corre- 
spond to 192 stars formed by neutrons. Their dis- 
tribution according to multiplicity is given in the 
table. 

In view of the fact that the average energy of 
the neutrons producing the observed stars is large, 
one must suppose that only an insignificant percen- 
tage of these neutrons can come out at angles > 20° 
to the primary proton beam direction. Therefore 
no geometrical corrections were made for stars 
formed by neutrons. For angles between 0° and 
90° an average of 3.03 fast charged particles® were 
emitted for each primary star. So the average 
number of fast neutrons per star was equal to 


192-3.03 / 857 = 0,68 + 0,07. 


Assuming that the proton-nucleus interaction 
creates an equal number of fast protons and neu- 
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Distribution by ng of stars formed by charged particles with ioni- 


zation J = 1.4J) at angles of flight 0°— 90° to the beam direction 
ce AS a 


ng 0 { 2 3 4 6 Total 
Number of stars (after in- 499* 240, 85 24 ss) 4 857 
troducing corrections) 
Experimentally observed 266 201 64 18 5) | 2 556 
number of stars 


*Stars with n, = 0 were not counted on the entire area. After introducing cor- 


rections, their number was 499. 


trons* (whose average energy was estimated 
above) we find that the average energy taken away 
from a star by the fast particles is (4.8 + 0.8) Bev, 
that is, (55 + 9)% of the energy of the primary 
proton. 

It should be noted that if ng(E) has a smaller 
value for stars formed by neutrons than for those 
formed by protons, this circumstance leads to an 
underestimate of the nucleon energy, as deter- 
mined by the two methods given above. However, 
in this same case an additional number of neutron- 
created stars with ng = 0 involves overestimates, 
so that the average energy taken away by the nu- 
cleons is not essentially changed. Thus, for ex- 
ample, if the energy of the neutrons were under- 
estimated by 1 Bev, the energy carried away by 
the fast nucleons makes up on the average (63 
+ 9)% of the energy of the primary proton. 

Knowing the average energy taken away by the 
fast nucleons and also the average nuclear disso- 
ciation energy, equal to (1.0 + 0.1) Bev per star 
in agreement with reference 3, it is possible to 


estimate the average total energy of fast m mesons. 


It turns out to be (2.9 + 0.8) Bev per star or (33 
+ 9)% of the primary proton energy. Within the 
limits of statistical error, this value coincides 
with the results obtained in reference 2. 

From reference 3 it is known that the average 
number of fast charged particles per star is 3.2. 
If there are 0.68 fast protons to a star, then we 
get 3.8 + 0.3 fast m mesons. From this it follows 
that the average total energy of the pions is (0.8 
= 0.2) Bev.. 

The methods described so far, of estimating the 


*Thus, for example, there are grounds for supposing that 
asymmetry between protons and neutrons would show up at the 
very first in the secondary particles emitted at small angles 
to the direction of the primary. A subsequent analysis of the 
angular distributions in the stars we studied showed that the 
ratio of the numbers of such particles, created by neutral and 
charged nucleons, could differ from unity by no more than 30%. 
We got an analogous result on the small deviation from proton- 
neutron symmetry in the analysis of Fig. 3 below. 


energy of secondary particles were founded on the 
determination of the number of particles in the 
stars they created. Along with this, we measured 
the angles of flight of the fast particles for stars 
having ng = 2, both relative to the direction of 
the primary proton beam and to the direction of 
the generating particle, if the latter was charged. 
The basic problem in these measurements was in 
separating the stars created by high energy nucle- 
ons and mesons, since in this last case the angular 
distributions were significantly wider.* 

To perform the indicated task it is expedient 
to assign to each star one angular characteristic, 
for example, the average flight angle @ of fast 
particles relative to the primary protons. We 
could verify here that in the case of the stars from 
charged particles these average characteristics as 
a rule changed little in changing over to reading all 
angles with the direction of the generating particle. 
In Fig. 3 the distributions by angular characteristics 
are shown for secondary stars created by neutrons 
(a) and by fast charged particles making angles 
= 10° (b) and >10° (c) to the primary beam. 

Even in a cursory comparison of Figs 3a, 3b, 
and 3c it is evident that stars with average emis- 
sion angles @ > 60° for fast particles are very 
rare in group a, somewhat more common in 
group b, and even more common in group c. 
Approximate calculations show that the bounding 
value of the angle @, 60°, roughly corresponds 
to the transition from stars formed by nucleons 
to stars formed by 7m mesons. 

A more detailed analysis of Fig. 3 gives the 
following results: 

1. The ratio of the number of fast protons to 
the number of fast neutrons does not significantly 
exceed unity. 


*This was due, first, to the lower (average) energies of 
the mesons in comparison with nucleons and, second, to the 
velocity being smaller in the center of mass system (of the 
stationary and incident systems) for equal energies of mesons 


and nucleons. 
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i! FIG. 3. Distribution of 


particles by average angle of 
flight @ for secondary stars: 
a—formed by neutrons, b— 
formed by fast charged par- 
ticles moving at angles 

d < 10°, and c—at ¢ > 10°, 
relative to the primary beam. 


2. The ratio of the number of protons and me- 
sons among the particles forming stars with ng 
= 2 is 1.5 to 2, which is evidenced by the signifi- 
cantly higher average energy of protons in com- 
parison with mesons. 

3. Among the secondary particles, moving away 
at angles =10° to the direction of the primary pro- 
tons, ~ 80% are nucleons. 


CONCLUSIONS 


The following results were obtained in the work: 

1. For the interaction of an 8.7 Bev proton with 
nuclei of the emulsion atoms, there is an average 
of (0.68 + 0.07) fast (with energy > 500 Mev) 
neutron per star, with average energy (3.5 + 0.5) 
Bev. 


G.°B. ZHDANOV et ade 


2. Under the assumption that the number of fast 
protons and neutrons (calculated for one star ) and 
their average energy are equal, fast nucleons carry 
away (55 + 9)% of the energy of the primary par- 
ticle. 

3. The average number of fast (with energy 
> 80 Mev) 7m mesons, neutrals included, emitted 
in one interaction is 3.8 + 0.3. Their average total 
energy is (0.8 + 0.2) Bex. 

4. An analysis of the angular distributions of 
fast tertiary charged particles in secondary stars 
testifies that ~ 80% of the secondary particles 
moving at an angle < 10° to the direction of the 
primary protons are nucleons. 

The authors thank M. Ya. Danysh, M. I. Podgo- 
retskii, and I. L. Rozental’ for their discussion of 
a number of questions, and also to the group of 
workers taking part in the measurements and photo- 
emulsion scanning. 
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The dynamics of the domain structure during magnetization were studied in crystals of 
Silicon iron containing 3% silicon, using the powder figure method and the magneto-optical 
Kerr effect. It is shown that magnetization is achieved in the general case by the follow- 
ing processes: displacement of the domain walls, rearrangement of the domain structure, 
rotation of the magnetization vector in the direction of the field, and the paraprocess. The 
rotation process terminates technical magnetization; the process of boundary displacement 
precedes the rearrangement of the domain structure and completes it. 


INTRODUCTION 


In the absence of a magnetic field, according to 
contemporary ideas, a ferromagnetic crystal is 
divided into separate regions of spontaneous mag- 
netization — domains. The domains are separated 
from one another by a bounding layer of thickness 
0.6—0.9u.! The domain configuration in a given 
crystal is determined from the minimization of its 
free energy.? The domain structure is adequately 
revealed by the method of powder figures,’ and the 
domain configurations obtained in experiments are 
very close to those required by the theory. 

The magnetization of a ferromagnet, according 
to contemporary views,’ is composed of the process 
of boundary displacement, the rotation process and 


the paraprocess. The process of boundary displace- 


ment can be both reversible and irreversible. Dur- 
ing irreversible boundary displacement uneven 
changes of the magnetization occur — the Barkhau- 
sen jumps. 

On the completion of the displacement process 
the crystal is magnetized to saturation as a whole 
along one of the axes of easy magnetization closest 
to the direction of the field; the rotation process is 
considered complete when the magnetization vector 
is parallel to the field vector. 

The processes of boundary displacement and ro- 
tation partially overlap in some comparatively 
small portion of the technical part of the magneti- 
zation curve. 

The processes of boundary displacement and ro- 
tation undoubtedly occur and can be easily revealed 
by motion pictures of powder figures.° The para- 
process is observed in strong fields and is com- 
pletely irreversible. 
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If the process of magnetization does, in fact, take 
place as described above, then when studying the 
Barkhausen effect in a single crystal dise with posi- 
tive anisotropy constant — the disc being cut in a 
plane of the type (110) — the following picture 
should apply. 

Since the domain structure of such a crystal con- 
sists of plane-parallel domains magnetized along and 
in the opposite direction to the [001] axis lying in the 
plane of the disc, then a Barkhausen jump will cor- 
respond only to a portion of the ferromagnet, the 
magnetic moment of which undergoes an irreversible 
rotation through 180°. 

Therefore, a measuring coil detecting the Bark- 
hausen jumps detects such a jump completely if the 
axis of the coil coincides with the [001] direction 
and only partially for any other direction. Since an 
apparatus for studying Barkhausen jumps detects 
only those above a certain size, then the maximum 
number of jumps should be detected in the direction 
of the easy axis, while in a direction normal to this 
axis no jumps should in general be detected by the 
coil. 

It is essential to dispose the detecting coil accu- 


rately, but not the direction of the magnetizing field. 


For the latter it is important that the component 
along the axis of easy magnetization be different 
from zero. 

However, detailed studies of the Barkhausen ef- 
fect lead to directly contrary results.6 The maxi- 
mum number of jumps appears in the [110] direc- 
tion, perpendicular to the axis of easy magnetiza- 
tion. In the direction of easy magnetization the 
number of jumps is a minimum. 

The experimental fact given above cannot be ex- 
plained by assuming that the mechanism of the 
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jumps is an irreversible displacement of part of 

the boundary held up somewhere at magnetic inho- 
mogeneities in the crystal. Also, the maximum 
number of jumps corresponds approximately to the 
maximum value of the magnetic permeability, which 
for a uniformly increasing magnetic field should de- 
pend only on the speed of displacement of the bound- 
aries between domains, because only in these places 
in a ferromagnetic single crystal is the magnetic 
permeability essentially greater than unity — being 
close to it anywhere inside the domains. 

However, direct measurement of the speed of 
boundary motion in a uniformly increasing field 
shows that the maximum speed of boundary motion 
corresponds to the initial portion of the magnetiza- 
tion curve,? which does not as a rule correspond 
with the maximum magnetic permeability. 

The said divergences of some of the experimen- 
tal data from the theoretical scheme of magnetiza- 
tion show that experiments should be made aimed 
at finding more precisely the mechanism of the 
magnetization process in ferromagnets. 
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EXPERIMENTAL ARRANGEMENT 


The investigation was carried out on crystals of 
silicon iron with 3% silicon content. The specimens 
were cut in the form of plates 30 x 6 mm or discs of 
diameter 20 mm. The specimen thicknesses were 
0.3 mm or less. The specimen surfaces coincided 
with the (110) planes or were close to them. In the 
plates the long side coincided with the [001] direc- 
tion. The specimens were annealed in vacuum for 
two to three hours at a temperature of 1000°C, were 
subsequently cooled slowly in the furnace, and then 
polished electrolytically. 

The change of the domain structure of the speci- 
mens in a magnetic field of increasing strength was 
studied by the powder-figure method and the method 
of meridional magneto-optical Kerr effect.’ For 
visual observations and photography of the domain 
structure by the magneto-optical method, the speci- 
mens were coated with a uniform layer of iron ox- 
ide.’ The domain structure was studied by the pow- 
der method simultaneously on opposite surfaces of 


FIG. 1. Dynamics of the do- 
main structure in a changing mag- 
netic field inclined at an angle 
of 55° to the axis of easy magnet- 
ization. Numbers on the left: val- 
ues of the external field in oe; 
below them, serial numbers of 
the frames. 
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a specimen. The observations were made using two 
MIM-6 microscopes, arranged vertically with ob- 
jectives pointing towards each other, so that the 
optical axes of the microscopes coincided accu- 
rately. 


OBSERVATIONAL RESULTS AND THEIR 
ANALYSIS 


Magneto-optical observations: Using a specimen 
in the form of a disc of diameter 20 mm and thick- 


ness 0.3 mm, observations were made on the dy- 
namics of the domain structure during magnetiza- 
tion along different directions in the plane of the 
specimen. For magnetization in the easy direction 
only displacements of the 180° boundaries were ob- 
served. In Fig. 1 the change of domain structure is 
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shown during magnetization of the same specimen at 
an angle of 55° to the easy axis. With no field the 
original appearance is of parallel dark and light 
strips, which correspond to domains magnetized 
along and opposite to the [001] axis (Fig. 1, 
Frame 1). Apart from the main features, small 
wedges are seen, showing that the surface of the 
specimen has a small inclination to a ecrystallo- 
graphic plane of the type (110). In fields less than 
100 oe, widening of the light strips is mainly ob- 
served (Fig. 1, Frames 2—5). In fields of 100 — 
200 oe, rearrangement of the domain structure oc- 
curs (Fig. 1, Frames 6—10). By visual observa- 
tion of this rearrangement, its clearly pronounced 
erratic nature was apparent. 

With further growth of the field up to 300 oe the 
displacement of the domain walls of the newly 
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formed structure is observed (Fig. 1, Frames 11 — 
14). 

In fields above 300 oe no structure is observed, 
since technical saturation has been reached. On 
diminishing the value of the field the process takes 
place in the reverse order (Fig. 1, Frames 15 — 
20). The domain walls observed at the end are con- 
siderably distorted (Fig. 1, Frame 20). After de- 
magnetization by an alternating field, the domain 
structure returns again to the original. 

Similar changes of the domain structure are 
also observed during magnetization along other dif- 
ferent angles — greater than 30° — to the easy axis. 
A typical feature of the structures arising due to 
rearrangement is that the direction of the dark and 
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light strips in them is perpendicular to the difficult 
axis closest to the magnetic field vector. Thus, on 
changing the angle between the vector H and the 
[001] direction from 0 to 360°, new structures can 
be observed with only two directions of the strips, 
perpendicular to the two axes of difficult magneti- 
zation lying in the plane of the specimen. 

A considerably more complicated rearrangement 
of the domain structure is observed during magneti- 
zation at an angle of 90° to the easy axis, i.e. along 
the [110] direction. The results of these observa- 
tions are given in Fig. 2. On applying the magnetic 
field the process of boundary displacement is 
hardly noticeable (Fig. 2, Frames 1—4). In fields 
from 90 to 200 oe, rearrangement of the domain 
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FIG. 3. Dynamics of the domain structure on 
opposite sides of a crystal in an increasing mag- 
netic field. The domain structure does not pene- 
trate the crystal. 
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structure takes place. Structures arise consisting 
of broken strips (Fig. 2, Frames 5 — 10). In this 
case both directions, characterising structures of 
this kind, appear simultaneously. With further in- 
crease of the field, sub-division into smaller do- 
mains takes place and the figures take the form of 
fine winding strips with preferential direction along 
the [110] axis, i.e., along the field (Fig. 2, Frames 
11—19). On reducing the field the process takes 
place in the reverse order, but the characteristic 
directions are less clearly displayed (Fig. 2, 
Frames 20 — 28). As is seen from this figure and 
also from visual observations, throughout the en- 
tire process of magnetization in fields up to 400 oe 
boundary displacement is not observed, and the re- 
arrangement of the structure which occurs takes 
place in the form of jumps during which separate 
volumes of the specimens reverse their magnetiza- 
tion. 

It is apparent that such sharp structure changes 
are caused by major changes of the domain struc- 
ture inside the crystal. 

Similar changes of domain structure were ob- 
served by the magneto-optical method on several 
specimens. On specimens of:thickness 200 — 400 pu 
the rearrangement of domain structure already des- 
cribed was, as a rule, observed. On specimens of 
thickness 100y and less, such complicated changes 
of structure were not often observed, and displace- 
ment of the boundaries of the original figures pre- 
dominated; only during magnetization in a direction 
close to an axis of the type [110] did new structures 
arise in the form of fine winding lines oriented 
along the [110] axis.* 

Powder -figure observations: In Fig. 3 are shown 
powder-figures taken on opposite sides of the same 
erystal. As is seen from this figure, the domain 
structure does not go right through and undergoes 
a Significant change inside the crystal. On the up- 
per surface the entire width of one domain and 
parts of two others are seen, whereas on the lower 
surface are seen a large number of parallel domains 
of approximately equal thickness. On increasing the 


*The changes of domain structure described are observed 
most clearly on looking through the motion-picture films taken 
during the work on the magneto-optical effect. 
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field (directed horizontally) the structures also 
change in different fashions. The structure on the 
upper surface is almost unchanged up to a field of 
100 oe; then destruction of the domains commences, 
and finally in very strong fields a new structure ap- 
pears. On the lower surface boundary displacement 
is more clearly observed, which is broken up in the 
end by rearrangement of the domain structure. 

It is interesting to remark that the domains that 
were getting smaller as the field increased directly 
before the rearrangement of the entire domain 
structure, increased somewhat in volume and were 
then destroyed. 

Thus, the magnetization process in a ferromag- 
netic crystal is not restricted to the processes of 
boundary displacement, rotation and the parapro- 
cess. The process of domain structure rearrange- 
ment plays an important role in the magnetization 
process; it is accompanied by a large number of 
Barkhausen jumps and corresponds to the maxi- 
mum magnetic permeability. 
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Inelastic interactions of 8.7-Bev protons with photoemulsion nuclei were studied and, in 
particular, the interaction cross section, multiple production of particles and their angular 
distribution. From comparison with calculations based on the statistical theory, some con- 
clusions are drawn concerning the existence of interactions of peripheral (nucleon-nucleon ) 
type, as well as the role of secondary interactions inside the complex nucleus. 


jeer work was carried out with a small part of 
one of the photo-emulsion stacks irradiated with 
the primary 8.7-Bev proton beam inside the ac- 
celerating chamber of the proton synchrotron of 
the Joint Institute for Nuclear Research.* 
Photoemulsion layers of type NIKFI-R and thick- 
ness ~ 450 were exposed without backing, and had 
a track-density of 27 — 30 grains per 100, for rela- 
tivistic particles. Scanning along the track of the 
primary particles was carried out with 630-fold 
magnification. In all, about 25,000 tracks with 
total length ~ 300 m were scanned. 


1. INELASTIC INTERACTION CROSS SECTION 


The method of scanning along the tracks of the 
proton beam was almost 100% efficient in finding 
interactions, even in the case where the interaction 
resulted in the proton being deflected through an 
angle of 2° and greater without emission of any 
other charged particles. 

The desired mean free path A for interaction 
with photoemulsion nuclei was determined in the 
way usually done when this method is used. 

In Table I we give the corresponding )’s for 
two types of interactions, star production and 
“pure” scattering (for angles greater than 5° and 
between 1° and 5°).f In the latter case, corrections 
were introduced for the efficiency of measuring 
similar scatterings and were determined by com- 
paring the angular distributions in the plane of the 
photo-emulsion and in the perpendicular direction. 

The value of A for the totality of interactions 


*The error in energy determination was less than 5%. 

tIn Table I and the following, 0; denotes the angle of de- 
flection of a fast particle relative to the direction of the pri- 
mary beam, the half-width of which constituted + 0.2°. The 
analogous angle in the center-of-mass (c.m.) system is de- 
noted by 4. 
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TABLE I 
Type of Interaction A cm 
Star production SO MOL aS 
Scattering through angles 1750500 
0] PbS 
Scattering through angles 790£150 
OS 6) £5°, without cor- 
rection 
The same, with correction 500+ 100 
for counting efficiency 


indicated in lines 1 and 2 of Table I do not differ, 
within the limits of experimental error, from re- 
sults in the literature,!»? nor does the mean free 
path for star formation differ from results ob- 
tained for protons of energy 1 to 6 Bev.? > How- 
ever, to obtain the mean free path characterizing 
the inelastic interactions of protons with nuclei as 
usually defined, one must include all interactions 
other than elastic. 

For protons of a given energy, this task reduces 
basically to taking account of processes of diffrac- 
tion scattering by the various nuclei of the photo- 
emulsion, in which a few (not more than three) 
particles are “boiled off.” This can be seen, in 
particular, from Table II, where we show our dis- 
tributions with angle 67 of a single fast particle 
undergoing two types of interaction:* “pure” scat- 
tering without production of visible stars and stars 
of the type ng = 1, Ngi=.0,1Npas 173.4 able Ih 
shows that, within the limits of statistical error, 


*We employ the following nomenclature for the number of 


particles with different ionizing powers: n, corresponds to 
ionization J < dL SJvee: n, to. J =(.5-5)) 4 0, 10,J> oleae 
The boundary between ‘‘grey’’ and ‘‘black’’ tracks was less 
definite (tracks were separated visually) and corresponded, 
on the average, to an energy somewhat larger than the 30 Mev 
usually employed for protons. 
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TABLE II. Angular distributions for interactions of type 
Nh =Ng=0, ng=1 (scattering) and type 
is .> 1), Ng = 0, nh = 1)—3 (stars)* 
EA ce i ek EA SS Ea ae ee ene see ee ae dea 


| | i 
0), degrees | <1 tes 8 eno | Sad | 4-5 | 5~10| 10-30 | 39 | Total number 
| | | of cases 
Ny G My = 0 — 13 i) 8 | 1 5 rs) 2 Ab 
Ny = (0), pala 2 7 42 13 | 1 8 10 7 60 


*Scatterings with angles <1° were not counted. Cases with angles 2,3° ete. 
were included in columns 2-3°, 3-4°, respectively, etc. 


the angular distributions for both types of inter- 
action were the same. 

Cronin, Cool, and Abashian® give theoretical 
angular distributions for light (C) and heavy (Pb) 
nuclei for an incident of momentum of 0.95 Bev/c 
and for various assumptions about the form factors 
of these nuclei. By extrapolating the data of these 
authors to momenta ~ 10 Bev, it is easy to see that 
the great majority (not less than 95%) of the cases 
of diffraction scattering by photoemulsion nuclei go 
through angles 67 less than 1—1.5°. From these 
considerations, we believe it possible to include 
as diffraction scattering all interactions satisfying 
the following two conditions 


a) fe == Ns fig 0, 
D) rele, 2: 


ity Ny, = 3; 


The resulting value for the mean free path A 
for inelastic interactions with photoemulsion nuclei, 
taking into account errors connected both with 
statistical fluctuations and with the uncertainty of 
how to take the diffraction scattering into account, 
is Ajne] = 34+ 2 cm. 

In so far as the total geometrical cross section 
for all photoemulsion nuclei, determined from the 
relation Sseom ~ ™ (1.38 X TO em)2A7/3, corre- 
sponds to a mean tree path Ageom = 27 cm, the 
value for Ajne] obtained above means that the so- 
called transparency of the photoemulsion nuclei is, 
on the average, 20%. 


-2. DISTRIBUTION ACCORDING TO THE NUM- 
BERS OF FAST AND SLOW PARTICLES 


The number of interactions which can be inter- 
preted as pure charge exchange, the incident pro~ 
ton going into a neutron without appreciable loss 
of energy, is very small; of 520 stars, there were 
only 17 cases of type ng = 0, corresponding to a 
cross section of only 3% of the cross section for 
inelastic interaction with photoemulsion nuclei. 

In these 17 cases, the charge exchange was, ap- 
parently, sometimes accompanied by production 
of neutral mesons. 


N (Ns), %o 


50 


a 


20 


1d 


FIG. 1. Distribution of interactions of various types with 
respect to the number of fast particles ng: A — n= 0 to 2, 
ne = 0; nee 3.0+0.15; x—n, = 3to8, ee Oor 1 <n, +n <8, 
n> 0, n, = 3.10.1; ORS eee 29, 1, =4.8+0.15. The 
dashed curve is the distribution summed over all stars, n. 


= Bal! 32 OWS. 


In Figs. 1 —3 we give the distribution of stars 
with number of fast particles ng, and with num- 
ber of slow particles np and ng for interactions 
of different types. From these distributions, the 
presence of a rather noticeable correlation between 
the values of any two quantities of the three quan- 
tities (np; Ng:, ng) is evident. Calculation of the 
corresponding coefficients of pairwise correla- 
tion* k leads to the following values 


PCG) DOO FP (ty, He) 
Bigs ny = 080. 


From consideration of Figs. 1 —3 it also fol- 
lows that the character of the distribution with 
number of particles, selected for a large number 
ot fast (ng = 7) or slow (ng > lsand np =S)e pare 
ticles differs essentially from the mean distribu- 
tions. An analogous conclusion, as will be shown 
below, follows from consideration of the angular 


~ *The correlation coefficients were determined by the usual 
formula k (x, y) = (xy - xy) [D (x) D(y)|1-”, where D is the dis- 
persion of the quantities x and y. 
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FIG. 2. Distribution of interactions of various 
types with number of black tracks n,: O—n, =0, 
Oi. = Ib Ne >1, X=n, = 1(0), O-—n, 2-6, 
a—n, 27. 


& 


distributions of fast particles. On the other hand, 
a large part of the interactions selected by their 
small number of fast and slow particles, differs 
in angular distribution but little from nucleon- 
nucleon ones. 


3. ANGULAR DISTRIBUTION OF FAST AND 
SLOW PARTICLES 


Determination of the spatial angles 67 for 
relativistic particles and grey tracks was carried 
out, as a rule, from two angles 6, and 6, pro- 
jections of the angle 67 on the plane of the photo- 
emulsion and on the plane perpendicular to it, go- 
ing through the track of the primary proton. The 
angles were determined accurate to 1 — 2°. 

In Figs. 4 —6 the integrated angular distribu- 
tions of relativistic particles are given for stars, 
divided into groups in dependence on the numbers 
ng (Fig. 4), np (Fig. 5) or Ng (Fig. 6). To con- 
struct the curve for the case ng =1 in Fig. 4, 
corrections for the case of diffraction scattering 
of primary protons on nuclei were introduced. 


FIG. 3. Distribution of interactions of various types 
with number of grey tracks n,: X —my +n, <8, A- 


n +n, > 8, O-—n, = 1(0), O—n, = 2-6, O-n, > 7. 


b 


We calculated the theoretically expected angu- 
lar distribution of relativistic particles (given in 
Figs. 4—6) in nucleon-nucleon interactions for 
isotropic emission of charged particles in the c.m. 
system of the two colliding nucleons and for the 
momentum distribution predicted by the statistical 
theory (see Figs. 7a and 7b). In addition to this, 
analogous angular distributions were obtained 
under the assumption of collisions in a “tube” of 
nuclear matter consisting of two and four nucle- 
ons.* 

As can be seen from Fig. 4, and especially from 
Figs. 5 and 6, there is a rather large group of in- 
teractions for which the angular distribution of fast 
particles is, apparently, somewhat broader than in 
the case of “pure” interaction with the maximum 
(with respect to length) possible “tube” of nuclear 
matter in the photoemulsion. In these same inter- 
actions, a very large number of slow particles are 
emitted on the average. This number is signifi- 


*Angular distributions for the case of a tube of two nucle- 
ons are not given on Figs. 4-6 because of lack of space. 
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FIG, 4. Integral angular distributions of relativistic 
particles in stars with various numbers n, (W is the 
proportion of stars of given n, among the total number 
of stars): e—n, = 1(W = 20%), X—n, = 2,3 (W = 32%), 
O—n, = 4-6 (W = 34%), O-—n, >7 (W = 11%). The 
dashed curve shows the summed distribution. The 
dashed-dotted curves give the angular distributions cal- 
culated from the statistical theory for the interaction of / 
the primary proton with one (1) and four (2) nucleons of 
the nucleus, simultaneously. 


(6,) % 
700 prea 
FIG. 5. Integral angular distributions of relativistic ee, ge —— Sa ga 
particles in stars with various numbers n,, (W is the 4. fe 
proportion of stars with given n,): O-—n, = 0 (W = 11%) va , 
X—n, = 1-3 (W = 35%), A—n, = 4-8 (W = 30%), o- Lin A 
<9 - = x Y S50 Wi 2.7 79 
ny, = 9-12 (W = 12%), e—n, > 13 (W = 12%). The dashed a 
dotted curves are calculated for cases of interaction YZ eS 
with one (1) or four (2) nucleons. UE , Tae 
j 
EZ 
il —_ ie a i 
20 40 60 &0 00 0° 


FIG. 6. Integral angular distribution of relativistic 
particles in stars with various numbers ng (W is the 
proportion of stars with given ng): O—ng = 0 (W=46%), 
A—ng = 1(W = 24%), X—ng = 2,3 (W = 20%), O—ng = 
4-6 (W = 8%), @e—n,g >7 (W = 2%). Curves 1 and 2 are 50 
calculated for the cases of one and four nucleons, re- 


spectively. 
1 re 
wy) 40 60 40 00 8 
cantly larger than in stars of higher energy matter of various dimensions, the total number 
(=10' ev). of grey tracks should be, on the DCE Signy: 
The angular distribution of grey tracks is given cantly less (at most, two), and their angular hiss 
on Fig. 8. It can be seen from this figure that the tribution essentially narrower, Chen ONS cre in 
distribution is almost the same in stars of differ- the experiment. This SCPE DaDCYs in our view, 
ent types and is practically independent of the en- can be explained only, by taking into account the 
ergy of the particle. In addition, it practically co- secondary interactions inside the nucleus of the 
incides with the angular distributions of strongly ™ mesons produces. In addition, a special kine- 
ionizing particles from interactions of 1.5-Bev matical analysis demonstrated that even in the 
mt mesons! with photoemulsion nuclei. cases where there was only one grey track, the 
Calculations show that if the first interaction corresponding slow proton could not, as a rule, 


i is wi i recoil from a primary nucleon- 
of the incident nucleon is with “tubes” of nuclear be considered as a p y 
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TABLE III. Dependence of the width of the angular distributions 
on the number of particles ng produced 


|p de 

| | 

ns 1 | 2-3 4—(6 7—9 Sulit) 
a S|, eae . I os. 

| 0,, Sy 23° a | 39° 47° 
Experiment | cot, | ~~ 8 2.35 1.73 1.23 0.93 

i /2 \ 

ot, -eotee 3.0 2.45 4.67 4.4 p45 

Calculation : Ie ' 5 3 y ( 


~ -*The values of 01%, and cot 0¥, are those obtained after introducing correc- 
tions for diffraction scattering. 


0s 


10 20 30 4 50 60 10 8 96 

20 p[{Me FIG. 8. Integral angular distributions of grey particles: 
x—-J=1.4-2.0Jmins oO-J>2Jip> cot 012 3; A-J > 2Jmin, 
cot 0; <3; The continuous curve gives the distribution of 
strongly ionizing particles in stars from 1.5-Bev 7 mesons 
according to the data of reference 7. 


simultaneous increase in the number of grey and 
black tracks. 


4. ANALYSIS OF THE ANGULAR DISTRIBUTIONS 


1. From the analysis of the distributions shown 
in Fig. 4, it follows first that there is a close rela- 
tion between the width of the angular distribution 


uf ai ee ace and the number of particles produced. If we char- 
a : a acterize the width of the distribution by the median 
FIG. 7. Momentum spectra of particles in 8.5-Bev nucleon- i ; 
nucleon interactions according to the statistical theory: a— angle 4, and the corresponding value Cry 
nucleons, b—7z mesons; n is the multiplicity of meson pro- cot O 1/2 then we obtain the pattern displayed in 
duction; M is the nucleon mass; w(p)dp gives the number Table Il. 
of particles with momentum in the interval p, p+dp (normal- In the same table we give the calculated values 


ized to unity). of cot 4: = ¥cBe /B) (Ye is the Lorentz factor of 


the c.m. system) for the cases of interaction of the 
incident nucleon with several nucleons of the nu- 
cleus (J is the number of nucleons participating 
in the interaction) under the assumption that the 
secondary particles are emitted symmetrically 
(in the c.m. system) with mean* velocity B 
= 0.7c; Be is the velocity of the c.m. system. 

In comparing Table IJ and Fig. 4, it should 
be kept in mind that the small difference between 
experimental and calculated values of cot Q4/2 in 
Table Ill is somewhat accidental. It can be seen 
by comparing the calculated curve (1 on Fig. 4) 
with the experimental curve for Ng = 2 and 3, 


nucleon interaction.* 

The coincidence of the angular distribution of 
grey tracks with the analogous distribution for 
meson stars, which we noted above, appears to 
indicate that the observed particles are mainly 
recoil protons from 7m mesons having energies 
not exceeding 1.5 Bev. The assumption about the 
presence of secondary interactions of m mesons 
inside the nucleus allows us to give a qualitative 
explanation for the breadth of the angular distri- 
bution of fast particles in the group of interactions 
with a large number of fast and slow particles, and 


also the broader distribution of grey particles and — 
BREYER *As established in the calculations referred to above, 
roughly these velocities were obtained from the statistical 


theory for the cases /= 1 and 1 =4 after averaging over the 
were employed in their paper.® velocities of all nucleons and mesons. 


*7The corresponding quantitative criteria were kindly com- 
municated to us by N. G. Birger and Yu. A. Smorodin. They 
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TABLE IV. Connection between the angular characteristic of 
stars and their distribution with number of black tracks | 


—— 


; Relative number of cases, in per cent 
ies l Total number 
deg np = 0,1 Ny = 2-5 np =6—10 Np S11 of cases 
<14 72% 15% 13% = 39 
n,=2,3 14—24 41% 39% 16% 5% 44 
>24 20% 40% 22% 19% 36 
<14 ~50% 50% — — 4 
n,=4—6 14—24 31% 47% 13% 3 30 
>24 14% 26% 26% 34% 139 


taking into account the non-monochromatic nature 
of the spectra of particles produced, that the agree- 
ment between calculations and experiment is not 
satisfactory. In addition, because of the inevitable 
fluctuations in the number of particles ng pro- 
duced in a given type of nuclear interaction, the 
cases, chosen only by the quantity ng, should 
certainly represent a mixture of interactions of 
the incident nucleon with various numbers of nu- 
cleons in the nucleus. This directs attention to 
the correspondence between the angle 6, /2 for 
stars with small ng (ng =2 and 3) and the cal- 
culated value of the angle 6;/, for nucleon-nucleon 
interactions, as well as the large (by comparison 
with the predictions of the statistical theory of a 
given nucleon-nucleon collision) number of colli- 
sions with production of only a few particles.* 
Both of these facts indicate that, together with col- 
lisions with several nucleons of the nucleus and 
with the lowering of the value of ye, collisions 
can also take place with little inelasticity and 
larger value of yc (i.e., Yc larger than that yen 
which should obtain for the nucleon-nucleon inter- 
action). The latter can, apparently, be ascribed 
either to peripheral interaction? of the incident 
nucleon with one of the nucleons of the stationary 
nucleus, or to peripheral interaction with the nu- 
cleus as a whole as a consequence of diffraction 
phenomena.!® In the former case, values of Ye 
either less than, equal to, or greater than Yen 

are possible; in the second case, Ye > Yen Only. 
The presence of interactions with increased values 
of y, follows also from the analysis of stars with 
ng =1 (see Fig. 4). 

2. It is clear that the number of slow particles 
in the star, Nh =Nh + hg, is not a very suitable 
quantity to use in separating different types of 
nuclear interaction in the photoemulsion. In fact, 
we calculated the correlation coefficients k (nh, €) 
and k(ng, é) between the quantities np (or ng) 
and the angular characteristics of individual inter- 
actions £. As angular characteristic, we employed 


*This will be discussed in detail below. 
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in one calculation the mean cotangent of emission 
of fast particles (= cot 67) and, in another cal- 
culation, the quantity 2 obtained by selecting stars 
by three angular characteristics — the mean cotan- 
gent of emission of fast particles, the mean and 
half value of the same angle. It turned out that 

in all cases the correlation coefficient lay between 
0.30 and 0.45, i.e., the degree of correlation be- 
tween the number of slow particles np and the 
angular characteristics of the star & did not ex- 
ceed that for the number of fast particles ng, and 
this was not greater than the degree of correlation 
between the quantities nh and ng. 

3. It seems to us that in the case of the given | 
primary energy, the angular characteristics of 
the stars (&) are a more definite indicator of 
the type of interaction than the number of slow 
particles nj, emitted from the nucleus, i.e., the 
degree of excitation of the nucleus, in so far as 
Nh mainly characterizes the secondary processes, 
and € more the primary ones. 

Table IV illustrates the differing character of 
the interaction for stars with differing angular 
characteristics £, = 61. It can be seen that for 
low values of ng, the distribution of the stars 
with angular characteristics is far from being 
invalidated by fluctuations, and has a definite 
physical meaning in the clarification of the mech- 
anism of nuclear interaction.* 

In the following analysis, the quantity & is, 
in our view, a more convenient angular character- 
istic for the stars than £&,, especially for inter- 
actions with large values of Ye. In fact, with an 
isotropic distribution of particles in the c.m.s., 
after transforming in the well-known way to angles 
in the laboratory system (l.s.), 


“ be -- cos 0) ’ (1) 


sin 0) \ So 


cot 0) = 


*In essence, Table IV gives only a more detailed confirma- 
tion of the fact that the correlation coefficient between the 
quantities n, and € differs from zero. An analogous picture 
is found in the analysis of stars according to the number of grey 
tracks n, and with the choice of the quantity &,.= cot 6).as 
angular characteristic. 


FIG. 9. Distribu- 
tion of stars with an- 
gular characteristic 
& = cot 0 for various 
values of the sum 
ny, = Np +3ng. 


we obtain rather simple features for the function 
describing the distribution of particles with the 
quantity cot 97. In particular a) the “half value” 
(cot 67), i.e., the value for which the integral dis- 
tribution S (< cot 67) is 50%, is equal to, 
YeBe (1/B8)), and, is determined, thus, not solely 
by the quantity ye, but by some effective value 
of the particle velocity in the c.m. system; b) the 
mean value 5 cot 07 differs from (cot 81)12 
by the factor 1/sin 6) = 1/2; c) the spread in 
angular characteristic relative to (cot 67); is 
approximately proportional to ye. 

In Fig. 9 we show the distributions with angular 
characteristic &,=cot 67 for stars with ng = 2, 
plotted in groups depending on the number of slow 
particles emitted — more precisely, on the quantity 
nN} =Np t+ 3ng. There the calculated (dashed) curve 
for fluctuations in the quantity & is also plotted, 
giving somewhat of an overestimate of the role of 
these fluctuations. As can be seen from Fig. 9, for 
stars with a small number of slow particles (ny 
= 4) there is a rather noticeable group of cases 
for which the angular distribution is essentially 
different from that proposed by the statistical 
theory. As nh is increased, such anomalous 
cases disappear, and the center of mass of the 
distribution of stars is displaced towards smaller 
values of éo. 

4. Starting from the model in which the initial 
proton interacts with a “tube” of nuclear matter 
of mass 7 (in units of the nucleon mass) we tried 
to carry out a qualitative breakdown of all observed 
stars with 4 groups. These groups are character - 
ized by values of Jl ‘of :1, 2,4, andialso: 1.<12:the 
final value denotes the part of the interactions giv- 
ing an angular distribution narrower than the nu- 
cleon-nucleon one.* As clarified by the following 
analysis, the quantity yg, which can formally be 
taken to describe the angular distribution of par- 
ticles in this group, is equal to about 5, which cor- 


*ilere and in the following, in all cases with />1, it will 
be assumed that all particles are distributed isotropically in 
the c.m. system. 
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responds roughly to the center of mass of the inci- 
dent nucleon together with one of the virtual 1 | 
mesons of the stationary nucleon. 

The task of breaking down the observed distri- 
butions into groups, each of which possesses a 
given angular distribution and, consequently, a 
given (aside from fluctuations ) value of the quan- 
tity &, was carried out in the following way. 
First of all, mean values of & for each of the 
groups (J=1, 1=2 and /=4) and fluctuations 
of the quantity & about its mean values were 
calculated, using in this results of the statistical 
theory. After this, several intervals of values of | 
&) were chosen, namely, | 


Ao (Es) = 3.10 1.5: 


A, (&) = 6 to 3; As (Goel 


and the probability of each of the group falling 

into one or the other of intervals was determined, 
taking the corresponding fluctuations into account.* 
Assuming that none of these intervals contained 
interactions of the type 1< 1, we have the follow- 
ing three equations for three unknowns: 


WiuiNy + WyNo+ WN = A, 
WoiNy + WooNo + WaN, = B, 


Wa Ni + WaeNo-+- WN = C. (2) 


The quantities on the right-hand side are the 
number of stars known from experiments for which 
the value of & falls in the interval A,, Ay, or 
A3. On the left-hand side are the calculated values 
Wik of the probability of stars of the k-th group 
(1 =k) falling into the i-th interval of values of 
€,. Solution of the system (2) leads to the follow- 
ing values of the number of interactions in each 
of the groups: 


ISI aS IN) ZS IN 


where Ny is the total number of stars. Here the 
accuracy of the evaluations of each of the quanti- 
ties (N,, No, Ng) was 20 — 25%. 

The same calculations showed that of the fluc- 
tuations from the remaining 25% of the stars falling 
into the “zeroth” interval of values of &) (& > 6), 
no more than '% could belong to interactions of the 
type 1=1, and, consequently, %-0.25 = 20% be- 
longed to the interactions of the type 1 < 1, 

In order to check the degree of agreement be- 
tween our breakdown of interactions into groups 


*These tluctuations were calculated assuming isotropic 
and independent distributions of particles: protons (p) and 
mesons (7), where for / = 1, 2,4, stars containing, respec- 
tively, lp + 27, lp + 37 and 1p + 47 were chosen as typical. 

tEstimates carried out by us showed that these relative 
probabilities agree satisfactorily with the existing data on the 
Spatial distribution of the density of nucleons in the nucleus. 
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FIG. 10. Angular distributions of fast particles in inter- 
actions of various types. Experimental values: Xx —stars with 
cot 6; = 1.5 to 3.0; O—stars with cot 0; = 2.5 to 4.5. Theo- 
retical curves: 1—for interactions with / = i, 2—for / = 2, and 
Stor = .4. 


and predictions of the statistical theory, we car- 
ried out a supplementary analysis of the angular 
distributions of fast particles S (< cot 67) and 
the multiplicity of production ng. In Fig. 10 we 
show the experimental data on the angular distri- 
butions of particles in stars for two intervals of 
£5: =4.5to 2.5 and &=3.0 to 1.5. Also shown 
are the calculated distributions for interactions of 
type /=1, l=2 and l=4. Comparison of calcu- 
lation and experiment shows that in the first inter- 
val of &), as one would expect, there is mainly a 
mixture of interactions of type 1=1 and l=2. 
However, in the second interval, one finds a dis- 
tribution which is somewhat broader (in angle) 
than one would expect for an interaction of type 
L=4. 

5. In a somewhat different aspect, the same 
question can be elucidated by analyzing the mean 
values of the quantity &3 = 2 (sin ah for vari- 
ous groups of stars, separated by a simpler cri- 
terion — according to the number of slow particles. 
Here the quantity £3 is convenient in that it is 
connected in a simple way with some effective 


449 


value of the transverse momentum of the particle 
(Pl )eff, namely 


KS padsin dj = K (pi) seep A eG) 
t=1 


where K is the mean ratio of the total number of 
fast particles in the star to the number of charged 
particles, E is the energy of the primary proton 
and AE is the excitation energy of the nucleus, 
or, more precisely, the energy taken up by the 
nonrelativistic particles. 

In Table V are given the experimental and cal- 
culated values of a and the corresponding values 
of (p,)eff for stars of various types, where we 
have taken K =*% and AE =1 Bev.! From consid- 
eration of the lower-left half of Table V, it can be 
seen how regularly the values of (p| )eff decrease 
with increasing ng; this is connected, apparently, 
with the fact that, for given l, an increase in the 
number of particles ng produced leads to a de- 
crease in the mean momentum of each of them. 
However, the value of (p| )eff averaged over all 
ng turns out to be higher than the theoretical one; 
and this difference cannot be explained only by an 
admixture of interactions with small J. It is con- 
siderably more likely that the transverse momenta 
of the highest energy particles increase because 


of the secondary interactions inside the nucleus. 
In so far as the upper left-hand part of the table 


is concerned, we see there that, on the contrary, 
the value of (py )efs is low (compared with the 
theoretical one) and does not even depend on the 
multiplicity ng. It would appear that this fact can 
be only partially explained by an admixture of in- 
teractions with 1 >1, but mainly by an admixture 
of interactions having the anomalously narrow an- 
gular distribution (1 <1). 

We tried to check the assumption that the high 
value of (p| )eff in the former case could be ex- 
plained by cascade processes inside the nucleus in 
“yure” form. With this in mind, we carried out a 


TABLE V: Comparison of experimental and calculated values 
of the quantity &,; and corresponding values (pj )egf 


SS —— ——— —————————— 


Experiment* Theory 
matt! Type of |} = 
i Ns ae | (0; ) eff/uc |) Seaeis 24 | (p,) eff /uc 
| | 
3} 24.9 1.5 p ) 
4—6 22 36 Bi. Te 10 y 
nl yA 7 54 hee fez gl pte ie Die 
(Mg-- Ny) <I 
| o (r= 
D5} athe Dail p 7 . 
4 | as 9 seul = Ne) 
n, +n, >8 4—6 Bi 2.8 = nm | “46 
a | =| 19.9 1.8 p+ | a 
0 13.5 2k 


 -*The accuracy in the experimental data is 15% in the upper half of the table 


and 5% in the lower. 
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TABLE VI. Proportion of stars 
(percent) with different 1 
for given Ng 


B. ZHDANOW. 


eta 


applicability of the model of cascades inside the 
nucleus in “pure” form, it would be necessary to 
carry out more rigorous calculations using accu- 
rate experimental data on the characteristics of 
nucleon and m-meson interactions at the various 
energies. 

6. We turn now to a determination of the number 
of fast and slow particles (ng, np and ng) in inter- 
actions with different values of the quantity l. 


TABLE VII. Distribution of the number of stars with ng for 


given l 
| l is = Ng =2--5 ng =4—6 ny >7 is 
i 
Experiment il 5D(+15)% | 35(+42)0% <10% = 1 5eOn 
Experiment | i | 2O(410)% | 40(210)9 | 40(£10)% <10% 3 320.3 
Theory 110% 464 =46% 0.6% a 
Experiment 5 OG 4% 30( £7) % 5O(=15)% | 10(45)% 4.020.4 
Theory s | ~0.5% = 140% =65% =20% | =4.8 
Experiment | _, | 4(=2)% 25(7)% | 40(+15)% | 30(£10)% | 5.0+0.5 
Theory a be — ~5H% 40% 0% = Ono 


TABLE VIII. Proportion of stars with various / for given 


Nh and ng 

| | | | l} 

Leo P4 =e gravel fe C= Wee ESB 

jet : | | 

H | 
Nyj<3 35% | Bh] 20% 10% Ng =0 | 30% | ~30% | ~20% | ~15% 
ny=4—8 |>15%| ~25% | ~30% | ~30% |] ng 1 [515% | ~25% | ~30% | ~30% 
Ny=9—15 | — | ~15% | ~25% ~ 60% | Ny = 2,3 | ~10% | ~20% | ~30% | ~40% 
1,216 Say | alae ~ SOY |) iti, Se nd | ~ 10% ~20% | ~70% 
ny, (1) ees 4—5 6—8 | 10 12) n, (1) = (Romeo = 1.20] 2 


very approximate calculation of this process ac- 
cording to the following scheme. We assumed that 
in the subsequent interactions of the primary pro- 
ton with each of the 7 nucleons in the nucleus, 
only one fast nucleon remained, carrying off 70% 
of the initial energy, and that the remaining 30% 
of the energy was distributed among the mesons, 
the number of which was determined by the value 
of Ye, according to the statistical theory.!! We 
assumed also that in the process of interaction 
with other nucleons in the nucleus, all mesons of 
energy up to 550 Mev (total energy 5 uc?) are 
absorbed and that only mesons of energy greater 
than 550 Mev are scattered. It is easy to show 
that this way of considering the process can lead 
to a value for the multiplicity* for given 7 which 
is significantly higher. None the less, in the case 
of 1=4, for example, calculation with this scheme 
gives Ng = 95.5, i.e., a value larger than observed 
in experiment. For a conclusive decision on the 


*This 1s connected, first of all, with the fact that, accord- 
ing to the statistical theory, appreciably less than 70% of the 
initial energy should be kept, on the average, by one fast nu- 
cleon. 


Grouping all observed stars of given ng, nh or Ng 
first according to the angular characteristics of the 
fast particles (&), and then carrying out a regroup- 
ing according to / by solving the system of equa- 
tions (2), we obtained the results given in Tables 
VI—VIII. From Table VI it follows that interac- 
tions with a large number of fast particles corre- 
spond mainly to interaction of the incident nucleon 
with several nucleons of the nucleus. If we assume 
that the excitation energy AE of the nucleus is 
proportional to either the quantity Nh OF Ng, 
which, in turn, turn out to be proportional to each 
other (for given 1), then it follows from Table 
VIU that the excitation energy increases with in- 
creasing J, but somewhat more slowly than 1. 
The data in Table VII shows that the model of in- 
teraction of the incident nucleon with a “tube” of 
nuclear matter leads to a high value for the mul- 
tiplicity ng. Starting from an analysis of the dis- 
tribution of stars with ng it thus follows that the 
interaction of nucleons in a complex nucleus has a 
character intermediate between that of the pure 
“tube” and pure cascade models. 

In order to answer the question about the simul- 
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taneous or successive character of the interaction 
of the incident nucleon with the nucleons in the nu- 
cleus, it would be necessary to study the corre- 
sponding energy characteristics for mesons and 
nucleons. 


CONCLUSIONS 


1. The mean free path for inelastic interaction 
of 8.7-Bev protons with photoemulsion nuclei is 
equal to 34 + 2 cm. 

2. In the interactions discussed, in a significant 
part of the cases (=15%) stars are formed which 
can apparently be related to processes of peripheral 
nucleon-nucleon interactions. These stars are 
characterized by a small number of fast particles 
(ng = 1—2) which emerge at small angles (of the 
order of 5° on the average) relative to the direc- 
tion of the incident proton. 

3. Processes of “pure” charge exchange, i.e., 
processes in which fast charge particles are not 
formed, account for about 3% of all interactions 
in photoemulsions. 

4. A significant part (about 25%) of the inter- 
actions with photoemulsion nuclei hardly differ, in 
angular distribution and mean multiplicity of fast 
particle production, from interactions of the 
nucleon-nucleon type, calculated with the usual 
statistical theory. 

5. The angular distribution of grey tracks de- 
pends only very weakly on the angular distribution 
of fast particles and differs little from the distri- 
butions found in interactions of 1.5-Bev ma mesons 
with photoemulsion nuclei. It can be assumed that 
the origin of grey particles in this case is con- 
nected to a significant degree with secondary in- 
teractions of a mesons of energy ~ 1 Bev. 

6. The monotonic broadening of the angular dis- 
tributions with increasing multiplicity of fast par- 
ticle production corresponds to the picture of in- 
teractions intermediate between the representa- 
tions of successive and simultaneous interactions 
of the primary nucleon with nucleons of the com- 
plex nucleus. 
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Stars arising from the absorption of 7* mesons with an energy of 50 + 20 Mev in carbon 
nuclei were investigated with the aid of a propane bubble chamber. The formation cross 


section of such stars was equal to 145 + 36 mb. 


The distribution of stars according to the 


number of prongs was obtained, the average number of prongs being 2.6 + 0.3. A signifi- 
cant anisotropy in the angular distribution of prongs relative to the direction of motion of 
the m* meson was observed. The basic source of this anisotropy was evidently a pre- 
absorption scattering of m* mesons from the individual nucleons inside the nucleus. The 
distribution of two-pronged stars by angles between the prongs is given. 


1 significant number of stars from the interaction 
of low-energy m* mesons with carbon nuclei were 
found while looking through photographs obtained 
earlier! in a study of m*-y*-e* decay using a pro- 
pane bubble chamber? of diameter 9 cm and depth 

7 cm. 

The inelastic interactions of 7 mesons with 
complex nuclei has been studied with scintillation 
counters, photoemulsions, and Wilson cloud cham - 
bers. The investigations carried out with scintilla- 
tion counters®® consisted of measuring the attenua- 
tion of the 7* beam intensity and did not allow sep- 
aration of the absorption of 7* mesons from other 
inelastic processes. In the work with photographic 
plates,®-® it was impossible to identify the nuclei 
involved in the interaction. Finally, the work with 
cloud chambers?" !° was restricted to an investiga - 
tion of only the energetic prongs of the stars (for 
example, Byfield et al.!° considered prongs belong- 
ing to protons with energies =40 Mev), since the 
carbon target, unavoidably relatively thick, absorbed 
the low-energy charged particles. Under these con- 
ditions the photograph of the event was far from 
complete. 

In spite of this large amount of work, it is inter- 
esting to investigate the inelastic interactions of 
m™ mesons with complex nuclei using a bubble 
chamber, since this enables us to get additional 
information on the subject through some peculiari- 
ties of the method. For example, using the bubble 
chamber for the solution of similar problems, it 
is possible simultaneously to identify the nucleus 
involved in the interaction, to separate the absorp- 
tion of t* mesons from other inelastic processes, 


and to get a fuller photograph of the event than in 
cloud chambers, since protons with energies 

> 3 Mev, corresponding to prong lengths = 0.5 
mm, can be observed. 

In connection with the above it seemed inter- 
esting to us to investigate with the propane bubble 
chamber the character of the stars coming from 
the absorption of low energy m* mesons by carbon 
nuclei. This question was investigated with a pro- 
pane bubble chamber earlier,'! but only for 250 — 
270 Mev pions. Since in our case the pion energies 
were quite a bit lower than 250 Mev, it is interest- 
ing to compare the results we obtained with the re- 
sults of reference 11. 

The conditions of the experiment, a diagram of 
which is given in reference 1, were the following. 
The formation of 7° mesons took place in a poly- 
ethylene target placed in the 670-Mev proton beam 
from the synchrotron chamber. The mesons com- 
ing from the target were deflected by an electro- 
magnet to pass through a collimator in a four-meter 
concrete shield into the measurement area, where 
the bubble chamber was located. A filter to slow 
down the pions was placed immediately in front of 
the chamber. All the photographs were taken for 
two values of the energy of the pions as they came 
out of the collimator. In this work only those photo- 
graphs were examined which were taken for an in- 
cident pion-beam energy of 273 Mey, that is, when 
the mesons incident on the collimator came from 
a target 30 cm thick at an angle 0° to the direction 
of the incident proton beam, and when a 15.5 cm 
thick copper filter was placed in front of the cham- 
ber. The average pion energy in the middle of the 
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chamber was 50 + 20 Mev for this filter. The es- 
timate of the error in the value of the energy of the 
pions was made by an analysis of their absorption 


curve in copper, obtained with scintillation counters. 


The pion energy losses in going through the propane 
chamber were also taken into consideration. 

The scanning and analysis of the photographs 
taken was done ona reprojector;'? the scanning, 
as already described, was done while the work was 
being carried out.! To eliminate distortions de- 
pendent on the regions of the chamber a region 
with a diameter of 6 cm was separated and only 
those stopping and interaction events which oc- 
curred in this region were noted. The pion inter- 
action events with both hydrogen and carbon were 
determined. 

To separate out the elastic scattering of pions 
from hydrogen, measurements were made of the 
angles between the pion track and each of the sec- 
ondary tracks in all cases where the given inter- 
action could have taken place. It was reckoned 
that elastic pion scattering on hydrogen took place 
wherever the measured angles satisfied the kine- 
matic relations. 

Among the stars showing up in the scanning 
were stars occurring both with and without the 
absorption of a pion. Those stars were counted 
as occurring without pion absorption one of whose 
prongs had the form characteristic of m*-yw*-e* 
decay. To decide which of the remaining stars 
occurred with pion absorption, the length of each 
prong was determined; and the longest prong, ac- 
cording to probability, was ascribed toa m* me- 
son and the others to protons. If the bubble den- 
sity of the track assigned to the pion did not mark- 
edly increase towards the end, then 1— 1.5 cm was 
added to its length, corresponding to the known path 
of a pion to its full stop. Then the energy of all the 
particles in a star was found under the assumption 
that each of them stopped inside the chamber. It 
was taken that the star formation occurred with 
pion absorption if the energy of all the particles 
added to the binding energy of the original carbon 
nucleus was greater than the binding energy of the 
residual nucleus plus 70 Mev. From all the pos- 
sible residual nuclei, that one was chosen whose 
binding energy was the closest to the binding en- 
ergy of the original carbon nucleus. Whenever 
this condition was not fulfilled, but either all the 
particles of the star stopped in the chamber or all 
the particles which did not terminate inside had 
strong blackening for a sufficiently great length, 
so that none of them could be a m*-meson track, 
we considered that we had here too a m* absorp- 
tion process, although some of these might have 
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been actually charge exchanges of a m*-meson 
with a carbon nucleus. This method of choice was 
justified by the fact that, for pion energies of the 
order of 50 Mev, the upper limit of the charge ex- 
change cross section is only a few percent of the 
absorption cross section,!? so that this process 
could not essentially influence the character of 
the results. All the rest of the stars, satisfying 
none of the conditions enumerated above, were 
placed by us in the “doubtful” group. Typical 
photographs of stars occurring with m*-meson 
absorption, are given in Figs. 1 and 2. 

In all, 2360 stereo photographs were scanned, 
and 180 stars satisfying the conditions for m*- 
meson absorption were discovered. Eight of these 
180 stars had an indeterminate number of prongs. 
In addition, 65 stars were found which by our con- 
ditions of selection were accounted “doubtful.” 
Considering that half of the “doubtful” stars oc- 
curred with m* absorption by carbon nuclei, and 
taking into account an admixture of w* mesons 
in the pion beam, determined from the absorption 
curve of pions in copper, the absorption cross sec- 
tion for 7m’s with energies 50 + 20 Mev by carbon 
atoms was found to be 145 + 36 mb. 

The distribution of stars formed by 7* mesons 
in their absorption by carbon nuclei is given by the 
solid line in Fig. 3 in terms of the number of prongs. 
In constructing this distribution, only those prongs 
were considered whose length was not less than 
0.5 mm, and it was supposed that half the “doubtful” 


FIG. 1. Two-pronged star resulting from the absorption 


of a a+meson by a carbon nucleus. 
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FIG, 2. Three-pronged star resulting from the absorption 


of a 7+ meson by a carbon nucleus. 


stars occurred with 7*-meson absorption by car- 
bon nuclei. The experimental points in Fig. 3 are 
shown together with their errors, calculated using 
statistical considerations and the fact of the pres- 
ence of “doubtful” stars, which were the basic 
source of errors for one- and two-pronged stars. 
In the same figure, the dotted line shows an analo- 
gous distribution obtained in reference 11 for 115 
stars formed by m* mesons of energy 250 — 270 
Mev upon being absorbed by carbon nuclei. It is 
evident from Fig. 3 that the distributions shown of 
stars according to number of prongs agree well 
with each other, within the limits of experimental 
error. This obviously indicates the absence ofa 
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FIG. 3. Distribution of 
stars by number of prongs. 
N—number of stars, n— 
number of prongs in the 
stars. The solid line is 
the results of the present 
work, the dotted line is 
the data obtained in refer- 
ence 11 for 115 stars pro- 
duced in the absorption 
of 250-270 Mev energy 7+ 
mesons by carbon nuclei. 


strong dependence in these similar distributions 
on the energy of the incident 7 mesons. We fur- 
ther note that the star distributions obtained are 
characterized intheir dependence on the number of 
prongs by an average of 2.6 + 0.3 prongs. To cal- 
culate the error in the average number, statistics 
and the presence of “doubtful” stars were taken 
into account. 

For 172 stars formed by m* mesons during 
their absorption by carbon nuclei, a distribution 
of prongs was constructed as a function of the 
magnitude of the angle #, the projection of the 
angle between the direction of motion of the ue 
meson and the prong onto the plane perpendicular 
to the optical axes of the stereo camera. It is evi- 
dent from this distribution, shown in Fig. 4, that 
there was observed a strong anisotropy of prongs 
relative to the direction of motion of the 7 me- 
son. In fact, the number of prongs Ng in the for- 
ward hemisphere relative to the 7* meson direc- 
tion of motion was 1.81 times greater than the num- 
ber of prongs Np in the back hemisphere. If the 
degree of observed anisotropy is characterized by 
the ratio (Ng—Np)/(Ng+Np), this quantity is equal 
to 0.29 + 0.05. Again, the error calculation for the 
magnitude of the anisotropy took into account sta- 
tistics and the presence of “doubtful” stars. To 
trace the variation of the anisotropy as a function 
of the number of prongs in the stars, the ratio 
(Ng—Np)/(NE+Np) was calculated for stars with 
various numbers of prongs. The following data 
were obtained: 


Number of 


prongs in Star: 1 9) a 4 5 
N,e—N +0.29 +0.09 

_f b- 1.00 0536, ewe 0.3640 + 

NEN —0.56 —0.1 -36+0.08 0.18+40.09 0.20+0.16 


It is evident from these data that some tendency 
is observed for the anisotropy to increase as the 
number of prongs in a star decreases. The ob- 
served anisotropy cannot be connected with the 


N 

FIG. 4. Angular distri- 20 
bution of prongs relative 
to the direction of motion (00 
of the 7+. 6 is the projec- 
tion of the angle between 
the 7* meson direction of 
motion and the prong on &0 
the plane perpendicular 
to the optical axes of the % 
stereo camera. N is the 
number of prongs in each 
30° interval of the angle @. 
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FIG. 5. Distribution of two-pronged stars as a function of 
the angle between the two prongs. 4 is the angle between the 
two prongs, N is the number of two-pronged stars, and the 
interval of the angle @ is 20°. 


process of absorption of a 7* meson. by a nucleon 
pair. This result is not hard to understand if one 
considers the kinematical relations or makes use 
of the experimental data on the distribution of two- 
pronged stars in terms of the angle @ between the 
two prongs. One can see from this distribution, 
shown in Fig. 5, that there exists a significant 
group of stars in the a interval 120° to 180° which 
evidently correspond to the known process of 7*- 
meson absorption by a nucleon pair. The proton 
distribution in this group as a function of the mag- 
nitude of the angle ¥ is isotropic, as should be ex- 
pected from the kinematic relations. This fact 
strengthens the result obtained before about the 
impossibility of explaining the observed anisotropy 
by absorption of the m* meson by a nucleon pair. 

It is reasonable to suppose that the chief sources 
of anisotropy are quasi-elastic scattering of ™ mes- 
ons by protons and their exchange scattering by neu- 
trons inside the nucleus, since in these processes 
the protons can only be ejected in the forward 
hemisphere relative to the m*-meson direction of 
motion. Under this supposition, there ought to 
exist (as an analysis of the data shows), besides 
the stars resulting from m*-meson absorption 
without previous scattering by inside nucleons, a 
significant group of stars in which the 7* meson 
experiences a quasi-elastic or exchange scattering 
from individual nucleons inside the nucleus and is 
then absorbed. Of course, the picture of star for- 
mation proceeding with m*-meson absorption in 
two states is highly schematic, since the time sep- 
aration of these two processes inside the nucleus 
is rather arbitrary. 

If the values of the cross sections of the proc- 
esses tm’ +p—m' +p, m +n—7’ +p, mtn 
=" +n and the processes 7 +n—-a +n, 
ep 1 +n, ™ +p—-m +p are taken into ac- 
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count, one can conclude, on the basis of the hypothe- 
ses given above, that the degree of anisotropy 
(Ne—Np)/(Ng+Np) for the stars occurring with 

m -meson absorption must be significantly less 

than that observed in the present work. 
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The ratios of the internal conversion coefficients of 63, 94, 110, 130.5, 177 and 198 kev 
y quanta in the L-subshells of Tm!® have been found. From these data, we determine 


the multipolarities of the transitions and, in the case of mixed radiations, the percentages 


of components in the mixture. 


Fae gamma spectrum and conversion electron 
spectrum of excited Tm!®, formed by electron 
capture from radioactive Yb!® (half-life 32 days), 
have been studied by many authors.!~? The Tm! 
nucleus is highly deformed, and one sees very 
clearly in its level scheme* (Fig. 1) the rotational 
band with K =% (the levels at 0, 8.4, 118, and 139 
kev). The lowest level of this band, with spin 3 
and positive parity, is the ground state of Tm?®, 
The levels at 316 and 379 kev are associated with 
single-particle excitation of the nucleus, while the 
level at 379 together with the one at 473 kev form 
the rotational band with K = %. Most of the y 
transitions are mixtures of dipole and quadrupole. 
Up to now the composition of the mixtures has not 
been determined sufficiently accurately, and the 
data from different papers differ markedly from 
one another. The most accurate determination 

of the mixture percentages was made in reference 
5. These authors used, in addition to other methods 
for determining the multipolarities, the measure- 
ment of the ratio of the conversion coefficients in 
the L-subshells. They made these measurements 
quite accurately for the conversion of the 130.5 
kev line. For the harder y rays at 177 and 198 
kev, they made only an approximate determination 
of the ratio Ly: Lyyy. 

In the present paper we give results of measure- 
ments of the ratios of conversion coefficients of y 
quanta with energies 63, 94, 110, 130.5, 177, and 
198 kev in the L-subshells of Tm!®, We have 
determined the multipolarities of the transitions, 
and the percentages of the mixture in cases of 
mixed radiation. The measurement of the ratio 
of intensities of conversion lines from the first y 


*This level scheme is taken from reference 4, but the multi- 
polarity assignments have been corrected in accordance with 
the results of the present work. 
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FIG. 1. Level scheme of Tm’®’. 


ray listed was done on a double-focusing 6 -ray 
spectrometer in which the relative half-width of 
the line was 0.4% (in momentum). The remaining 
measurements were done ona f£-spectrometer 
constructed in analogy to an optical spectrom- 
eter.'9,!! It consists of a magnetic deflection sys- 
tem (prism) and two magnetic lenses. The source 
was a thin layer of Yb! placed on a strip of alu- 
minum foil. Its dimensions were 5 X 1 mm?. The 
preparation of the source was accomplished as fol- 
lows. A tantalum target was irradiated with 680- 
Mev protons at the synchrocyclotron of the Joint 
Institute for Nuclear Studies. The rare earths 
produced by spallation reactions were separated 
by the ion exchange method on a sulfostirol cation 
KU-2, using ammonium lactate!*!3 as a complexing 
agent. The principal activity of a particular ele- 
ment was concentrated in 1 or 2 drops of the am- 
monium lactate solution (concentration 0.2 to 

0.4 M in the lactate) emerging from the column. 
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Even careful evaporation of these drops directly 
onto the source results in some tarring of the lac- 
tate and formation of some residue. If the source 
is prepared on a thin aluminum foil or organic film, 
heating to burn off the residue is not possible. 
Therefore the lactate drops carrying the activity 
were first evaporated onto another backing, and 
then the activity was taken up in a drop of ~1% 
solution of acetic acid, which was placed on the 
source backing and evaporated. In this way the 
activity was almost completely transferred. 

Using this method, we separated and deposited 
on an aluminum foil the Lu fraction, which con- 
tains Lu!®. The latter decays with a period of 
~2 days to Yb!®.!4 The measurements of the con- 
version spectrum of Tm!® were begun about a 
month after the separation of the Lu fraction, so 
that the radioactive lutecium isotopes had had time 
to decay sufficiently and the main activity was that 
of Yb'®’, The measurements of the internal con- 
version lines of the 130.5-kev line in the L-sub- 
shells of Tm'®? were done three months after the 
separation, because the Ly conversion line is 
superimposed on a strong line from K -conversion 
of the 181.4 kev y ray accompanying the Lu!” — 
Yb!” decay (Lu!” half-life is 6.7 days). 

Because the source was quite thick, the resolv- 
ing power of the spectrometer cited in reference 
11 (instrumental relative half-width of line 
= 0.04%) could not be reached. It therefore seemed 
reasonable to reduce the resolution of the instru- 
ment and thus raise its luminosity. For this pur- 
pose we reduced the focal separation of the lenses 
from 120 to 50 cm and brought the source and de- 
tector correspondingly closer to the lenses. This 
reconstruction of the instrument increased the in- 
strumental half-width by a factor of about 2.4, but 
the solid angle increased by a factor of 5 or 6, 
reaching a value of ~0.1% of 4a. The relative 
half-width found in the experiment, resulting from 
slowing down of electrons in the source, was 
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0.12 —0.20% (in momentum). In all cases the 
lines were resolved sufficiently well for the later 
graphical separation. To illustrate this, we show 
in Figs. 2 and 3 the conversion lines of the 177 
and 198 kev radiations in the L-subshells of Tm!®, 
The ratios of the internal conversion coeffi- 
cients and the multipolarities determined from 
them are given in the table. The percentage com- 
position of the mixed radiations was determined 
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independently from the ratios Lyy/Ly and Lyy/Ly1, 
which were compared with the corresponding theo- 
retical ratios.!° The average of these two values 
was taken for the final result. 

Our results confirm the level scheme shown in 
Fig. 1. An interesting point is the large admixture 
of E2 tothe M1 radiation in the 177 and 198 kev 
transitions. This is apparently caused by K -for- 
biddenness of the transition from the 316-kev level 
to the lower levels. 
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We investigate the cross section for knock-out of q@ particles with energies 

> 30 Mev from photographic emulsion nuclei bombarded by 100, 140, 200, 360, and 
660 Mev protons. The knock-out of the particles by cascade nucleons is com- 
puted under the assumption that the intranuclear nucleons have definite momenta. 
It is found that there is an appreciable probability of formation of a substructures 
in light nuclei such as C! or O!%, as well as in the diffuse region of heavy nuclei. 


INTRODUCTION 


is prevalent opinions concerning the mechanism 
of splitting of nuclei by high-energy particles is 
based on the Serber-Goldberger idea of individual 
collisions between the incident particle and the 
intranuclear nucleons. The nucleus is considered 
as a Fermi gas whose particles — the neutrons and 
protons — interact weakly with each other. The 
presence of other nucleons during the instant of 
collision of two particles does not influence di- 
rectly the results of the collision. The experi- 
mental disintegration data obtained during the 
past ten years, principally with photoemulsions, 
have demonstrated the correctness of these ideas. 
However, there are also certain facts that disagree 
with this simplified picture of the interaction. In 
particular, it has been established in many investi- 
gations that the cascade process which develops 
inside the nucleus upon incidence of a high energy 
particle involves not only the nucleons but also the 
more complex formations such as a particles. 
Thus, one must admit that there exist inside the 
nucleus more or less stable complexes, capable of 
leaving the nucleus when the latter collides with a 
fast nucleon. This point of view finds confirmation 
in the Brueckner model.!** The strong correlation 
between nucleons, which according to this model 
does take place in a real nucleus, should lead to 
the formation of a quasi-stable complex, consist- 
ing of two, three, etc. nucleons. Paired and quad- 
ruple configurations, i.e., quasi-deuterons and al- 
pha groups, have apparently the highest proba- 
bilities.» 

An investigation, by Meshcheryakov and his as- 
sociates,° of fast deuterons emitted from light nu- 
clei under the influence of 660-Mev protons has 
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shown these deuterons to be connected with the 
elastic collisions between the protons and the intra- 
nuclear deuteron groups. Barton and Smith,® in an 
analysis of the disintegration of He and Li by high 
energy photons, have also concluded that these nu- 
clei contain correlated neutron-proton pairs, al- 
though their estimate of the quasi-deuteron momen- 
tum is somewhat lower than the value obtained in 
reference 5. 

Rotenberg and Wilets‘ note that the probability 
of production of nucleon complexes is considerable 
in the peripheral region of the nucleus, where the 
density of nuclear matter is lower. On the other 
hand, the mean free paths of the deuterons and 
a particles are found to be less than the dimension 
of the heavy nucleus’~® and one can therefore ex- 
pect the collision processes, which cause the com- 
plex particles to be emitted from the nucleus in 
the cascade stage to occur in the surface layer. 

Interesting results, which also confirm the sug- 
gested knock-on origin of the a particles, have 
been obtained by Ctier et ale a photoemulsion > 
investigations of stars produced by 180- and 
340-Mev protons on C'2. A kinematic analysis of 
the reaction C!#(p, 3ap’) made it possible for 
Ciier et al. to conclude that in 30% of the cases 
this reaction proceeds via scattering of the inci- 
dent proton by the qa group contained in the (Ghd 
nucleus. The kinetic energy of the intranuclear 
a particles was found to be approximately 5 — 10 
Mev. To reconcile these conclusions with the re- 
sults of other researches, it was proposed that the 
a substructures were short-lived and dissociated 
rapidly into nucleons. Serebrennikov!? estimated 
their lifetimes and obtained a value of ~ 4 x 107” 
sec. Naturally, this figure says nothing of the con- 
tribution of the a -particle states to the total wave 
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function of the nucleus, since the probability of a - 
group production can also be large. Hodgson!? has 
found that the probability of finding each nucleon in 
bound state in the a@ particle is approximately 0.4 
for light nuclei (C, N, O) and for the peripheral re- 
gion of heavy nuclei (Ag and Br). Hodgson’s calcu- 
lations, however, did not take into account the mo- 
mentum of the a@ particle proper, with which the 
proton collides. Nor did he take into consideration 
the fact that the scattering process occurs in the 
potential well of the nucleus and that the q@ par- 
ticle is in a state with negative total energy. An 
allowance for these factors may change consider - 
ably the results obtained in reference 13. 

Finally, mention should be made of the paper by 
Schiff,!4 in which are calculated the probabilities of 
the electric monopole transitions in G!2 and oO on 
the basis of the independent-particle model and the 
a@-particle model. The experimental value of the 
transition matrix element was found to lie between 
the two calculated ones. 

Our own investigation is devoted to a further 
study of the existence inside the nucleus of the a 
particles capable of participating in the cascade 
process as a whole. To exclude the influence of 
impurity particles produced by evaporation, we in- 
vestigated only the disintegration of emulsion nu- 
clei accompanied by an emission of a particles 
with energies greater than 30 Mev. The experi- 
mental values of the cross sections for their emis- 
sion were compared with calculated cross sections 
of elastic collisions between nucleons and He$, ob- 
tained with allowance for the motion of the q@ par- 
ticle proper. 


EXPERIMENT 


We used in the experiment photographic plates with 
fine-grain nuclear emulsion type P-9, in which it is 
possible to distinguish, with good accuracy, the 
tracks of doubly-charged particles from singly- 
charged particle tracks. The plates were irradi- 
ated in the synchrocyclotron of the Joint Institute 
for Nuclear Research in an external collimated 
beam of 660, 360, 200, 140, and 100 Mev protons. 
The proton energy was reduced by a copper block 
of suitable thickness. Magnetic lenses were used 
to clear the extraneous particles from the beam 
after passage through this block. 

The procedure used to pick the stars for analy- 
sis, and the criteria used for classifying these 
stars according to the nature of the nucleus on 
which the star was produced, were described 
elsewhere.’ The intensity of the beam was deter- 
mined from the number of stars per unit volume 
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of the investigated emulsion. The mean free path 
of protons of respective energies for star produc - | 
tion was taken from various sources.'® | 
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FIG. 1. Cross section for the emission of % particles 
with energies greater than 30 Mev from light nuclei (open 
circles — right-hand scale) and heavy nuclei (full circles / 
—left-hand scale) of the emulsion at different energies of | 
bombarding protons. The point for the 560-Mev energy was / 
taken from reference 17. 


The experimentally-obtained cross sections for 
the emission of q@ particles with energies greater 
than 30 Mev, at various bombarding proton ener- 
gies, are shown in Fig. 1 separately for the light 
and heavy nuclei of the emulsion.* The errors in 
the experimental values, indicated on the diagram, 
include the statistical errors in the a -particle 
count and in the density of stars in the emulsion, 
and also the error due to the geometric correc- 
tions for the exit of the a@-particle tracks from 
the selected emulsion layer. The same diagram 
shows the cross sections as determined indirectly 
from the a -energy spectra given by Vaganov et 
ales! 


CALCULATION OF THE CROSS SECTIONS 


To determine the probability of elastic collision 
between a nucleon and an a particle, in which the 
latter acquires a large momentum (corresponding 
to more than 30 Mev energy outside the nucleus ), 
it is necessary to have experimental data on the 
differential cross sections over a wide range of 
angles and energies. We used the results summa- 
rized in the review of Hodgson!® on the cross sec- 
tions of elastic scattering of neutrons and protons, 
with energies up to 70 Mev, by He}. The experi- 
mental curves were extrapolated to higher energies 
(up to ~ 300 Mev). We note that the experimental 
data available on the differential cross sections for 


the elastic scattering of nucleons by helium fit sat- 
isfactorily the following formula 


ds(0, E)/dw = C (0) exp {—k(N)V E}, (1) 


*The cross sections obtained previously’ for the produc- 
tion of fast @ particles at 360 and 660 Mev were found to be 


overestimated, owing to an error that crept into the determi- 
nation of the particle current. 
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where do(@, E) /dw is the differential cross sec- 
tion for scattering of a nucleon of energy E by 
the helium nucleus through an angle @ (in the cen- 
ter-of-mass system, calculated per unit solid 
angle), and C and k are functions that depend 
only on the scattering angle. These coefficients 
are listed in Table I. For E = 90 Mev, Eq. (1) 

is in satisfactory agreement with the Heidman 
formula,” up to ~ 75°. We assume that (1) remains 
in force up to 300 Mev nucleon energy. It should 
be noted, incidentally, that extrapolation to such 
energies was carried out only for angles less 
than 60°, since the contribution of larger angles 
was found to be negligible. 


TABLE I 
0, deg C, mb | k, Mev 
30 4.4 0.12 
45 3x3 0.28 
60 Pel 0.35 
79 1.4 0,40 
90 0.4 Or37 
105 OR) 0.32 
120 ORD 0.28 
135 0.4 Oxot 
150 Qed 0.33 
165 1.9 0.37 


The cross sections for the knock-out of fast 
@ particles by nucleons was carried out for He§$ 
nuclei with kinetic energies W =0, 5, 10, and 
20 Mev. The binding energy of the a particle in 
the nucleus (B = 4 Mev) was also taken into ac- 
count. According to Igo and Thaler® the depth of 
the potential well of the Ag nucleus for a@ par- 
ticles is approximately 35 Mev and one can 
therefore assume that in the heavy nuclei the 
@ particles will have energies up to 30 Mev. This 
figure should probably be reduced for the 
lighter nuclei. 

We are interested in those cases of elastic col- 
lisions between a nucleon of energy E andan a 
group of kinetic energy W, which cause the latter 
to leave the nucleus with energy T > 30 Mev. Ob- 
viously T depends not only on E, W, and the 
scattering angle @, but also on the relative direc- 
tions of the initial momenta of the nucleon and of 
the target particle. We denote the angle between 
these two vectors by 9(0 =@~=T). 

The resultant velocity of the recoil particle de- 
pends, in the laboratory system, also on the angle 
of rotation of the scattering plane relative to the 
plane that is determined by the initial momenta of 
the colliding particles (we shall denote this angle 
by 6). Figure 2 illustrates the geometry of the 
collision. Using the laws of elastic collision be- 
tween two moving particles in the nonrelativistic 


FIG. 2. Velocity vector diagram: xy — plane defined by the 
vectors of the momenta of the incident nucleon and of the 
% particle, u—velocity of the @ particle in the c.m.s. prior 
to colliding with the nucleon, u’ —the same after colliding 
with the nucleon, u,—velocity of the center of mass, v—ve- 
locity of the recoil % particle in the laboratory system; 0— 
scattering angle in the c.m.s. 


form, and using the geometric relations derived 
from Fig. 2, we obtain the condition that must be 
satisfied by the quantities, E, W, 9, 9g, and 6 
if the q@ particle is to leave the nucleus with 
energy greater than 30 Mev: 


1.5 VEW cos¢ + (cos § cos} + sin §sin¢ cos 8) 


17 
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4+ 3(E—W)V EW cos g} "> 31B+944+W—E. (2) 


x {E? 4 W? + — EW —4EW cos? 


The angle ~ is determined from the relation 


—4VEW cose + VEW —2(E—VW) 


COC 5 EW side 


(3) 


Inequality (2) defines the region of permissible 
values of gy and 8 for specified E, W, and @. 
The cross section of interest to us, that for differ- 
ential scattering with production of a fast q@ par- 
ticle,"is 


do(E,W,9) _ \\ doo (E, W, 0, @) 


do do P(E,W, 9,0, 8) dgd3, (4) 


where do,/dw is the cross section for scattering 
the free qa particles, taken from Eq. (1) with al- 
lowance for the dependence of the particle energy 
on the angle gy; P is the statistical weight of the 
states in which g and 8 satisfy condition (2). 

It is natural to assume that the distribution of 
the intranuclear qa@ particles is isotropic with re- 
spect to the directions of their momenta, and also 
that the scattering is actually symmetrical (i.e., 
the cross section is independent of 6). Then 


ds 1 td : 
Be ais De: \ ie Brrax (9) sin odo. (5) 
0 
The value of Bmax is determined as a function of 
gy, 9, E and W from Eq. (2). 


The cross section curve represented by Eq. (5) 
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FIG. 3. Cross section 
for the knock-out of an 0 
particle with energy greater 
than 30 Mev by a nucleon of 
energy E, at various ener- 
gies of motion of the  par- 
ticle in the nucleus. 1) for 
W=0; 2)W=5; 3) W= 10; 

4) W = 20 Mev. 


can be integrated over all possible angles @, start- 
ing with a certain jn, to find the total cross 
section for the knock-out of a fast alpha particle by 
a nucleon of energy E. We note that in our case 
the nucleon energy must be reckoned from the bot- 
tom of the potential well, since it will exceed the 
energy of the nucleon outside the well by approxi- 
mately 30 Mev. 

Figure 3 shows points corresponding to the cal- 
culated cross sections for various choices of the 
initial a@-particle kinetic energy. 


PROBABILITY OF EXISTENCE OF ALPHA PAR- 
TICLES IN THE NUCLEUS 


The curves shown in Fig. 3 indicate that the 
most effective region for the knock-out of alpha 
particles with T > 30 Mev is the nucleon-energy 
region from 50 — 70 Mev (corresponding to nucleon 
energies from 30 —50 Mev outside the nucleus), 
and that the cross section decreases with further 
increase in energy. The dependence og(E) shown 
in Fig. 4 is evidence, however, of the opposite: as 
the energy of the bombarding protons increases, the 
probability of emission of fast q@ particles in- 
creases monotonically. This contradiction can be 
eliminated by assuming that the emission of the a 
particle is due to secondary nucleons produced in 
the nuclear cascade process, the number of which 


w 

10 

08 FIG. 4. Dependence of 

; the calculated value of w 
on the assumed value of the 

a6 energy of internal motion of 
the @ particles, W, in light 

a4 (open circles) and heavy 
(full circles) emulsion 

ne nuclei. 
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increases continuously with increasing beam 
energy. One can then assume approximately that 
the yield of a particles per single nuclear disinte- 
gration induced by a proton of energy Ep will be 
E, 
o4 (Ep) = \ o(E)n(E) Neg dE. (6) 
0 
Here o(E) is the cross section shown in Fig. 3, 
n the number (per disintegration) of cascade nu- 
cleons of energy E passing through a nuclear sur- 
face layer that contains Neff alpha particles. 
We introduce a quantity w, defined by the 
relation 


N SRS No, (7) 


where N is the maximum possible number of a 
groups in the surface layer. The size of this layer 
is determined, as already indicated, by the free 
path of the q@ particle in the nuclear matter. In 
accordance with experiment’, we assume that the 
latter is 2.5 x 107'3 cm. If we take the density 
distribution functions of the nucleons in the nucleus 
in the following form”? 

1 + exp (—e/ a) 

1 apexpiir—¢) fal 


0 (r) =2o 


we obtain N=12 for Ag and Br. 
nuclei, we can assume N = 3. 

The unknown quantity in (6), which can be written 
in the following form 


For the light 


Ey 


3x (Eo) = Nwn (Eo) \ f (E)s (E) dE, 


0 


(6a) 


is w, since dg is measured experimentally, and 
the average number of cascade nucleons n and 
their energy distribution f(E) can be calculated by 
the Monte Carlo method.”! The probabilities w for 
the existence of qa groups, calculated from (6a), 
are listed in Table II. 

Figure 4 shows the mean value of w vs. the 
energy W. If it is assumed that the kinetic energy 
of the q@ particles in the nucleus amounts to 10 
Mev, it follows from our calculations that in light 
nuclei such as C!* and ol. and also in the diffu- 
sion region of the heavy nuclei, the nucleons spend, 
half their lifetimes in the form of alpha complexes. 


DISCUSSION OF THE RESULTS 


The values of w, found in our experiments, re- 
main approximately constant as the energy of the 
incident protons changes. This circumstance 
serves as an indication of the correctness of the 
chosen model for the production of fast a par- 
ticles. There is no assurance, however, that these 
calculations are not subject to systematic errors 
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TABLE II 
Nuclei Ag and Br | Nuclei C, O, N 
W, Mev 
Ey, Mev 
0 By 10 20 0 5 10 20 
100 Dea, 1.00 0.5 0.34 2.40 11.405) .62 0.37 
140 1.99 0.91 0.51 0.32 2.01 0.93 0,52 0.31 
200 2.04 0.93 0.54 0.32 2.19 0,99 0,57 0.34 
360 2.60 AO7 0.58 0.36 2hd) 4.02 0.54 ORSz2 
560 2.61 teal 0.66 0,41 ZOd 0.95 CG) sx) 0.33 
660 2.08 Ale 0,65 0.40 hess 1.00 0.58 0.34 
average Panes: “ly s0)5) 0.58 0.36 Ala) << lie ekS)8) 0.56 0.33 


which may either overestimate or underestimate 
w by the same amount for all beam energies. This 
pertains primarily to the cross sections used for 
the elastic scattering of the nucleons by the free 


@ particles, and also to the extrapolation of Eq. (1). 


In addition to this source of error, there exist oth- 
ers, for example, corrections for the probability 
of emission of a recoil q@ particle from the sur- 
face layer of the nucleus, for the effect of the 
Pauli principle (which forbids certain collisions 
between nucleons and a particles) etc., none of 
which are accounted for here. These factors re- 
sult in an increase of w. Factors that contribute 
to a decrease of w include: the presence among 
the observed fast a@ particles of a certain fraction 
of particles due to some other mechanism (for ex- 
ample, according to Ostroumov et al.,!® the admix- 
ture of evaporated a particles with energies 

> 30 Mev amounts to 5 —10%), the presence in the 
nucleus of a@ particles with greater velocities than 
assumed by us, the knock-out of alpha particles by 


cascade nucleons, which for some reason or another 


do not leave the nucleus, and consequently are not 
taken into account in the calculations by the Monte 
Carlo method, etc. 

As can be seen from Fig. 2, the principal contri- 
bution to the process of impact production of fast 
a particles is from nucleons with energies 60 — 70 
Mev, scattered at angles of approximately 120 — 
150°. In the laboratory system, the a particle 
moves after the collision in a direction close to the 
initial direction of the nucleon. But since we take 
n in Eq. (6a) to mean the number of observed nu- 
cleons, i.e., the cascade nucleons that leave the 
nucleus, the direction of motion of the qa particle 
will also be such that the latter is capable of leav- 
ing the nucleus. Nor is allowance for the Pauli 
principle likely to cause great changes in the cal- 
culations. In fact, a 70-Mev nucleon colliding with 
an q@ particle loses approximately 35 Mev and 
remains with an energy greater than the Fermi 
level. Furthermore, one can assume that the for- 


mation of nucleon complexes will contribute to a 
weakening of the effect of the Pauli principle. 

As regards the correctness of the choice of the 
W, nothing more specific can be added to what has 
already been said in the introduction. In all proba- 
bility there is a certain distribution of q@ particles 
by momenta in the nucleus, and perhaps, as shown 
by the results of Ciier,'! this distribution is quite 
broad; without knowing its form, it is difficult to 
calculate the contribution of the high-energy a@ 
particles to the computed cross section. As to the 
correctness of the extrapolation of Eq. (1), it is 
seen from Fig. 1 that nucleons with energies 200 — 
300 Mev contribute little to the total cross section 
and possible errors in the extrapolation will not af- 
fect greatly the calculated values of w. Summariz- 
ing, we can assume that the foregoing factors, not 
accounted for in our calculation, act in opposite 
directions and cancel each other out to a consider- 
able extent. It should be added that the value of 
w is quite sensitive to the form of the energy spec- 
trum of the cascade nucleons, particularly in the 
region of small energies, and that a modification of 
the form of the function f(E), which changes with 
changing energy of the bombarding proton, may lead 
to a certain modification of w. 

The value of w can also be estimated for the 
Ag and Br nuclei by using the data of Ostroumov, 
in which the relative contribution of cascade a 
particles of all energies is determined. This esti- 
mate leads to w~ 0.5—0.6, which does not disa- 
gree greatly with our results and the data of Hodg- 
son.!® It should be noted that Hodgson assumed 
N=15 for heavy nuclei anda N=3.3 for light 
nuclei, while in our calculations these values are 
respectively 12 and 3. 

It can be assumed that a certain fraction of the 
tracks of doubly-charged particles in the stars be- 
longs to the He$ nuclei. The emission of nuclei of 
the light helium isotope is connected, apparently, 
with the same processes as the emission of @ par- 
ticles. An additional source may be the reaction 


22 
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produced when an a particle is struck by a fast 
nucleon [for example, of the type Hef (p, d) He? ]. 
It would be interesting to determine experimentally 
the relations between the yields of the isotopes of 
He and H, due to the impact mechanism, and to 
compare them with the cross sections of the cor- 
responding processes. This would throw light on 
the probability of realization of various groupings 
of nucleons in the nuclei. 

A considerable similarity was established in 
reference 15 between the emission of fast q@ par- 
ticles and that of fragments. This similarity, in 
light of the results of the present paper, can serve 
as a certain basis for stating that multiply-charged 
particles are emitted from a nucleus, to a consider- 
able extent, via elastic or quasi-elastic collisions 
between nucleons or their complexes and corre- 
sponding instantaneous nuclear substructures. It 
appears to us therefore that further research in 
this direction is of importance, not only to clarify 
the nature of fragmentation but also from the point 
of view of understanding the internal structure of 
the nucleus. 

In conclusion, the authors express their grati- 
tude to O. V. Lozhkin for help in the performance 
of the experiment, to E. I. Prokof’eva, N. R. Novi- 
kova, and E. V. Fadina for preparation of the plates. 
The authors are also indebted to N. A. Perfilov for 
continuous attention to the investigation and for par- 
ticipation in the discussion of the results. 
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Formation of H™ 


ions on an incandescent tungsten surface has been observed. The 


temperature dependence of the ratio of the negative-ion current to the electron 
current in the 2600 — 2900°K range yields a value of 0.8 + 0.1 ev for the electron 


affinity of the hydrogen atom. 


oreo ie to quantum-mechanical calculations, 
the electron-affinity energy of the hydrogen atom is 
0.754 ev.! Using this value, it is easy to calculate 
from the Saha-Langmuir formula that the proba- 
bility of alpha capture of an electron by a hydrogen 
atom, evaporated from the surface of tungsten at 
2400°K, is 6x10? (assuming the work function 
of the tungsten to be 4.5 ev). 

In the case of such small a, one must take into 
account, in a study of the negative surface ioniza- 
tion, the possibility of formation of negative ions 
not only on the surface of the cathode, but also 
under the surface, via interaction between the 
thermionic electrons emitted from the cathode and 
the gas molecules. In the case of hydrogen, the 
processes in the volume may be: 1) formation by 
impact of H ions from molecules Hy, and also 
from the H,O molecules that are always present 
in the residual gas in the equipment; 2) radiative 
capture of slow electrons by the hydrogen atoms, 
produced upon dissociation of the hydrogen mole- 
cules on the surface of the incandescent tungsten. 

We have shown earlier” that H~ ions are not 
produced from H, and H,O molecules by colli- 
sion with electrons of energy less than 5 ev. To 
eliminate such H -ion production it was enough to 
create in the surface-ionization experiments con- 
ditions under which the electrons emitted by the 
cathode could not acquire an energy greater than 
5 ev. Under the conditions of our experiment, the 
effect of radiative capture was small compared 
with surface ionization, and could therefore be 
neglected.* 


*The ratio of the H -ion current due to radiative capture to 


the current due to surface ionization is approximately 4n.Qd/va, 


where ng is the number of electrons emitted from 1 cm? of 
cathode surface per second, Q the mean value of the effective 
cross section for radiative capture (at an electron energy of 
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Figure 1 shows schematically the apparatus 
used. The cathode was an electrically-heated in- 
candescent tungsten ribbon 1. The temperature of 
the central portion of the ribbon was measured 
with an optical pyrometer. The potential differ- 
ence V used to draw out the electrons and negative 
ions was applied between the cathode 1 and cylin- 
der 2. This potential difference was not more than 
4 volts, to prevent the electrons that enter cylinder 
2 together with the ions from producing H™ ions in 
this volume. The electrons were deflected by a 
transverse magnetic field of ~ 60 oe to the wall of 
cylinder 2 and were kept out of the space AB, 
where the negative ions (which were hardly moved 
by the magnetic field) were accelerated to 1000 ev 
before entering the mass analyzer 3. The ion cur- 
rent was measured with an electron multiplier con- 
nected to an electrometer amplifier.” 

We first ascertained what occured in the appara- 
tus with the cathode incandescent, but in the ab- 
sence of hydrogen. For this purpose, after estab- 
lishing maximum vacuum (1 x 107° mm Hg) in 


FIG. 1. Diagram of 
the ion source. 1 —tung- 
sten ribbon 1.5 x 10 mm 
(cathode) , 2— cylinder Y 
(anode), 3— mass-ana- Y 
lyzer tube. 
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Tev, Q=2x 10-” cm’ at the maximum’), d the length of the _ 
path on which the capture can take place, Vv the mean velocity 
of the H atoms evaporated from the cathode, and @ is the de- 
gree of surface ionization. At a cathode temperature of 2700°K 
and d = 0.1 cm, this ratio was less than 0.02. 
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the equipment and adjusting the mass analyzer for 
H~-ion registration, we measured the ion current 
for various values of the drawing potential V. At 

a cathode temperature of 2300°K, no H™ ions could 
be observed for V ranging from 0.1 to 3.5 v. The 
H7~-ion current became measurable at V = 3.7 volts 
and increased rapidly with increasing V. These 
ions were apparently due to the interaction between 
the electrons and the traces of water vapor in the 
apparatus. 

When hydrogen was admitted to the instrument 
(pressure ~ 1074 mm Hg) we observed H7 ions 
even at drawing potentials from 0.5 to 3.5 volts. 
Under these conditions we observed clearly the 
effect of surface ionization, undistorted by the 
interaction of the electrons with the H,O and Hy) 
molecules. We measured in this interval of V the 
dependence of the H'-ion current I, at the output 
of the mass spectrometer on the temperature T 
of the cathode, within the range from 2200 to 
2900°K. Simultaneously we measured the electron 
current I, in cylinder 2. Figure 2 shows one of 
the curves obtained for the dependence of the ratio 
Ij/Ie on the cathode temperature. The current 
Ij was on the order of 10716 amp; the noise level 
was smaller by a factor 10-20. 


eas 


ive FIG. 2. Depend- 
100 ence of the ratio of 
90 the H -ion current 
80 to the electron cur- 
0 rent on the cathode 
60 temperature (hydro- 
“ag an HP a pz, 2 Bresste 2x10~ 
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It is known that observation of surface ioniza- 
tion with production of negative ions can be used to 
determine the electron affinity «S of an atom. At 
a@<1, the negative-ion current density is given by 


i, = siyA exp {e (S — ¢*) / kT}, (1) 


1 


where ny is the number of atoms evaporated from 
1 cm? of cathode surface per second, and e@* is 
the effective work function of the Saha-Langmuir 
formula for a polycrystalline surface. The satura- 
tion electron current density is determined from 
the Richardson-Dushman formula 


ip == BT? oxp (— 2 


pa sii (2) 


In the case of an inhomogeneous surface the elec: 
tron emission, like the emission of negative ions, 
is predominantly from sections that have the low 
work function. This may justify setting y* in 
Eq. (1) equal to Pp in Eq. (2). After having done 
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this and after taking the ratio ij/ie, we can . 
eliminate 


by EN, A 


eg EXD (sS/RT), (3) 
hence 
1,7? .04- 103 
log 10 i = loge + 8 Se (4) 


Ionov! confirmed experimentally the correctness of 

Eq. (4) in the case of formation of negative iodine 

ions on the surface of tungsten. Under the condi- 

tions of our experiments, the electron current was 

far from its saturation value (2 or 3 orders of mag- — 
nitude less). It must be assumed, however, that | 
(3) and (4) should be valid also in the absence of | 
saturation, since the energy distributions of the 

ions and electrons emitted from the surface of the 
incandescent metal are the same.° 

It is seen from Fig. 2 that in the interval from 
2200 to 2550°K the ratio Ij/Ie increases with 
temperature. At these temperatures, apparently, 
the coefficient of dissociation of hydrogen mole- 
cules on the surface of tungsten is still less than 
unity and therefore ny depends on the temperature. 
To determine the energy of the electron affinity 
from (4), we used-the temperature interval from 
2600 to 2900°K, in which np can be assumed con- 
stant. In this temperature interval, the points 
corresponding to the value of logy) (1jT*/le) “as 
functions of 5.04 x 103/T fit well a straight line. 
The value of the energy of electron affinity €S of 
the hydrogen atom, determined from the slope of 
this line, was found to be 0.8 + 0.1 ev. 

The correctness of the value obtained (in spite 
of its low accuracy) can be considered as a suc- 
cessful test of our method. In this connection, 
prospects are uncovered of using surface ioniza- 
tion to determine the electron affinities of other 
atoms, for which this quantity is of the same order 
of magnitude as for the hydrogen atom. 


‘re. A. Hylleraas and J. Midtal, Phys. Rev. 103, 
829 (1956); 109, 1013 (1958). 

?V. I. Khvostenko and V. M. Dukel’skii, JETP 
33, 851 (1957), Soviet Phys. JETP 6, 657 (1958). 

3S. Chandrasekhar, Astrophys. J. 102, 223 
(1945). 

*N. I. Ionov, JETP 17, 272 (1947). 
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The production of compound nuclei in the reactions V3} + o}* — Ga! and Nb}? + CP 


105.10 
Agar” : 


was investigated. The results are given in the form of excitation functions 


for the evaporation of different numbers of nucleons. Comparison of these reactions 
with reactions induced by light particles and involving compound nuclei close to Ga®" 


and Ag!05 


shows that in the case of heavy ions evaporation of a specified number of 


nucleons occurs at a somewhat higher excitation energy. A possible explanation is that 
the large angular momentum which the heavy ion contributes to the compound nucleus 


significantly affects the deexcitation process. 


Along with the production of a compound nucleus and subsequent evaporation of nucle- 
ons, reactions were observed in which very energetic particles were emitted (60 Mev 
with two particles). This is not consistent with the statistical theory. 


INTRODUCTION 


Tae production of compound nuclei by bombarding 
medium-weight nuclei with multiply-charged heavy 
ions was studied in reference 1, where the cross 
sections for the reactions 


Wert anon and Ve" (N87) 7) Zn=% x = 1,2,..., 5 


were reported as functions of ion energy. In agree- 
ment with the statistical theory the excitation func- 
tions that were obtained were characteristic of neu- 
tron evaporation from uniformly heated compound 
nuclei. At high excitation energies, however, in- 
stead of the expected sharp falling-off of the cross 
section for the emission of two or three neutrons 
the curves were relatively flat over an interval of 

a few dozen Mev. 

This shape of the excitation function for reac- 
tions induced by protons is accounted for by a 
direct interaction between the incident particle and 
individual nucleons of the target nucleus. Neutrons 
emitted as a result of such interactions possess en- 
ergies considerably exceeding the energies of neu- 
trons evaporated from compound nuclei in thermo- 
dynamic equilibrium. For reactions involving 
multiply-charged ions this effect was accounted 
for in reference 1 by the idea of “local heating,” 
the possibility of which was pointed out by Bethe? 
in 1938. According to Bethe, because of the ex- 
tremely short mean free path of the incident par- 
ticle in nuclear matter the entire excitation energy 
is distributed among a few nucleons and evapora- 
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tion from a heated “spot” can take place before 
thermal equilibrium of the entire system is estab- 
lished. As a result of this mechanism, evaporating 
nucleons will obviously carry away energy much 
higher than that corresponding to the temperature 
of a uniformly heated nucleus. At high excitation 
energies 2 or 3 neutrons can therefore be emitted 
instead of 4 or 5, with correspondingly higher en- 
ergies. This can account for the flat portions of 
the excitation functions at high energies for reac- 
tions with the emission of 2 or 3 neutrons. The 
detection of a similar effect when 4 or 5 neutrons 
are emitted would require considerably higher ion 
energies than those used in our experiments. 

For the purpose of elucidating the reactions in- 
duced by multiply-charged ions we compared the 
excitation functions for these reactions with the 
corresponding functions for the reactions 
Gnr3s% (Dex) eZ Where sc eZee 5.> When 
copper is irradiated by protons the compound nu- 
clei Zn*4 and Zn® are formed, which are close 
to the compound nuclei Cu® and Zn®° that result 
when vanadium is bombarded by carbon and nitro- 
gen. It was found that the excitation functions for 
the evaporation of a specified number of neutrons 
in reactions induced by multiply-charged ions are 
shifted by 10 to 15 Mev toward higher excitation 
energies. This shift may result from the fact that 
compound nuclei may have different momenta de- 
pending upon whether they were formed by the 
fusion of target nuclei with ions or with protons. 
For example, the compound nucleus Zn** with 80 
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Mev excitation energy, resulting from the Cue 
+p reaction, has maximum angular momentum 
Lmax ~ 10h; the Zn® nucleus with the same ex- 
citation energy, resulting from the vel + Ni re- 
action, has Lmax ¥ 50 h. 

The present work has continued the study of 
interactions between multiply-charged ions and 
medium-weight nuclei, with special attention to 
the departures from the evaporation model. At 
the Atomic Energy Institute of the USSR Academy 
of Sciences 102-Mev oxygen ion beams were pro- 
duced, making it possible to extend the investiga- 
tion of interactions between multiply-charged ions 
and vanadium. The interactions of accelerated 
Cc? and C!8 ions with niobium were also studied. 


EXPERIMENTAL PROCEDURE 


The excitation functions for the reactions 
v*! (O'8, xn) Ga and Nb”? (S208, xn)Ag were 
derived by measuring the activity induced in 
stacked foils. In earlier experiments vanadium 
had been deposited on an aluminum backing, but 
in the present experiment the foils were made of 
pure vanadium and niobium.* An activation analy- 
sis showed a lead content in the niobium of not 
more than 0.006%. The absence of a backing made 
chemical separation unnecessary and increased 
the likelihood of detecting products with half-lives 
of the order of a few minutes. This procedure also 
eliminates errors involved in the determination of 
the chemical yield and from the residual back- 
ground of the backing material, and considerably 
reduces the error in determining the thickness of 
the target material. 

Foils 2 to 3yu thick were used for convenience 
of measurement and were irradiated in the inter- 
nal beam of the 150-cm cyclotron. The energies 
of the O!*, cl) and C!® ions were OZ 635 and 
77 Mev, respectively. In reference 4 the beam 
was determined to be monoenergetic to within 2%, 
from the line width at half maximum. The entire 
energy spectrum of accelerated C!* ions was spe- 
cially studied at the cyclotron terminal radius, 
and it was found that low-energy ions constituted 
only a few per cent of the total beam intensity. 

Reactions were identified mainly by means of 
the half-lives of B-active products. In some in- 
stances additional information for the identifica- 


*Pure vanadium which could be rolled was provided by 
M. S. Makunin, a graduate student at the Metallurgical Insti- 
tute, U.S.S.R. Academy of Sciences. In rolling the vanadium 
and niobium we were greatly assisted by B. V. Blinov of the 
All-Union Institute of Measurements, and by V. M. Plotko of 
the Joint Institute for Nuclear Research. 
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tion was obtained by determining the end-point en- 
ergies of 6 spectra associated with specified , 
half-lives; for this purpose aluminum absorbers 
were used. 6 particles were recorded by means 
of standard apparatus employing end-window 
counters and special holders which insured iden- 
tical counting conditions for all foils and which 
permitted variation of the solid angle. 

The apparatus used in absolute activity meas- 
urements was calibrated by means of a counter 
with known efficiency, which was available through 
the kindness of S. A. Baranov. 


INTERPRETATION OF MEASUREMENTS 


Lifetimes and decay schemes in the isotope 
tables of reference 5 were used in calculating 
cross sections. This information for the reac- 
tions of interest is shown more compactly in Figs. 
1 and 2, using the conventional notation. For nu- 
clei with unknown relative B-decay probability 
in the positron-capture branch it was assumed 
that all decay takes place through the emission 
of positrons. Therefore in such cases only the 
lower limits of the cross sections were deter- 
mined; the corresponding excitation functions are 
represented by dashed lines in the figures. Exci- 
tation energies were calculated using tabulated 
nuclear masses,° as follows: 


E*= (id= ig — Mi) oP ee 
where m;, my, and M are respectively the 
masses of the incident ion, the target nucleus 
and the compound nucleus in its ground state, 
and E is the kinetic energy of the ion at the foil. 
E was determined from stopping powers given in 
reference 7 and the experimental range-energy 
curves for accelerated carbon and oxygen ions in 
Al, Cu, and Ni given in reference 4. 

Since compound nuclei resulting from reactions 
with heavy ions possess considerable recoil energy, 
in determining the energy dependence of cross sec- 
tions it was necessary to introduce a suitable cor- 
rection to account for the passage of recoil nuclei 
from one foil to another. To this end we deter- 
mined separately the mean range in vanadium of 
Ga®" nuclei produced in the Vv?! + o!® reaction. 
When 102-Mev oxygen ions are used, the energy 
of the Ga®"’ recoil nuclei is 24 Mev; reference 8 
gives for fission fragments in this energy region 
the following approximate expression for the 
range-energy relation: 


R= Ri (EVEN 


When Ro is determined experimentally at Ky 
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FIG. 1. Scheme of nucleon-emission and 


radioactive-product decay for the reaction 
vet a: (Oye. 
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= 24 Mev, this formula enables us to calculate R 
for other energies. The calculation showed that 

the correction to the excitation functions to account 
for compound-nucleus recoil is almost independent 
of energy; a common shift is found for all excitation 
functions toward higher energies, amounting to 4 
and 1 Mev for vanadium and niobium, respectively. 


ESTIMATE OF ERROR 


The sources of systematic errors in our experi- 
ments may have been errors associated with the 
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measurements of ion currents, inaccurate branch- 
ing ratios in the tables, calibration of the measur- 
ing equipment by means of a 4m counter and addi- 
tional unaccounted-for systematic errors. When 
we exclude the last possibility the total systematic 
error of our cross section values should not ex- 
ceed 17%. 

Accidental errors which can distort excitation 
functions are much more important; these may 
arise through inaccurate analysis of the decay 
curves (5%), inaccurate weighing of the foils 
(1%) and inexact correspondence of foil positions 
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with respect to the counters (2%). Our estimates 
thus show that the relative cross sections were 
determined to within 8%. 

The initial ion energies given in reference 4 
were determined to within 2%; this degree of error 
thus applies to the energy at the first foil. As the 
ions are slowed down the error increases and 
amounts to 10% at the last foil. 


RESULTS 


Figures 3 —5 show the excitation functions of 
various reactions resulting from the irradiation 
of vanadium by oxygen and of niobium by carbon. 
The numbers of protons and of neutrons emitted 
by the compound nuclei are indicated without rep- 
resenting the order of their emission. The dashed 
lines pertain to reactions for which only the lower 
limits of the cross sections were determined. We 
shall now consider the curves for vanadium and 
niobium in greater detail. 

Vanadium. The complete fusion of O! and v*! 
results in compound nuclei of Ga®’ with excitation 
energies from 39 to 90 Mev. The lower limit of 
the excitation energy represents kinetic energy of 
the oxygen ions which equals the Coulomb thresh- 
old of the reaction; the upper limit is the maximum 
ion energy, which was 102 Mev in our experiments. 

Figure 3 shows that in the given range of exci- 
tation energies the compound nucleus decays through 
the emission of both neutrons and protons, with the 
number of evaporated particles varying from 2 to 
5. The probability for the evaporation of a single 
neutron is evidently very small for excitation en- 
ergies exceeding 40 Mev. We were unable to de- 
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tect a reaction product accompanied by the emis- 
sion of only a single neutron, and the cross section 
for such a reaction must therefore be considerably 
smaller than 1 mb. 

The B* activity of Ga® was used to record the 
reaction (088; 2n); in this case we know only that 
the positrons represent more than half of the total 
number of decays. In the calculation of the cross 
section it was assumed that Ga® emits only posi- 
trons; therefore the true cross section lies some- 
where below twice the given value. The variation 
of this cross section was studied up to excitation 
energies of 60 Mev; at higher energies uncertainty 
results from the decay of Cu®*, which is produced 
in the reaction (O!, 2p3n) and has a half-life 
close to that of Ga®. 

The (O!®, 3n) reaction was identified in a 
somewhat unusual manner. Reaction products in 
almost all foils of the pile exhibited 6 activity 
with a half-life of 2.8 hours and an end-point en- 
ergy of 0.6 Mev. The shape of the excitation func- 
tion and the position of its peak indicate that this 
activity can only result from the emission of 3 or 
4 particles. The reactions (O. 3p) and (oe 
p2n) result in stable nuclei, and the (0°, 2pn ) 
reaction is easily identified from the 12.8-hour 
half-life of Cu®‘. All possible reactions involving 
the emission of four particles are excluded simi- 
larly; this activity was therefore assigned to Ga, 
which is the reaction product that accompanies 
three neutrons. 

This identification is possible if we assume 
either that a) the tabular value of the Ga® half- 
life is incorrect or b) Ga® had an isomeric state 


FIG. 3. Excitation functions for the reaction V°! + O°. 
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with a half-life of 2.8 hours. The slow falling-off 
of the excitation function above 75 Mev may pos- 
sibly result from the fact that at such energies the 
reactions (O18, 6n) and (o!8 pon) can occur, 
resulting in the formation of Cu®!, which has a 
similar half-life of 3.3 hours and 1.2-Mev end- 
point energy. Such activity corresponding to an 
excitation energy of 75 Mev was actually detected 
among the foils. Cu® as the product of (0!°, 2pn ) 
is easily detected from its 13-hour 6 activity with 
the spectral limit Eg ~ 0.5 Mev. The excitation 
functions of (O!*, 4n) and (018, p3n) are com- 
bined since both reactions are identified by the 
same product Zn®’, with a half-life of 38 minutes 
and 2.4-Mev 8 end-point energy. Ga®, the prod- 
uct of a “4n” reaction, is unknown but apparently 
has a short half-life. 

The situation is similar with respect to the re- 
actions (O!®, dn) and (Or: p4n), which are re- 
corded by means of the 9.3-hour emission from 
Zn®*. In this case a complication results from the 
small difference between the half-lives of Zn*®* and 
of Cu®*, which is formed in a 2pn reaction. The 
separation of the products according to £ -particle 
energies is not especially accurate. 

In the 75 — 90 Mev range of excitation energies 
10-minute 6 activity was observed, with a peak 
which indicates that it must be associated with the 
emission of 5 or 6 particles. Figure 1 shows that 
this activity can only result from (O!*, 2p3n), 
which produces Cure: 
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Niobium. Excitation functions for the interac- 
tion between carbon and niobium were obtained in 
the excitation energy range 35 —70 Mev. The con- 
ditions which determine the limits of this range 
have been considered above. The excitation functions 
of Nb®2(C!2, xn) Ag!95-X and of Nb?3 (C13, xn) Ag!6-x 
are given in Figs. 4 and 5, respectively. The methoc 
of calculating the respective cross sections in these 
figures will be considered together, but all quanti- 
ties pertaining to the irradiation of niobium by 
Cw (Fig. 5) will be enclosed in parentheses. Ag 
and eee which are produced by the evaporation 
of 1(2) and 2(3) neutrons from the compound 
nucleus, have almost indistinguishable half-lives 
of 1.2 and 1.1 hours, respectively. We have no 
data on the £-ray end-point energies and branch- 
ing of the decay schemes. Therefore the excita- 
tion function in Figs. 4 and 5 is designated by 
In + 2n (2n + 3n) and is actually the lower limit 
of the sum of the cross sections for the emission 
of 1 and 2(2 and 3) neutrons. The evaporation 
of 3(4) neutrons yields Ag! for which we also 
know only its 16-minute half-life. The cross sec- 
tion has an inflection point at 50 (65) -Mev excita- 
tion energy, very great width and a peak which is 
distant from the peak of the excitation function for 
the emission of 2(3) neutrons. The curve appears 
from its shape to be the sum of two curves with a 
relative displacement along the horizontal axis. 
Some nucleus with a half-life of ~ 16 minutes is 
evidently formed in addition to Agi. this may 
be wel resulting from the evaporation Ole 4 (5p) 
neutrons, or Tehlh which results from the emis- 
sion of 4 protons (4 protons + 1 neutron). The 
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tables contain no data on Ag!!; we know that Tew 
exhibits 6” decay with a 15-minute half-life and 
1.2-Mev end-point energy. We were unable to de- 
termine which of these reactions actually occurs; 
the lower limit of the excitation function in the 
figures is therefore designated arbitrarily by 

3n + 4n (4n + 5n). Ag!!, which is formed follow- 
ing the evaporation of 4(5) neutrons, decays with 
an unknown but apparently short half-life and is 
transformed into Pd!", which has a half-life of 

8 hours, a 2.3-Mev -energy limit and 10% rela- 
tive probability for positron emission. Aside from 
the reaction with the evaporation of 4 (5) neutrons, 
Pd!*! may result from the emission of 3 neutrons 
and 1 proton (4 neutrons and 1 proton); the corre- 
sponding curves in the figure are designated by 

4n + p3n (5n + p4n). 

The evaporation of 5(6) neutrons results in 
the production of Ag!°, which apparently has a 
very short lifetime. Pd!’ decays purely by elec- 
tron capture with a half-life of 4 days, and its 
daughter element, 20-hour Rh!00. emits positrons 
with energies up to 2 Mev in 5% of its decays. The 
identification of the reaction accompanied by the 
emission of 5(6) neutrons was made by means of 
the 4-day activity and end-point energy of the pa’ 
B spectrum. However Rh!" | which is the product 
of a reaction involving the emission of 4 (5) par- 
ticles, also exhibits a 4-day half-life and conversion 
electrons; therefore in calculating the cross section 
for the 5 (6) -particle case we introduced a cor- 
rection determined by means of the absorption 
curves. The approximate character of this cor- 
rection considerably reduces the accuracy of the 
5 (6) -particle excitation function. 

We note that when Nb was irradiated by Cc’? 
nuclei almost the same amount of 16-hour activity 
was detected in all foils. This activity, which had 
across section =10 mb, was not identified. 


CONCLUSIONS 


From Figs. 3, 4, and 5 and from a comparison 
of our results with those in references 3 and 9, 
which present data for reactions induced by protons 
and a particles, we may draw the following con- 
clusions: 

1. Differences in the excitation functions dis- 
tinguish the competing processes in which differ- 
ent numbers of nucleons are evaporated from 
heated compound nuclei. The absolute cross sec- 
tions which take into account reactions resulting 
in stable nuclei are so large that we may consider 
the formation of a stable nucleus to be the princi- 
pal process for medium-weight nuclei in our range 
of excitation energies. 
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2. A comparison of the excitation function peaks | 
observed for reactions induced by multiply-charged , 
ions, protons and a particles shows that in the 
case of the multiply-charged ions all excitation 
functions are shifted toward higher energies (by 
10 —15 Mev for V +O and by 7—8 Mev for 
Nb + C). The probable explanation of this shift is 
that in all instances compound nuclei are formed 
with identical charges, masses and excitation en- 
ergies but quite different angular momenta. The 
large angular momentum contributed by a multiply- 
charged ion creates an extra centrifugal barrier 
and thus results in the emission of particles with 
kinetic energy greater than 2T, T being the tem- 
perature of the nucleus. Moreover, the angular 
momentum carried away by evaporating nucleons | 
is small, so that after the emission of a certain 
number of particles the residual nucleus, with an 
excitation energy above the nucleon binding energy, 
possesses such large angular momentum that par- 
ticle evaporation is impossible. This residual 
nucleus will be deexcited through the emission 
of a y-ray cascade. Therefore in reactions in- 
volving multiply-charged ions the energy carried 
away by photons is greater than the 8 Mev which 
is ordinarily assumed for other types of reactions. 

3. To verify the departure from predictions 
based on the evaporation model which was observed 
in reference 1 (see the Introduction) the following ex- 
periments were performed: a) The Vee 2n ) Cu 
cross section was measured again very carefully, 
using pure vanadium foils and high-energy carbon 
ions; b) the dependence of Nb”? (E13) onyAg on 
ion energy was measured several times. All of 
these experiments showed that reactions involving 
the emission of two neutrons have a cross section 
~10 mb at excitation energies up to 70 — 80 Mev. 
The emission of two neutrons at such high excita- 
tion energies apparently indicates a direct inter- 
action between the incident nucleus and nucleons 
of the target nucleus. 

We note in conclusion that the determination of 
the relative probabilities of direct interactions and 
the production of compound nuclei will require fur- 
ther more detailed investigations of both the exci- 
tation functions and the angular and energy distri- 
butions of the emitted particles. 

The authors are deeply indebted to Professor 
G. N. Flerov for valuable suggestions during the 
experimental work and for a discussion of the re- 
sults. 
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The angular distribution of protons, elastically scattered on He?, has been measured for 
five values of the incident energy. The protons were recorded by their tracks in photo- 
graphic plates. The differential cross sections so obtained are compared with theoretical 
values calculated under two different assumptions regarding the character of the exchange 
force. The nucleon-nucleon interaction with Serber exchange forces is in better agreement 
with experiment. The energy dependence of the cross section does not reveal the discreet 


levels in the Li‘ nucleus. 


Te elastic scattering of protons, at different 
energies, by He® is of interest for determining 
the states of Li‘ and similarly the excited states 
of the a particle. 

The well-known 22-Mev excited state of He‘ is 
ascribed isotopic spin T = 0;} consequently, the 
ground state of Li* cannot be similar to this state 
of He‘. On the basis of the experimental data men- 
tioned in reference 1, it is necessary to assume 
that the excited state in He* with isotopic spin 
T=1 is at an excitation energy of 24 or 25 Mev. 
The similar ground state of Lit must be unstable 
with respect to the decay to He? + p. The exist- 
ence of this state would be revealed in resonance 
effects in p-He?® scattering (or n-T scattering), 
although the width of the level is large. In this 
connection, it is desirable to have systematic data 
on p-He® scattering over a wide energy interval. 

On the other hand, from a comparison of the 
experimental data on the scattering of nucleons 
on light nuclei (in particular, of protons on He?) 
with the corresponding theoretical calculations it 
is possible to try to extract information concern- 
ing the forces acting between two nucleons in a 
many nucleon system. 

Experiments on the scattering of protons on 
He® described in the literature are at Dee =ab.0 1, 
1.60, 2.25, and 3.52;? 4.97,° 8.6,4 and 9.75° Mev. In 
the present work we obtain curves for the angular 
distribution of protons scattered on He® nuclei at 
Ey» = 9.6; 8.6; 7.9; 6.8 and 5.5 Mev. 

9.6-Mev protons were obtained from the cyclo- 
tron directly, while lower-energy protons were 
obtained by slowing them down ahead of the colli- 
mator of the scattering chamber. The gas-filled 
target had windows closed with iron foil of thick- 
ness 6 mg/cm? and filled with He® to a pressure 
of about 800 mm mercury. Another target, but 


empty, was exposed to measure the background, 
which turned out to be very small for all scatter- 
ing angles, with the exception of the smallest 
angle (20°). At 20°, the background increased 
with decreasing proton energy from 20% at 9.6 
Mev to 70% at 5.5 Mev. The proton current in 

the target was measured using a Faraday cylinder, 
placed after the target and joined to the integrator. 
The scattered protons were recorded on photo- 
graphic plates, situated 125 mm from the center 
of the gas-filled target at angles from 20 up to 
155° at 15° intervals. Each plate was placed at 

an angle of 4° to the scattered protons. All the 
plates were exposed together, but the magnitude 

of the exposure at different angles was regulated 
by a remotely controlled shutter, placed between 
the target and each of the plates. In counting the 
number of proton tracks in the plates, those tracks 
were chosen which had a given direction and origi- 
nated in the surface of the emulsion. 

The measured results for the differential cross 
sections for the scattering of protons on He® are 
presented in Figs. 1 to 5 (the energy of the proton 
is given in the laboratory system). The data of 
Sweetman (black points) are also included in 
Fig. 2 and taken from reference 4. 

Theoretical calculations of the p-He?® scatter - 
ing cross section have been carried out recently 
by Bransden and Robertson! and also by Innas et 
al. The calculations in reference 7 were carried 
out using Wheeler’s® resonating-group structure 
method. The spatial dependence of the interaction 
potential between each pair of nucleons was chosen 
to be a Gaussian: 


6 


V (r) = Vee 9" 


with V) = —45 Mev and pu = 0.2669 x 107° em™?, 
while two forms were taken for the exchange op- 
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erator, Serber’s and symmetric... The theoretical 
curves for both variants are drawn in the figures: 
(A) o(@) for Serber exchange forces’ and (B) for 
symmetric exchange force.’ The curves were ob- 
tained by interpolation of the angular distributions 
p-He® scattering given in reference 7. It is seen 
that the symmetric variant consistently disagrees 
with the experimental data. The Serber variant 
overestimates the absolute magnitude of the cross 
section at all angles of the interval, but reproduces 
the angular distribution better. Withincreasing en- 
ergy the agreement of the Serber variant with the 
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experimental data improves. It is possible, that 
with a slight change in the parameters of the po- 
tential (for example the spatial dependence) the 
Serber variant might be in better agreement with 
the experimental data over the entire energy in- 
terval.. 

In reference 4, the scattering of protons on He? 
is calculated using the optical model and taking 
into account spin-orbit coupling. The calculations 
were carried out with the p-He® interaction poten- 
tial in the form of a square well of depth Vp) and 
for a “shaped” well: 
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V =—V,/{1 — exp {(r — R) / d}) 


with V) = 30, 36, and 42 Mev, d=0.5+0.1 x10 
em, and R = (1.26 A’/2 + 0.7) x 10 #3 em. The en- 

ergy of the spin-orbit coupling was taken as a rect- 
angular well in the form: 1.2(8V)/R*)a°L, while 

for a “shaped” well: 


B= A2/Mc?, 


where yw is the meson mass and M is the nucleon 
mass. 

In Fig. 2 is drawn the differential cross section 
a0(@), calculated in reference 4 using the optical 
model and taking into account spin-orbit coupling 
with V) = 36 Mev (curve C). It is seen that it is 
in qualitative agreement with the experimental re- 
sults. Theoretical curves for o(@) at 9.6, 7.9, 
6.8, and 5.5 Mev are not given and therefore com- 
parison with experimental data cannot be made. 
However, curves for ELab = 4.97 and 9.75 Mev 
with Vp») equal to 30 Sid 36 Mev are presented in 
reference 4 and they are in qualitative agreement 
with the experimental data of Sweetman? and Lov- 
berg, respectively. 

The satisfactory agreement between theory and 
experiment in p-He?® scattering in the non-reso- 
nance domain, up to proton energies of ~10 Mev, 
apparently indicates the absence of resonance ef- 
fects in the scattering in this energy domain. This 
indicates that the Li* nucleus does not have a well 
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defined state with a life-time noticeably greater 

than the time of the nuclear collision. Therefore j 
the assumption made in reference 1 on the ground 
state of Lifand similarly on the second excited 

state of He! with an energy of 24 or 25 Mev and 
isotopic spin T =1 is not confirmed by p-He?® 
scattering experiments. 
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A low background £ spectrometer was employed to study the spectrum of positrons pro- 


duced in the decay of Eu!" and Eu!?™, 


It was found that B* decay of Eu!®? takes place 


to the first (2*) and second (4*) excited states of Sm!**, The end-point energies of the 
partial spectra are 713 kev and 470 kev and their intensities are respectively 1.4 x 1074 
and 5x 107° g* per decay. Formation of Sm!” in the ground and first excited states 
occurs in the positron decay of the Eu!®?™ isomer. The endpoint energies of the partial 
spectra are 890 kev and ~ 770 kev and the intensities are respectively 6 x 103°. and 

Bx 107? Bt per decay. The excitation energy of the Eu!®? isomer is deduced from the 
difference of the endpoint energies of the 8* spectra and is found to be (55 + 6) kev. 
Pair conversion coefficients and the multipolarities of a number of y transitions are 
derived from the positron internal pair conversion spectra. 


1. INTRODUCTION 


Ir is known that a change in the number of neu- 
trons in a nucleus from N = 88 to N=90 also 
involves an abrupt change in the form of the nu- 
cleus. Therefore it is of considerable interest 

to study radioactive Eu! and its isomer Eul2m | 
which decay to gSm4?? and ¢,Gd}3?. Electron cap- 
ture, B decay, and y radiation have been com- 
paratively well investigated for these nuclei. Less 
has been done to study the positron decay of Eu!” 
and Eu!®2™_ Grodzins and Kendall! detected p* 
decay of the isomer Eu!?™, Earlier. Kaminskii 
and Kaganskii* showed the existence of B* decay 
of Eu'®?, A more detailed study of the positron 
decay of Eu’? and Eu!*?™ shows that the data of 
references 1 and 2 must be substantially supple- 
mented. When the present experiment was almost 
completed we became aware of some of the results 
of the work of Alburger, Ofer, and Goldhaber,? 
which had not yet been published. In general, their 
results agree with ours. 


2. EXPERIMENTAL METHOD 


A magnetic spectrometer of the sector type with 
double focusing as shown schematically in Fig. 1 
was used to study the positron spectrum. The spec- 
trometer used in our experiment is different from 
the detector described in reference 2. As can be 
seen in Fig. 1 the detector consists of two Geiger 
counters situated one meter from each other and 
connected to a coincidence circuit. The first 
counter was placed at the focus of the spectrometer. 


477 


FIG. 1. Design of the 8 spectrometer. 1—source; 2 and 3— 
Geiger counters; 4, 5 and 7—collodion films 0.2 mg/cm’; 6— 
magnetic lens; I to V — baffles. 


B particles passing through the first counter were 
then focused with a magnetic lens on the second 
counter. The real advantage of such a counting 
system is the combination of a very small back- 
ground and efficient detection of charged particles. 
The dependence of the detector efficiency on the 
energy of the particles is shown in Fig. 2 (by effi- 
ciency we mean the ratio of the number of coinci- 
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FIG. 2. Depend- 
ence of efficiency on 
B-particle energy. 
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dences to the number of pulses registered by the 
first counter). This dependence on energy re- 
sulted from the scattering of 6 particles in the 
first counter and in the films that separate the 
Geiger counters from the vacuum chamber. 

In measuring the positron spectrum of Eu 
and Eu!®*™ the spectrometer background was 2 
to 3 orders lower than the intensity of the spectra 
being studied. The solid angle of the spectrometer 
was 0.5% of 47 and the resolution was 1%. 

The sources used were obtained from europium 
oxide of a natural isotope compound irradiated by 
slow neutrons. The sources were prepared by per- 
cipitation from an emulsion and were 1 to 2 mg/cm?. 
In control experiments we used thinner sources, 

0.2 mg/cm? which were prepared by electrolysis 
of europium chloride.‘ 
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3. RESULTS 


Results of the measurements of the positron 
spectra of Eu!®?>!%4 are shown in Fig. 3, which in- 
cludes the correction for the dependence-’of the de- 
tector efficiency on positron energy. As can be 
seen from Fig. 3 the positron spectra are very 
complex. Sharp breaks in the spectrum at Hp 
= 1920 gauss cm and Hp = 2460 gauss cm are 
evidently caused by internal pair conversion of 
y quanta with the energies Ey = 1280 kev and 
Ey = 1409 kev. 

Insofar as the energy distribution of pair con- 
version positrons is known,* the corresponding 
spectra (a and b in Fig. 3) can be separated by 
the size of the break. After subtracting the pair 
conversion spectra the remaining spectrum was 
analyzed with a Fermi plot. Analysis shows that 
this spectrum consists of two 6*-groups having 
the allowed shape with end-point energies of 
(713 + 3) kev and (470 + 10) kev. These partial 
B* spectra are shown in Fig. 3 (c and qd). 

Our measurements were taken several years 
after the irradiation of the sources. An attempt 
to evaluate the half-life of the positron spectrum 
gave the value ~ 10 years. In accordance with 
data in reference 2, this means that the positron 
spectrum shown in Fig. 3 is determined by the 
decay of the long-lived isotopes of Eu!®? and Eu!*4, 
fn accordance with available data in reference 6, 
y quanta with the energy Ey = 1280 kev and con- 
sequently one of the pair conversion spectra arise 
from the decay of Eu!®4. The other spectrum of 
pair conversion positrons is connected with the 


*The pair conversion spectrum of positrons in our case, 
Z = 62 to 64, was assumed the same as for Z = 84 for which 
Jaeger and Hulme did the calculation.* 
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FIG. 3. Positron spectrum of Eu measured with source 
thickness of 2 mg/cm?. Curve e is a sum spectrum of the four 
components. Points on curve e are the result of measurements 
with a source 0.2 mg/cm? thick. 


1409-kev transition and results from the decay 
of Eu'®?, Both * spectra must be ascribed to 
the positron decay Eu!** to Sm! since the dif- 
ference between end point energies of these groups 
agrees perfectly with the energy separation be- 
tween the first and second excited states of Sm!*, 
Figure 4 shows the decay scheme of Eu!*? which 
includes the data on positron decay obtained in our 
experiments. The jitensities of partial B* groups 
were determined by comparing the corresponding 
spectra with the pair conversion spectrum associ- 
ated with the 1409-kev transition. The probability 
of the 1409-kev transition in accordance with avail- 
able data is taken equal to 25% (see Fig. 4), while 
the pair conversion coefficient was determined by 
the method described in reference 2, from the 
ration of the areas of the spectra of K-electron 
conversion and positron pair conversion. The 
value of the pair conversion coefficient is I 
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FIG. 4. Decay of Eu’? to Sm'5?, 
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FIG. 5. Dependence of 
the pair-conversion coeffi- 
cient on the energy and 
multipolarity of transition. 
Points are the result of 
our measurements. 
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= (1.6 + 0.2) x 107* as can be seen in Fig. 5, and 
agrees with the multipolarity El established for 
this transition by other methods. The pair con- 
version coefficient IT = (0.8 + 0.2) x 1074 for the 
1280-kev transition also corresponds to a multipo-" 
larity El. Thus for the calculation of IT the rela- 
tive intensity of this y transition was taken equal 
to Togo = 0.35 Iy4o9 in agreement with data given 

by Dzhelepov and others.’ 

After separating from the spectrum the four 
components shown in Fig. 3 there remains a sur- 
plus of positrons in the energy region below 250 
kev. Control measurements carried out with a 
considerably thinner source (0.2 mg/cm”) showed 
that this surplus was caused by scattering in the 
comparatively thick sources used in the basic 
measurements. Results of these measurements 
are shown in the same figure. 

In our experiments the positron decay of Eu 
was not detected. However, on the basis of avail- 
able data on the mass difference of Eu!®* and Sm!*4 
we can assume the presence of £* decay of Rue. 
with an end-point energy of ~1 Mev. According to 
our experiments the probability of such a decay is 
less than 107° positron per decay of Eu!®?!%4, 

Figure 6 shows the results of measurements 
of the positron spectrum of the Eu?™ isomer. 
Measurement of the half-life of this spectrum 
gave the value T,, = 9.2 hours. In contrast to 
the positron spectrum of Eu! (in Fig. 3), there 
are few positrons here which result from pair 
conversion. The fact that in the decay of the 9.2- 
hour isomer, the y transitions with an energy of 
more than 2mc” are comparatively weak con- 
firms this. We made a more detailed study of 
spectra in the 380-kev energy region. The meas- 
urements showed (see Fig. 6) the presence of a 
small break at 364 kev which corresponds to the 
y -transition energy Ey = 1386 kev. Calculation 
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FIG. 6. Positron spectrum of Eu'S?™. Source thickness 
1.5 mg/cm?. 


of the pair conversion coefficient for this transi- 
tion gave the value I = (0.6 + 0.3) x 1074, which 
gives a multipolarity E2 (see Fig. 5); for the 
calculation the intensity of the y quanta was taken 
as equal to 0.7% to correspond with Marklund’s 
data.® 

An analysis of the £*-spectrum, using the 
Fermi plot method, showed the presence of two 
components of £* decay with the energies (890 
+5) kev and ~ 770 kev. These components were 
identified as the positron decays of Eu*™ to the 
ground and first excited states of Sm!**_ Figure 7 
shows the decay scheme of the 9.2-hour isomer 
(according to Marklund’s data®) which includes 
the results obtained in our work. The intensity 
of the B* spectrum was determined from the ratio 
of the areas of the positron and electron spectra. 
Inasmuch as the value for the spin of the isomeric 
state still remained undetermined (0° or 1) it 
was of considerable interest to determine the form 
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FIG. 7. Decay of Eu'®?™to Sm’. 
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Alburger et al. Our data | 
End-point Intensity, End-point Intensity, } 
energy, kev B* per decay energy, kev B* per decay | 
152 715+10 die GdiQie 71343 (EZ O 20m 
Eu’? 470-430 0.8-40-4 470410 (0.54£0.1)-10-4 
Ey!52m 895+5 TOs 890+5 (6+1)-10-% 
~770 4-10-56 770+30 (2+0.95)-10-> 


of the 8* spectrum corresponding to the decay of 


Eu!®2M to the first excited state of Sm'*. The Socasers let l64"Gr9o6): 


unique form for the spectrum would give for the 


spin of Eu!52™ the value 0~. However, the attempt 35, 926 (1958), Soviet Phys. JETP 8, 646 (1959). 


to establish the form of the spectrum in our work 


1H. Kendall and L. Grodzins, Bull. Am. Phys. 


2D, L. Kaminskii and M. G. Kaganskii, JETP 


3 Alburger, Ofer, and Goldhaber, Phys. Rev. 


was unsuccessful because of the comparatively (in press); Phys. Rev. Lett. 1, 479 (1958). 

small difference between the end-point energies *B. V. Bobykin and K. M. Novik, Izv. Akad. Nauk | 
of the components (120 kev) and consequently a SSSR, Ser. Fiz. 21, 1556 (1957), Columbia Tech: | 
certain arbitrariness in separating them. Transl. p. 1546. 


The table shows the data for positron decay of 


°J. C. Jaeger and H. R. Hulme, Proc. Roy. Soc. 


Eu!®? and Eu2™ obtained by us and also by Al- (London) A148, 703 (1935). 


burger et al.? As can be seen from the table, the 


6B. S. Dzhelepov and L. K. Peker, Cxempi pacnaga 


results in reference 3 generally agree with our (Decay Schemes), M. 1958. 


work. The only real difference is in the intensity 


"Dzhelepov, Zhukovskil, and Nedovesov, Izv. 


of the low energy components. The reason for this Akad. Nauk SSSR, Ser. Fiz. 19, 296 (1955), 
is not yet clear since the experimental part of ref- Columbia Tech. Transl. p. 269. 


erence 3 has not yet been published. We determined 
the energy of the metastable state for the end point 
energies of 8* decay of Eu? and Eu!@™,_ Our 
data gives this energy as (55 +6) kev. 


81. Marklund, Nucl. Phys. 9, 83 (1958/1959). 
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Fermi surface of metals are discussed on the basis of these. 


's this paper we describe some* results of a fur- 
ther study of the anisotropy of magnetoresistance 
in single crystals of Au, Cu, Sn, Pb, Tl and Ga, 
which we examined earlier,! and also of Ag single 
crystals investigated for the first time. 

For most of the metals the measurements were 
made on 10 —15 specimens with different orienta- 
tions of the crystallographic axes relative to the 
specimen axis. The orientation was determined by 
back-scattering Laue photography or by an optical 
method. f 

The purity of the specimens used can be ex- 
pressed as the ratio p (300°) /p (4.2°) (the ratio 
of the resistance at room temperature to that at 
4.2°K), which was about 10,000 for Sn, Pb and 
Ga, 3000 for Tl, and 1000 for Au, Cu and Ag. 
The specimen diameters were large enough for 
size effects not to affect the results. 

All measurements were made at T = 4.2°K, 
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The anisotropy of magnetoresistance has been studied for single crystals of Ag, 
Au, Cu, Sn, Pb, Tl, and Ga. Stereographic projections of the singular field direc- 
tions have been constructed, and some considerations about the topology of the 
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FIG. 1. Copper 
single crystal. [110] 
axis along the speci- | 
men axis. T=4.2°K, 
p (300°)/p(4.2% =728; 
H = 23,500 oe. 
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since lowering the temperature further would not 
have produced any significant reduction in conduc- 
tivity. The residual resistances in zero field, 

Po» were very low and necessitated the determina- 
tions of emf’s of the order of 107° vy. For this a 
potentiometric system was used with a photo-mul- 
tiplier connected to the output with negative feed- 
back. The sensitivity of this arrangement was a 
few times 107!°v. 

The rotation diagrams for Cu and Ag are shown 
in Figs. 1 and 2; these give the dependence of rela- 
_ tive change of resistance, Apy/Po = Pyz/Po -1, for 
constant field, H = 23,500 oe, onthe angle #3 
through which H is turned in the plane perpendicu- 
lar to the specimen axis. The angular dependence 


*The authors hope soon to describe in full all the experi- 


ments and the results. 
tThe authors are grateful to G. E. Karstens for help with 


the determinations of orientation. 


of the resistance of Pb and Ga is shown in polar 
coordinates in Figs. 3 and 4. 

From a study of the anisotropy in the resistance 
of silver it was found that as for other metals,! the 
resistance reaches complete saturation for direc- 
tions of the minima in the resistance rotation dia- 
gram, and in the directions of the maxima in- 
creases indefinitely almost as the square of the 
field (Fig. 5). From this observation we may con- 
clude? that silver has an open Fermi surface. 

As for gold, the resistance of some specimens 
of Cu and Ag were averaged over 3 (from 0 to 
180°) at several values of the field (from 8000 to 
24,000 oe). These average values are plotted in 
Fig. 6 and Ap,,/p) is seen to vary linearly with 
field. We may then assume that Kapitza’s law 
(linear increase of resistance with field’) for 
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FIG. 2. Silver 
single crystal. [001] 
axis approximately 
(+ 5°) along the speci- 
men axis. T = 4.2°K, 
p(300°) /p(4.2°) =741; 
H = 23,500 oe. 
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FIG. 3. Lead single crystal. [001] axis coincident with 
specimen axis. T = 4.2°K, p(300°)/p(4.2° = 8,750; H = 23,500 
oe. 


180° 


FIG. 4. Gallium single crystal. T = 4.2°K, p(300%/p(4.2% 
= 28,000; H = 23,500 oe. 
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FIG. 5. Silver single crystal (see Fig. 2). Magnetoresist- 
ance for fixed angle 3: curve 1 for 3 = 0 (min), curves 2 and 3 
for 3 = 80°(max); T = 4.2°K. The left hand ordinate scale re- 
fers to curves 1 and 3, the right hand to curve 2. 
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FIG. 6. The resistance averaged over 3 for several values 
of magnetic field. e—Cu[110] single crystal (see Fig. 1), 
o — Ag [001] single crystal (see Fig. 2). 
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polycrystalline Cu and Ag is a consequence of 
the averaging of various laws of resistance in- 
crease, as for Au.! 

The variation of half-widths of the narrow max- 
ima and minima in the rotation diagrams of Au, Cu, 
Pb and Sn were investigated. It was found that the 
half widths of the maxima decrease with increasing 
magnetic field (as 1/H), while those of the minima 
stay the same (Fig. 7). The results are in good 
agreement with the theory of Lifshitz and Peschan- 
skii.4 

An interesting transition of a minimum into a 
maximum can be seen in the rotation diagram for 
lead and tin: for one and the same direction (for 
example, the [010] direction in Sn, shown in Fig. 8) 
the depth of the minimum progressively decreases 
as the current direction relative to the crystallo- 
graphic axes varies. This change in the minimum 
can be regarded as confirming the relation 


» = B(H/H 9)? cos? « -- A, (1) 


where q@ is the angle between the direction of open 
trajectories and the current direction.‘ 
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FIG. 7. The change in shape of the narrow minima in the 
rotation diagram for lead (Pb [001], see Fig. 3); T = 4.2°K. 


The appearance of the rotation diagrams of Tl 
and Ga depends little on the specimen orientation 
and the dependence of Ap/p) on ¥ agrees well 
with (1). We may deduce from this that Tl and Ga 
have Fermi surfaces in the form of corrugated 
planes.® 

From the data for Au, Cu and Ag specimens 
of various orientations, stereographic projections 
can be constructed of the singular magnetic field 
directions (directions of the maxima and of nar- 
row minima etc.). Such a projection (for Ag) is 
shown in Fig. 9. The shaded regions and the 
thick lines joining them correspond to the field 
directions for which the resistance increases 
quadratically with field. The stereographic pro- 
jections for Au and Cu are sufficiently close to 
that for Ag. 

By comparison with the theory of Lifshitz and 
Peschanskii,*”® an analysis of the stereographic 
projections points to the Fermi surfaces of these 
metals — “the space net” — being formed from 
“corrugated cylinders” with axes along the body 
and face diagonals of the reciprocal lattice. The 
data available*® indicate that the Fermi surface 
of copper also has open directions along the edges 
of the reciprocal lattice. 
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FIG. 8. Tin single crystals. The change in the depth of 
the minimum for fixed direction of the field H = 23,500 oe and 
varying current direction (specimen orientation); a—Sn I, 
Oe=.0°) b— Snell O26 se— Sa Il el —136s-ed-=sSnellve 
@ = 51°. ( is the angle between the specimen axis, in the 
(100) plane, and the [001] axis.) 


The stereographic projections of lead and tin 
cannot be interpreted so unambiguously. Neverthe- 
less, we can say that a Fermi surface of lead 
formed by broad cylinders in the [111] direction, 
and in tin by broad cylinders in the [010] and [110] 
directions of the reciprocal lattice do not contradict 
the experimental data.* It is possible that these 
surfaces would appear more complicated if studied 
in more detail. It would seem likely that metals 
with the same crystal lattice will have nearly the 


*{n our previous paper’ the direction [001] for Sn should 
read [100]. 


FIG. 9. Stereo- 
graphic projection of 
the singular field di- 
rections for silver. 


same form of Fermi surface. This is apparently 
true for Au, Cu, and Ag, which have body cen- 
tered cubic lattices. However, if we compare the 
galvanomagnetic characteristics of these metals 
with the results for lead, which is also body cen- 
tered cubic, it is easily seen that there is a con- 
siderable difference (Figs. 1, 2, and 3). While the 
resistance of Au, Cu, and Ag only varies quad- 
ratically over a narrow range of angles, the quad- 
ratic region in Pb occupies almost the whole ro- 
tation diagram, and saturation is found only ina 
narrow interval. An analogy can be found between 
the rotation diagrams of Pb and Sn, which have 
different lattices and belong to the same column of 
the periodic table. The diagrams for Tl and Ga 
are also similar and they are in the same column 
of the table and have different lattices. 

These facts suggest a possible connection be- 
tween the form of the angular dependence of re- 
sistance (for metals with open Fermi surfaces ) 
and the position in the periodic table. It is prob- 
able that further study will clarify the reasons for 
metals having similar galvanomagnetic properties. 
All the available data show that, contrary to pre- 
vious ideas, a large number of metals have open 
Fermi surfaces. 

The results presented here, together with data 
from earlier work,'»® indicate that Au, Cu, Ag, 
Pb, Sn, Tl, Ga, Zn, and Cd have open Fermi 
surfaces. Bi and In®*!° probably have closed sur- 
faces, as do possibly Al, Be and Na,®*!! for which 
a small anisotropy in resistance is characteristic. 
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It may be that Al has a Fermi surface with very 
narrow regions of open directions.'*!* The old di- 
vision into metals with n, =n, and metals with 
ny ~My) (n, and n, are the numbers of electrons 
and holes) still holds for metals with closed sur- 
faces. There is no strong resistance anisotropy, 
dependent on magnetic field, for these metals; for 
the first case the resistance increases quadratic - 
ally and in the second the resistance is independ- 
ent of field for large fields. This classification is 
meaningless for metals with open Fermi surfaces. 
It is a pleasure to express our thanks to Acad- 
emician P. L. Kapitza for his constant interest in 
the work. We also thank Professor I. M. Lifshitz 
and V. G. Peschanskii for discussion of the results. 
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DIFFRACTION OF X-RAYS BY POLYCRYSTALLINE SAMPLES OF HYDROGEN ISOTOPES 
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Comparison of the interference patterns obtained in the scattering of x-rays by poly- 
crystalline samples of hydrogen isotopes indicates the existence of isotopic poly- 
morphism. The structural difference between hydrogen and deuterium and the struc- 
tural proximity of the latter to tritium give evidence that the polymorphism is con- 
nected not with dissimilarity of energy spectra but with difference of atomic weights. 
The observed structural differences of the hydrogen isotopes are in accord with the 
hydrogen-deuterium state diagram.'! The parametric data cited in this work as 
characterizing the structures of the hydrogen isotopes (tritium and deuterium have 
a tetragonal lattice with c/a= 1.73 and a=3.3 and 3.35A, respectively; hydrogen 
has either a hexagonal lattice with c/a=1.73 and a=3.7A ora tetragonal lattice 
with c/a =0.82 and a =4.5A), although in accord with density data and with the 
results of x-ray investigations of isotope mixtures, still need improvement of pre- 
cision by methods permitting the production of more complete interference patterns. 


As previously! reported, the scattering of x-rays wall freely transmits x-rays but completely absorbs 
by polycrystalline samples of hydrogen, deuterium, the slow electrons emitted in the decay of tritium. 
and their mixtures yields diffraction patterns differ- 
ing from each other, depending upon the isotopic 
composition of the samples. The dissimilarity of 
the diffraction patterns secured with hydrogen and 
deuterium permitted the supposition that they had 
different crystalline structures. This difference in 
crystalline structure may be due both to inequality 
of the atomic weights and the disparity of the energy 
spectra of their molecules. To elucidate the rela- 
tive influence of these factors, it appeared interest- 
ing to obtain the diffraction pattern of the scattering 
of x-rays by samples of the third hydrogen isotope — 
tritium, which is closer to deuterium in atomic 
weight, but closer to hydrogen in energy spectrum 
because, like hydrogen, it has a half-integral spin. 
Tritium samples were obtained and x-rayed in 
the apparatus schematically shown in Fig. 1. The 
construction of the apparatus takes into account not 
Bae aetna he radioactive titium jer auiates hydrogen isotopes: 1) metallic Dewar helium flask, 2) metallic 
the x-ray film even during brief contact witht, Due Dewar nitrogen flask, 3) flange with fastening to seal the ap- 
also that the decay product of tritium is helium, the paratus, 4) plexiglas chamber sealed to the apparatus, 5) X-ray 
entrance of which, together with the investigated gas, film, 6) thick-walled safety chamber of plexiglas, 7) shields at 
into the apparatus and consequently into the evacu- nitrogen temperature, 8) beryllium window for admitting x-rays 
ated space of the helium Dewar flask occasions de- into the chamber, 9) copper capillary cooled from within by 
terioration of. the vacuum and rapid boil-off of the liquid helium (serves as the base for condensing samples of 


P . P ube solid hydrogen isotopes from the gaseous phase), 10) sharp- 
helium. In order to preclude its contact with gas He OT a ere ty wR AST Tero ror i eatri: 


eous helium, the x-ray film was placed outside the 12) pipe branch to pump, 13) pipe cooled by liquid helium 


FIG. 1. Cryostat for x-ray photographs of samples of solid 


Plexiglas chamber 4, used to seal the apparatus. (serves for removing tritium present in the apparatus after it 
In this chamber a narrow groove is machined out, has warmed up), 14) flask containing tritium, 15) palladium 
leaving a wall with a thickness of 0.3 mm. Such a filter. 
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To prevent the possible escape of tritium into the 
atmosphere in the event of rupture of the thin plexi- 
glass, a second thick-walled enclosure 6 is pro- 
vided, with a beryllium window 8 for the passage of 
the x-rays. 

The helium was separated from the gas entering 
into the apparatus by a palladium filter, 15. The gas 
fed into the apparatus was condensed on a copper 
capillary, 9, cooled by liquid helium from within. 

The apparatus for x-ray photography of hydrogen 
and deuterium differs from that described above by 
having a valve with a fine adjustment in place of the 
palladium filter; the x-ray film is not situated out- 
side the plexiglass chamber, but located within it, 
thus eliminating the need for an internal chamber 
with a thin wall. 

It should be noted that we did not succeed in 
eliminating all the fog from the tritium x-ray pic- 
tures. Apparently, it is due to the x-rays produced 
when £-electrons are slowed down in the sample 
substance. The intensity of this radiation amounts 
to ~ 10° of the original beam intensity from the 
x-ray tube and is, of course, sufficient to produce 
considerable fogging of the x-ray film in a 2 or 3 
hour exposure. The tritium vaporized after the 
helium Dewar flask has warmed up is collected in 
a tube, 13, which is cooled by liquid helium. 

An x-ray pattern of a polycrystalline tritium 
sample is shown in Fig. 2. From a comparison with 
patterns of hydrogen and deuterium (Fig. 3) itis 
evident that in interference pattern character trit- 
ium is closer to deuterium than to hydrogen. 

The character of the diffraction patterns ob- 
tained for hydrogen isotopes requires some supple- 
mentary remarks. As already pointed out in a 
previous communication,! the peculiarities of the 
method employed to obtain the samples (a trans- 
parent layer of condensed gas on a copper rod 
which is not transparent to x-rays) occasion the 
appearance of extraneous lines on the pattern, the 
causes of which are clear from Fig. 4. The use of 
lead screen 7 eliminates both of the extraneous 
lines 6 and 6’, while ‘lead screen 8 removes one of 
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FIG. 2. X-ray pattern of tritium. Lines 200 and 111 are the 
standard copper lines from the capillary; 101 and 002 are the 
tritium lines. The extraneous line of type 6’ (see Fig. 4) is 
indicated by the dashes. 
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FIG. 3. X-ray pattern of deuterium and hydrogen. 200 and 
111 are the copper lines; 101 and 002 are the deuterium lines; 
101, 100 and 002 are the hydrogen lines (the indicated indices 
are for hexagonal lattice). The dashes point to the extraneous 
lines in the hydrogen x-ray pattern, taken without lead screens. 


FIG. 4. Diagram of the arrangement for getting diffraction 
pictures from a layer of gas condensed on the copper capillary 
and transparent to x-rays. 1) copper capillary, 2) layer of con- 
densed gas, 3) x-ray film, 4) primary beam, 5 and 5’) principal 
refracted rays, 6 and 6’) supplementary (extraneous) refracted 
rays, 7) lead screen to eliminate both extraneous rays, 8) lead 
screen to eliminate one extraneous ray (6) and one principal 


ray (5’). 


the extraneous lines 6 and one of the principal lines 
5’. The patterns shown in Figs. 2, 3a, and 3b were 
taken in Fe Kq radiation with a manganese filter. 
Patterns a and b in Fig. 3 were taken with screen 7 
and do not have the extraneous lines; Fig. 2 was 
taken with screen 8 and shows one principal line and 
one extraneous one (marked by dashes). Pattern ce 
in Fig. 3 was taken without screens and it displays 
all the principal and supplementary lines.* 

In previous work on the structure of hydrogen’? 
and deuterium,® the extraneous lines were not sifted 


*The distance between the principal and supplementary 
lines is somewhat greater than would result from the diagram 
in Fig. 4, since the latter does not take into account the dis- 
persion of the primary beam. 
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Isotope: Hydrogen Deuterium Tritium 
Possible syngony and Tetragonal Hexagonal Tetragonal | Tetragonal 
space group 5 4 
Ch Dén G? ct 
Number of molecules 
per unit cell 2 6 2 2 
Absence of lines at 
small angles 001, 100 001 001, 100 001, 100 
Lines present in the 
pattern 110 and 101 |100, 002and 101] 401, 002 101, 002 
sin 3* 0.298 and0.335] 0.298 and 0.335 0.330 0.335 
c/a 0.82 th ee Le deans 
c, A 3.79 6.49 5.86 5.78 
Sean: A 3,68 6,42 2.719 od 
ey A Be 3.35 3.3 
Density at 4.2°K; g/cm* 0,09 0.089 0.205 0.324 
Data in literature on 
density at 4.2°K 0.089 [4] 0.205 [4 0.27[5]*** 


*Corrected for the diameter of the copper capillary and the thickness of the 
layer of condensed gas. The effective diameter of the cassette was determined 
for each pattern on the basis of the copper lines. 

**The value of Cextrap for deuterium was obtained by extrapolating the graph in 
Fig. 5. Hydrogen and tritium were photographed only in Fe radiation. The same 
extrapolation law was adopted for them as for deuterium. 

***Density value cited for 20.6°K. If the variation of this density with tempera- 
ture is taken to be the same as for deuterium,* extrapolation to 4.2°K gives a 
value of 0.32 g/cm*, which is in good agreement with the value secured from the 


x-ray data. 


out, so that, naturally, the conclusions contained in 
these reports with regard to the structure of hydro- 
gen and deuterium must be reconsidered. 

After removal of the extraneous lines, there re- 
main two lines on each of the hydrogen patterns and 
one line on each of the deuterium patterns. These 
lines are seen at small angles, since with increas- 
ing angle the intensity of the diffraction is sharply 
diminished on account of the angular dependence 
of the atomic and thermal factors. The small num- 
ber of interference lines on the patterns of the hy- 
drogen isotopes does not permit reliable indexing 
and the determination of the law of interference ex- 
tinction, and thus an unambiguous selection of the 
space groups. However, this might still be attempted 
with a certain degree of reliability. 

Knowing the densities of hydrogen, deuterium,’ 
and tritium® it can be shown (if consideration is 
restricted to the simplest cubic, tetragonal, and 
hexagonal syngonies) that the lines present in the 
patterns do not represent reflections from the 
planes with the smallest indices. This immediately 
permits the establishment of a series of extinctions 
at the smallest angles and thereby reduces the range 
of possible space groups. Thus it proves possible 
to propose one most probable space group for 
deuterium and tritium, and two for hydrogen be- 


tween which a final choice could not be made on the 
basis of the available patterns. The results of the 
calculations are presented in the table. 

In calculating the lattice parameters on the basis 
of lines not only few in number, but also arrayed at 
small angles, the following method was employed to 
render possible extrapolation up to 90°.* Using the 
same object under identical conditions, x-ray photo- 
graphs were taken with different radiation sources. 
The lattice parameters calculated according to the 
lines in these photographs, located in dependence 
upon the wavelength at the different respective an- 
gles, furnished the set of values needed for execut- 
ing the extrapolation. Figure 5 shows the extrapo- 
lation line for the parameter c of the deuterium 
lattice, calculated on the basis of the single line 
002, taken with four radiation sources. 

The accuracy of the calculated lattice param - 
eters shown for hydrogen and deuterium in the 
table, as well as the choice of the space group for 
deuterium, is corroborated by the results of x-ray 
structural analysis for samples of hydrogen-deuter- 
ium mixtures: in the range of solid solutions an in- 
crease in the concentration of deuterium occasions 


*To reduce the relative error in determining the lattice 


parameters. 
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FIG. 5. Extrapolation graph for the parameter c of deuter- 
ium (the value of c is determined in accordance with line 002, 
in patterns taken with each of four radiation sources: CuK,, 
FeK,, CrK,, TiK,). The abscissas represent 
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a decrease of the average volume per molecule, 
while an increase in the concentration of hydrogen 
causes a decrease of this volume. This agrees with 
the tabulated data, from which it is seen that the 
volume per molecule in the deuterium lattice 

(~ 33A) is smaller than the value in the hydrogen 
lattice (~ 38A°). At both of the solid-solution 
limits (15% and 80% deuterium by volume) the 
mean volume per molecule is ~ 35A°. 

Patterns of deuterium samples with large hydro- 
gen admixtures (20% hydrogen by volume) have not 
one line, like those of pure deuterium, but two 
closely spaced lines. This corresponds to a change 
in the ratio of the tetragonal lattice axes up to val- 
ues at which coincidence of the lines 101 and 002 
no longer occurs. A magnified pattern of such a 
mixture is presented in Fig. 6; it was taken with- 
out a filter and without lead screens, so that the 
lines of Fe Kg and the extraneous lines of type 6 
(Fig. 4) are visible in it. 

The foregoing data on the structures of the hy- 
drogen isotopes should not be considered definitive 
until they have been confirmed by some other 
method permitting the display of a larger number 
of interferences. The most effective would prob- 
ably be the neutron diffraction method, which pos- 
sesses the advantage that its application is not sub- 
ject to so sharp a decrease of interference intensity 
with increasing scattering angle. Thus the use of 
neutron diffraction would in considerable measure 
remove the difficulty encountered in the observa- 
tion of interferences in the scattering of x-rays in 
such light objects as the hydrogen isotopes, and 
which yields only one or two interference lines at 
small angles. 


and BULATOVA 


FIG. 6. Enlarged pattern 
of a hydrogen-deuterium mix- 
ture (80% deuterium by vol- 
ume). 101 and 002 are the 
lines of a solid solution of 
hydrogen in deuterium. The 
dashes point to the extrane- 
ous lines of type 6 and 6” 
(see Fig. 4). 


However, independently of the results of the ex- 
periments which will be undertaken for the more 
accurate determination of the structures of the 
hydrogen isotopes, it is already possible, from the 
character of the interference patterns, to affirm a 
difference in the structures of hydrogen and deuter- 
ium and a close similarity of the structures of deu- 
terium and tritium. The solid-liquid phase diagram 


| 


for the hydrogen-deuterium system,! in which there © 


is no region occupied by a continuous series of solid 


| 


solutions right up to the melting point, is also in ac- 


cord with the fact that these isotopes crystallize in 
lattices of different structure. 

The existence of the phenomenon of isotopic 
polymorphism, observed in the hydrogen isotopes, 
was recently corroborated by studies of the struc- - 
ture of helium isotopes, in which it was shown that 
He® has a second modification, different in struc- 
ture from He‘. 

The authors express their thanks to M. N. Mas- 
salitin for the construction of the cryostats used in 
this work. 
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Electron-sensitive photographic plates were used to investigate the lateral and angular dis- 
tributions of particles of a large shower that developed in lead. It is shown that at a shower 
energy on the order of 4 x 10!° ev the lateral distribution of all particles and the angular 
characteristics of the particles in the central portion of the shower are in agreement with 


the cascade theory. 


1. LATERAL DISTRIBUTION OF PARTICLES; 
NUMBER OF PARTICLES, AND SHOWER 
ENERGY 


pobre large electron-photon shower, with an 
axis inclined 15° to the normal to the plane of the 
plate, was found on a NIKFI type R plate (200,), 
exposed in 1956 on Mt. Aragats in apparatus with 
ionization-chambers.! Figure 1 shows a micro- 
photograph of the central portion of this shower. 


Vi 


FIG. 1. Microphotograph of the central portion of the shower. 


Using the RA-1 drawing apparatus, mounted on 
one of the eyepieces of the MBI-2 microscope set 
at magnification 1350, all the particles of the shower 
and of the background were transferred to paper. 
These particles were located in four-mutually per- 
pendicular sections at distances 500u <r = 10,000 
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FIG. 2. Relative 
positions of the traced 
sections of the shower. 
The arrows indicate 
the direction of the pro- 
jection of the shower 
axis. 


10000 


from the axis of the shower (Sections I and III are 
perpendicular to the direction of the shower-axis 
projection, while II and IV are parallel to the pro- 
jection, see Fig. 2). To determine the background 
on a given plate, all the tracks of relativistic par- 
ticles were traced on several sections 2 —5 cm 
outward from the center of the shower. The back- 
eround was found to be (1.02 + 0.03) x1078 particle /u2, 
After subtracting the background, we obtained the 
lateral distribution of the shower particles in 
the distance interval 500 =r <= 10,000». 

At distances r < 500 from the axis, the par- 
ticle density is too great to be determined directly. 
Therefore the data on the lateral distribution at 
small distances from the shower axis were obtained 
by photometry with a MF-4 microphotometer. For 
this purpose, a negative of the shower, magnified 
30 times, was obtained on a photographic film and 
the photometric evaluation was made at a magni- 
fication 30, with a slit 1.1 x 5.0 mm. If these slit 
dimensions are referred to the true size of the 
shower, we find that the photometry covered a 
shower section measuring 1.2y X 5.6u, i.e., an 
area of 6.82. The photometric results were com- 
pared with the calibration of the nuclear emulsion, 
made with electrons of energy E21 Mev. The 
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density p(r) thus obtained, together with the den- 
sity at r >500yu, is shown in Fig. 3. 

Figure 3 shows also the function of the lateral 
distribution for E) = 4 x 10!8 ev for a shower at 
the maximum of its development (S = 1.0), ob- 
tained by interpolation from the data of Kamata 
and Nishimura.” The lateral distribution of Kamata 
and Nishimura agrees well with the experimental 
lateral distribution. The discrepancy in the region 
r < 100u may indicate that this shower is an 
electron-nuclear shower, generated in lead. 

The number of the particles in the shower was 
counted separately in the following regions. 

1) 0 =r = 250yu, where p(r) was determined 
by photometry, N,=10,000 particles. 2) Summa- 
tion by rings (for 250u =r = 10,000) yields 

Ny, = 150,000 particles, i.e., N, + Ny = 160,000 
particles. 3) At r> 104 py, a power law p(r) 
=B/r® or p(r) =B/r* is assumed; if p (r) 

~ ry; then N3 = 88,000 particles, andif p(r) 
~r‘, then N3 = 42,000 particles. 

Since scattering is stronger in lead than in air, 
p(x) is expected to drop off at large distances no 
faster than in air. Then, assuming p(r) ~ re 
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r>10,000u, we obtain No = 160,000 + 88,000 
= 248,000 particles. The error in the total number 
of particles, due to errors in the determination of 
p(x), is approximately 20%. Thus, Noy = (248 + 50) 
x 10° particles. | 
If it is assumed that the shower is observed at 
the maximum of its development, i.e., Ny = Nmax; 
we can determine the energy of the soft component 
of this shower from the following formula 


Nmax = 0.17 (E/BV/V In (E/ 8) = No- (1) 


From (1) we obtain Ey) = E = (3.6 + 0.7) X 10!3 ey. 
Were this shower to be created by a primary 
electron (photon), ordinary cascade theory would 
give tmax =In(E,)/f) =15.5 t-units. But we ob- 
serve the shower at a depth t = 21.7 t-units, i.e., 
six t-units deeper than the maximum of the num- 
ber of particles. This difference is either due to 
the Pomeranchuk-Migdal effect, or else we deal 
with an electron-nuclear shower of high energy. 


2. ANGULAR DISTRIBUTION OF PARTICLES 


A. Distribution of particles about the shower 
axis. Figure 4 gives an idea of the character of 
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FIG. 3. Lateral distribution of shower particles. Abscissa — logarithm 
(to the base 10) of the distance from the center of the shower in microns; 
ordinate — logarithm (to the base 10) of the density of the shower par- 
ticles p (particles/y”), x— photometry data, mean-squared error; 0 —data 
obtained by counting the number of particles directly, statistical error; 
solid line — theoretical curve obtained from the Kamata and Nishimura 


data.” 


40 log r 

FIG. 4. Angular distribution of particles at a dis- 
tance 100p (a) and 600p (b) from the center of the 
shower. The dashes represent the projections of the 
particle tracks on the emulsion plane, the dots repre- 
sent the points where the particles enter the emul- 
sion, and the arrow represents the direction of the 
projection of the core of the shower. 


INVESTIGATION OF A SHOWER CONSISTING OF 200,000 PARTICLES 


_ the angular distribution of particles in the shower. 
The figure shows the projections of the particle 
tracks in two sections, 100u and 600u away from 
the center of the shower. 

It is seen from Fig. 4, that at a given distance 
r from the shower axis the projections of the par- 
ticle tracks follow on the average a certain com- 
mon direction, determined by an angle A. A de- 
tailed measurement of the angles Aj between the 
projections of the track and of the shower core on 
the plane of the emulsion shows that as the dis- 
tance r from the center of the shower increases, 
the average angle A ofa particle group increases 
first in proportion to r, and then at a slower rate. 
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_ FIG. 5. Dependence of 
A on the distance r from the 
center of the shower. Mean- 


10° 
squared errors. 
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Figure 5 shows the results of the measurements 
of X at various distances r from the center of 
the shower in sections I and III. Since sections I 
and III in the emulsion plane are perpendicular to 
the projection of the shower core, the quantity x 
=r/tan ) gives the coordinate of the point to which 
the continuations of the projections of the shower - 
particle tracks converge. This point is located 
from 0.84 mm (for tracks with r = 43) to 1.84 
mm (for tracks with r = 1000yu) from the center 
of the shower (in the emulsion plane). Thus, over 
a wide range of distances from the center of the 
shower, the particles have at each point of the 
shower a common direction, inclined to the shower 
axis at an angle @ given by tan @=r/y, where y 
is the height of the cone, measured along the axis 
of the shower from the plane of observation, and 
r is the distance from the center of the shower 
in a plane perpendicular to the shower axis. We 
can readily obtain the value of y from the known 
values of x and of the angle £) between the shower 
axis and the normal to the emulsion plane. 


x = ysin Bo. 


From these relations we obtain the connection be- 
tween the angles A and @ 


§ — tan~! (sin 8, tan d). (2) 


The shower considered has £) = 15°, and thus 
y =3.9x and y =3.9 x. The average over the 
range 43u <r <1000y is (1.2 + 0.23) mm. 
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Thus, y =(4.7+0.9) mm. The shower unit in 
lead is 5.2 g/cm” or 4.6 mm. Consequently, y 
= (1.0 + 0.2) t-units and 6(r) =tan™! x 
[r/(1.0 + 0.2)] for r <0.2 t-units. 

B. Distribution of the particles about the mean 
direction. If one takes an area, with dimensions 
considerably smaller than the distance r from 
the area to the center of the shower, then the par- 
ticles that strike this area, which have a common 
mean direction determined by the angle A, are 
distributed in some manner relative to this mean 
direction (see Fig. 4). The average spread, Ax 


n 
= DjA\i/n (where Adj = |Ay—-A|), was deter- 
mined for all sections (I, II, III, and IV) and at 
various distances r from the center of the shower. 
The dependence AX (r) is shown in Fig. 6. 
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FIG. 6. Dependence of AX on the distance r from the cen- 
ter of the shower. Mean-squared errors. 


The fact that the projections of the particle 
tracks are distributed about the angle A(r) in 
the emulsion plane denotes that the particles have 
a certain distribution in space about the angle 6 (r) 
between the particle group and the shower axis. 
To evaluate the distribution of the particles about 
a mean direction, specified by an angle @(r), we 
measured the angles Aj and AQ@j, where A®@j 
= |60;-6| is the angle between the track of the 
i-th particle and the mean direction corresponding 
to 6(r). The measurements were made 850u from 
the center of the shower, in sections I and III. The 
distribution of the particles about the angles AQ@j 
is shown in Fig. 7, which also shows the Gaussian 
distribution. As can be seen from the diagram, 
the distribution of the particles about @(r) is 
Gaussian, i.e., n(@) =C exp { —07/2A67}. From 
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40 - (48) The data obtained in this manner were compared 
wor | with the data of Guzhavin and Ivanenko,® who calcu- 
lated 6xE/Eg for electrons (@x is the mean of the 
projections of the angles between the particles and 
the shower axis on the plane in which the shower 
axis is located) as a function of % = xy9E/Eg (Xp 


FIG. 7. Distribution is the distance from the shower axis, in t-units). 
about the angles A@;, ob- ~—- The values for exp were determined from (2). 
tained for particles at a (see table) 
distance 850 from the ; 
center of the shower. a os 3 
Curve — Gaussian distrib- Bs pened E, ev Xo | x | Sexp 
ution. 
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0.10 9.2 123-408 105620) 42 Gil Ged 
0.20 One, 0.8-108 |0.760|8.1] 8.5 


The agreement obtained cannot be deemed ab- 
solute, since 6x and §exp differ somewhat, but 
it can be stated that our data (within the limits of 
the assumptions made) do not contradict the cas- 
cade theory. 

The authors express deep gratitude to A. V. 
Podgurskaya, who participated in the 1956 expedi- 
tion on Mt. Aragats, to P. M. Smirnov, who ob- 
served this interesting event, and to A. I. Plekhova 
for help in the reducing of the shower data. 
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these measurements, performed for r = 850n, 
we obtained AX = 33° and A@ = 13°. 

It is impossible to measure A@ at smaller 
distances directly, since the particle density is 
too high. We therefore proceeded as follows. 
Calculation has shown that AA and A@ are lin- 
early related up to A@ ~ 10°. Using the coefficient 
of proportionality between AA and AQ, deter- 


Mined experimentally for += 650 pn. (AG/An = 1084), ' Brikker, Grigorov, Kondrateva, Podgurskaja, 
we were able to evaluate A@ from the known AX. Savel eva sobinjalkoy janie rope Tov ator 
Thus, we obtained A@ for various r and from eek eo eile ING ae so 28e) 2 

the known A@, assuming the Ad to be due essen- K. Kamata and J. Nishimura, Progr. Theoret. 
tially to Coulomb scattering of the particles, we pee Sele de oe Pasi 

determined the effective energies of the shower MEN: LO and T.-P. vanenko,JETE 36; 
particles at various distances from the center of 15098 (1959), SovieO Eby sot) Hil Eso ah0(0stE2 72 
the shower, namely E = Eg /AG,. where, E,.= 21. Translated by J. G. Adashko 
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The relaxation of magnetic moment and the equalization of temperatures between spin 
waves and lattice in a ferrodielectric substance are investigated at low temperatures 
a Bose distribution corresponding to the 
nonequilibrium magnetic moment is first set up, then the equilibrium value of the mag- 
nitude of the magnetic moment is established and, finally, a rotation of the magnetic mo- 
ment to its equilibrium direction occurs. For T « @, the magnetic moment assumes its 
equilibrium value simultaneously with the establishment of the Bose distribution of the spin 
waves, and then the magnetic moment rotates to its equilibrium direction. 

Simple formulas are obtained which describe the temperature equalization of the spin 
waves and the lattice, and the relaxation of the magnetic moment. 


TK @y. For T>> 1, ©; = ¢ (uM) /@,)*7 


pe In the paper by Akhiezer, Peletminskii and the 
present author! the relaxation of magnetic moment 
in a ferrodielectric substance was investigated in 
the temperature range @, > T > @ (uMy /@,)/" 
(wu is the Bohr magneton, My is the equilibrium 
magnetic moment per unit volume, @®¢ is the 
Curie temperature) and the relaxation constants 
were calculated. In doing this it was established 
that the slowest process is the rotation of the mag- 
netic moment towards the axis of easiest magneti- 
zation. 

In this paper we investigate in greater detail 
the establishing of the magnitude of the magnetic 
moment and the equalization of the lattice and the 
spin-wave temperature in the case when there is 
no deviation of the magnetic moment from the 
equilibrium direction. We also consider the re- 
laxation of the magnetic moment and the leveling 
out of temperatures in the ferrodielectric at tem- 
peratures T <@, [for the sake of brevity we 
shall use the notation ©, = @¢ (uM) /@e ees 

We start the investigation of relaxation proc- 
esses in a ferrodielectric with the kinetic equation 
for the distribution function of the spin waves 


ye =m Lyin, N}, 


Ly {n, N} = Ly {n} + Ly {n} + Li {n, N} + Li {rn} (1) 
e Ww a 
(the expressions for Ly, Ly, ge and Ly, are 
given in reference 1). 
In the temperature range ®¢ > T > ©, the 
principal role in the setting up of the Bose distri- 
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bution in the spin wave system is played by the ex- 
change interaction (LE > Li, Lee Lit) as a re- 
sult of which during a time ~ (H/@c)(@c/T)* the 
following distribution is established 


eile 
This distribution is a solution of the equation 
Le {nt} =0. 

The chemical potential y and the temperature 
of the spin waves Tg are determined in such a 
case by the absolute value of the magnetic moment 
of the sample 


nu = [exp (t= 


s 


(2) 


sm? = (| Mdv)’ =(M,V)§—4u MoV Yim (8) 


k+0 
and by the energy of the spin system. 

The presence of the weak interactions taken into 
account by means of the operators LW, Lies Lr 
brings about the situation that y and Ts vary 
slowly with time [compared to the time required 
for the establishment of the distribution (2)]. Vari- 
ation with time of y and Tg leads to the variation 
with time of the phonon temperature Tp. 

On substituting into the collision integral 
Lyi {n, N} the distribution function for the spin 
waves (2) and the phonon distribution function 


Ne {EXP (Lis / ie) —— i 


and on expanding in terms of the quantities y and 
AT = ATg — ATp, which characterize small devia- 
tions of the system from complete thermodynamic 
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equilibrium, we obtain 
(4) 


where the subscript 0 means that the values of the 
derivatives of the collision integral are taken at 
y=0, AT=0. 

The time variation of the quantities y, AT, =T, 
= 1, 415 =Tp —-T (7 isthe equilibrium temperature) 
can be determined from the following equations 


>) hogs Nes = — ok 1G. {f, N}, 
fs k 


Ly {n, N} = 7 (OLK/Ox)o + AT (OLK / OAT) , 


Sime = Slain, NY, Senm + Shox, Nis=0. (6) 
k k k fs 
The first equation determines the amount of heat 
transmitted from the lattice to the spin wave, the 
second equation determines the change in the total 
number of spin waves which determines y, while 
the third relation between ATg, ATp, and y rep- 
resents the law of conservation of energy. By using 
(4) and (5) these equations can easily be put into the 
following form 


CONT oc CpAT p a ek On, / O&% = 0, 
k 
Ca Any Are AT, 


= 10m / Oe + ATs S\Om / OT = Ayyt + Ayr AT, (6) 
k k 


where 
Ary = — > &k (OLx / OY)os Ayy = ) (OL / OY)o, 
k k 
Arr=— Sy (@Lx/OAT)o, — Ayr = S\(OLx/ OAT), 
k k 
BISCO Vat Wh i SAV TINS 
Cs = 32 1’ a3 ce ? Cy 5 ace ? 
Cg and Cp are the spin and the phonon heat capaci- 
ties, a is the lattice constant, @p is the Debye 
temperature, V is the volume of the sample. It 
may be shown that the quantities ATy and AyT 
are related by the equation Aty = — TAyT. 
The values of the quantities A as functions of 
the temperature may be obtained by considering 
the specific form of the collision integrals. We 
shall give here only the final formulas obtained 
for a uniaxial ferrodielectric. If T > Oh /®o, 4, 


then 

, oe 1 V pM pM (T \2 

im 5x as kh £99, OF 2 
St Vv eegy fuMe 27 TAP 

= Gia Ge oak” a) iS ’ 


4n ih 9 eNG: 4xn h ,o f T\4 
Arr = 7 — [283 + aE B.)2 = 2 
EL 15 pa® [25 1 (28, i] : 2) ] (we) a 15 pa® Be ( a) ? (7) 


where p is the density of the substance, €) = uHy 
+pBMy is the energy of the spin wave with k = 0, 


GU BAR? YAKH RAK 


B is the anisotropy constant, 6 is the magneto- 
striction constant, and #, and f, are numerical 
constants of the order of magnitude of unity, which 
appear as coefficients in the Hamiltonian of the 
exchange interaction between the spin waves and 
the phonons [the Hamiltonians of the interactions 
of the spin waves with each other and of the spin 
waves with the phonons are given in reference 1, 
formulas (2) — (5)]. 

By assuming that y, ATg, and ATp vary with 
time as e-At, we obtain the following values for 
the relaxation constants when T > ®f /@g, ®: 


pM, pM T hope fT \h 
E Vane 8, ha os Be (6-) ; 
The relaxation constant A, is determined primarily 
by the relativistic magnetic interaction which de- 
scribes the fusion of two spin waves into one and 
the splitting of one spin wave into two. The relax- 
ation constant A, is associated with the exchange 
interaction between the spin waves and the phonons 
describing creation and absorption of a phonon by 
a spin wave. Thus, if My ~ 10°G, €y =u (H+BM)) 
~ 108 erg), "10"? Ke TP 0s2 en eters 
~ 3x 10% sec, A, ~ 10? sec!. It may be seen 
from (8) that the inequality A, >A, holds in the 
temperature range T > @guMy)/B3V €)@e ~ 10°K. 
The time variation of the difference AT between 
the temperatures of the spin waves and of the pho- 
nons, and of the difference in the magnitudes of the 
magnetic moment Wt is determined, according to 
(3), (2), and (6), by the following formulas 


(8) 


hy = 


M—M  Mo—M et ge ft 
MoV MoV ita 
Gof MN? TN AT OM ee Sy 
ay (x) ;) 7 oo ae 
AT SAT em eee 
To ER 1{+a 
{ £0 a 8, Mo—M 
Ait e—As 
9\ a) 7 Ey cout (9) 


where @ © 2(Ay/dp)® (eg/T)¥2 K 1, ® is the 
equilibrium value of the magnetic moment at a 
given temperature, ®, is the initial value of 
the magnetic moment, AT, is the initial temper- 
ature difference. 

If these initial data are such that AT) =0, then 


M — M =~ (My — M) (Ct + ae) / (1 + a). 
Since @a<«<1 and A, > Ay, then 
M — M LH (M, — M) e—™#. (10) 


From this it can be seen that the magnetic moment 
relaxes during a time of the order of Tg = 1/4. 
If at zero time ®,) = M, then the leveling out 
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of the temperatures is described by the formula 
AT = AT, (e—* + ae) / (1 + a). (11) 


We note that the leveling out of the temperatures 
proceeds at different rates during the initial and 
final stages of the process. Since the quantity Ay 
is sufficiently great (~ 10°? sec"! at T~ 100° K) 
then, apparently, experimentally it is very diffi- 
cult to observe the initial stage of the leveling 

out of the temperatures between the spin waves 
and the lattice. The complex nature of the relaxa- 
tion, as has been shown by Kaganov and Tsukernik,? 
leads to a complicated frequency dependence of the 
magnetic permeability of the ferrodielectric, by 
studying which one can make conclusions with re- 
spect to the interaction processes between spin 
waves and phonons in the ferrodielectric. 

2. Let us now consider the question of the re- 
laxation of the magnetic moment in the tempera- 
ture region €)< TK @,. At such temperatures 
the average probability of the splitting of a spin 
wave into two and of the fusion of two spin waves 
into one which is given? by: 


RG (LUN Bs 18 
Wy =e & In? (12) 


c 


will be considerably larger than the average proba- 
bility of the scattering of a spin wave by a spin 
wave due to the exchange interaction!4 


Wee (Oc/h) (T /0,)4- (13) 


This means that in the temperature region under 
consideration the principal role in the kinetic equa- 
tion for the distribution function of spin waves (1) 
is played by the operator i while the other col- 
lision integrals oe Li. LR may be regarded as 
small perturbations. 

It may be easily seen that the solution of the 
equation Liv {n}=0 is of the form 


k— 0; 


= =e 14 
ig (een k=£0. (14) 


In order of magnitude the time for setting up this 

distribution is equal to Ty = 1/Wy. We note that 
the distribution (14) also makes the collision inte- 
gral Le equal to zero. 

The parameters of the distribution Tg and no 
are determined by the energy of the spin system 
and by the component of the magnetic moment of 
the sample perpendicular to the axis of easiest 
magnetization 


Me — 4uM Vo (1 5) 


(in the state of complete thermodynamic equilib- 
rium 9, =0). The absolute value of the magnetic 


moment of the sample attains its equilibrium value 
at a given temperature simultaneously with the es- 
tablishment of the distribution (14). 

The establishment in a ferrodielectric of com- 
plete thermodynamic equilibrium is due to weak 
interactions described in the kinetic equation by 
the collision integrals Li and Lp. Due to these 
interactions the temperature of the spin waves and 
the lattice temperature approach their equilibrium 
values slowly (in comparison with Ty), while the 
magnetic moment slowly rotates towards its equi- 
librium direction. 

By utilizing the expressions for the distribution 
functions of the spin waves (14) and of the phonons, 
and also the kinetic equation (1), we can obtain the 
system of equations for determining the variation 
with time of ny and AT = Tg- Tp: 

AT + 2 y= Bromo +BrrAT, Mo = Boro, (16) 
where 
Brr=(l/e,+1 / Cp) 9} &k (OL / OAT), Boo = (OLo/ ANg)o, 
k 
Bro = (1/¢s + 1/65) Siex (OL / ONo)o = a Bro/V- 
k 


In the case that ¢y<T<«<®,, ®})/@g we have 


Bras T\2 0} My pM / T\2 
Brr~— F(a) »P(—a,): Bu — "9" "5 *(a,) i 
; hey /1pMo\? /eo\? Dy an 9, & 
Bro — “wipas ( 8, (7) (7 exp ( ; @? r) 


where @4=fist/a, and st is the speed of trans- 
verse sound. 

By assuming that the time variation of the quan- 
tities n) and AT is given by e-At we shall ob- 
tain the following values for the relaxation con- 
stants: 


MN = — Bo, ” = — Brr. (17) 


In the case that €) < T K @})/@c, ©, we have 


pg wa (2) c (ae 
NRT Qo \@a)hn | SAS creer) XD. aa rei ts) 


From (15) and (16) we obtain 


INT = AT. Cae au (Bro/ KY) (Myo / 2MoV)? (et eee, et), 
MN, = Moet, (19) 


where AT) and tj» are the initial temperature 
difference and the initial value of the transverse 
component of the magnetic moment of the ferro- 
dielectric. 

These formulas show that A’ has a simple 
physical meaning: 2/A’ is the relaxation time for 
the perpendicular component of the magnetic mo- 
ment. 

If the deviation from the equilibrium state of 
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the ferrodielectric is associated only with a dif- Peletminskii for aid in this work and to A. I. 
ference in the temperatures of the spin waves and Akhiezer and M. I. Kaganov for valuable discus - 
of the lattice, then the time for the leveling out of sions. 

the temperatures is determined by the quantity 

t=1/X".. If AT, =0, then-in the course of re- ‘ Akhiezer, Bar’yakhtar, and Peletminskii, JETP 
laxation of the magnetic moment the temperatures 36, 216 (1959), Soviet Phys. JETP 9, 146 (1959). 
of the spin waves and of the lattice will increase 2M. I. Kaganov and V. M. Tsukernik, JETP (in 
at the expense of conversion into heat of the en- press). 

ergy associated with the deviation of the magnetic 3.1. Akhiezer, J. Phys. (U.S.S.R.) 10, 217 
moment of the sample from its equilibrium direc- (1946). 

tion. The time for the establishment of a common 4m. I. Kaganov and V. M. Tsukernik, JETP 85, 


temperature under these conditions is equal to half 474 (1958), Soviet Phys. JETP 8, 327 (1959). 
the relaxation time of the transverse component of 
the magnetic moment. Translated by G. Volkoff 
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The absorption (attenuation) outside the gyromagnetic resonance regions is analyzed from 
the general equation for three types of high-frequency waves. Both collisions and the spe- 
cific plasma-absorption mechanisms are taken into account. 


lg an earlier paper by the present author! the 
propagation of electromagnetic waves in a plasma 
in a fixed magnetic field was subjected to a kinetic 
analysis, in which the thermal motion of the elec- 
trons was taken into account. A dispersion equa- 
tion was obtained for the propagation of the three 
kinds of characteristic waves: ordinary, extraor- 
dinary, and plasma. However, absorption was not 
considered in reference 1. This gap has been filled 
to some extent in papers by Sitenko, Stepanov, and 
Tkalich.2-4 These authors, however, considered 
only particular cases. Hence it seems desirable 
to make a more general analysis, taking account 

of both collisions and the specific plasma attenua- 
tion mechanisms which were first treated by Lan- 
dau.® This approach leads to a number of new re- 
sults (attenuation of the ordinary wave at low fre- 
quencies, a more detailed description of collisions, 
etc.). Furthermore, a number of points in the cal- 
culations given in references 1 —4 are supplemented 
or refined. 

In the present work chief attention is given to 
absorption outside the gyromagnetic resonance re- 
gions. Absorption in these regions will be consid- 
ered in another paper (together with the evaluation 
of the absorption coefficients given in the formulas 
that follow). 

1. We start from a linearized system consisting 
of the kinetic equation and the electrodynamic equa- 
tions* 


of 4 wef — £EVy fo— = [vx Hol Vv f + vf = 0, 


aE 
at’ 


curl H=— “(view += 


Cc 


divE=— 4ne\ jdt divH = 0, (1.1) 


*It is assumed that ion motion can be neglected. In the 
presence of a fixed magnetic field H, this assumption is jus- 
tified only when w > Qy, where w is the frequency of the 
propagating wave and Q),, is the gyromagnetic frequency of the 


ions. 


where f) is the equilibrium distribution function, 
f is a small deviation from f), e and m are the 
mass and charge of the electron, and E and H are 
the self-consistent electric and magnetic fields. 
Collisions of electrons with other particles are 
taken into account directly by introducing the term 
vf in the first equation in (1.1), where v is the 
effective number of collisions of electrons with 
other particles. We assume that f) is Maxwell- 
ian and characterized by a temperature T 
fo = N (m/ 2nxT)*2 exp (— mv? / 2xT), (1.2) 
where N is the equilibrium electron density (N 
is independent of the coordinates because the plas- 
ma is uniform) and x is the Boltzmann constant. 

The system above can be solved by the method 
given by Landau.’ In considering propagation in 
a uniform infinite medium we expand the variables 
E, H, and f in Fourier integrals in the coordi- 
nates (for example, E = J Exeik-rdr,) and con- 
sider the equations for the Fourier components 
characterized by given values of the wave vector 
k. Then we apply the operational technique, as- 
suming that the values of the nonequilibrium dis- 
tribution at the initial time f,(t=0) are given. 
The solution shows that the asymptotic nature of 
the behavior of the field is determined by the quan- 
tity ePt, where p=—iw-y (w is the frequency 
and y the damping factor). Carrying out the ap- 
propriate calculations it is possible to obtain the 
dispersion equation which relates p and the wave 
vector k. 

It is also of interest to consider another formu- 
lation of the problem: in this case, at an arbitrary 
time t the values of the nonequilibrium function 
f(z = 0) are given in the plane z =0 (here and 
below it is assumed that propagation is along the 
z axis; f,, is a spectral component of f). 

In this formulation the problem can also be 
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solved by the Landau technique.* In this case the 
asymptotic behavior of the fields as a function of 
the coordinate z(for z>0) is determined by 
exp (—qz +ikz), where k is the wave number 
and q is the amplitude of the absorption factor. 
In the analysis below we use the solution of the 
problem in the second formulation, although the 
corresponding formulas for the first formulation 
are also given. 

We obtain the dispersion equation in the same 
way as in reference 1. The original system of 
equations differs from that considered earlier in 
that collisions are taken into account. Further- 
more the boundary conditions are somewhat dif- 
ferent from those in reference 1, in which the 
analysis has been carried out for the first formu- 
lation of the problem. This new approach pro- 
vides results which are much more general. For 
this reason we do not repeat the entire derivation 
here. We summarize the important steps and in- 
dicate the assumptions which are made. 

The dispersion equation can be written in the 
form 


Ey[AsJ—1 Ey [Ap] E; [As] 
E2 [Aj] E2,[As]—1 £2 [As] = 0, (1.3) 
E3[Aj] E3[ Ag] Es [As] — 4 


where the elements of the determinant are given 
by the relations (j = 1, 2,3) 


4nei SP lO) 2 
EB AAd= ae eer {(c?k? sin? « — w?) J, [Aj] 
-- ck? sina cos als[Aj]}, 


ig [Aj] ett i. 4neiw i's (Aj, 


one 
c*k? — w? 


4nel 


= Ck? sinacos al, | A; 
(c2k? — w?) { il jl] 


E3[Aj] = z 


+ (c2k?cos?x—w?) I [Aj]}. (1.4) 


Here a is the angle between the wave vector k 
and the magnetic field H; k=k+iq. Further- 
more we assume that the condition 


[8] = | T/m) (k/on)? sin? a| <1, (5) 


is satisfied. For weakly damped waves this condi- 
tion is violated only when there is a weak aniso- 
tropy and wy Kw (wy =eH,)/mce is the electron 
gyromagnetic frequency). If (1.5) is satisfied the 
quantities ]j [Aj] can be written in the form 


*In solving the problem it is necessary to expand all vari- 
ables in Fourier time integrals and to use the operational 
method with respect to the variable z. In the remaining cal- 
culations the method is the same as that used for solving the 
problem in the first formulation. 


I, [Ai] = — (eN/2m) CRS ay. 
ed (Far Clan eatlg: Sa 
idles =i =— GN 2a 


4+8<2 (Jf —Jo) Jo — Je >), 
I, [Ag] = — (eN/2m) [Jo + Jo 

48 4Jo— 3G +45) +407 +Jo OL 
I5{Ai] = 1) [As] = (Rsin x eN/2mon) JT — Jt), 
Is{Ac) =e al 


= — (ik sina eN/mon) (J, — + (Jt +471, 


Ig[ As] = — (2neN/m) [Jz +8 <—Jo + 32 + Jz)>1 (1.6) 
Here 
m 4 moze 
ma ee 5). 
Jo Vo onxT | —io+v+ ikv, cos & SAR ( 2uT i 
i iea7;) 


The integrals J, and J, are obtained from Jy 
by adding the factors v, and mv?, /2mKT respec- 
tively; the integrals denoted by + are obtained by 
replacing the frequency w by w*¥wy respec- 
tively in the denominator of the integrand while in 
the integrals denoted by ++ and —— the frequency 
w is replaced by w ¥ 2wy. 

The integration is carried out along a contour 
C which bypasses the singularities of the inte- 
grands from below (in the plane of vz). We see 
that collisions can be taken formally into account 
by replacing —iw with —iw+v. However this 
substitution cannot be made everywhere, but only 
in integrals such as that given in (1.7). The rela- 
tions in (1.6) are obtained by expanding in terms 
of the small parameter 6. In this case account 
is taken of the thermal corrections in the first 
approximation (only terms proportional to the 
temperature T are retained). 

Substituting (1.4) in (1.3) and making use of 
(1.6) we arrive at the dispersion equation 


ios {2nd Jt I> —(R? sin® a/ 22) J—J+2 
“+ 8 [2rJs Jo (Jt + Jo)— oso ++ Jodo ~ + Jade 


+ QnJodo <— de + 4P + JED 


wh {Jd (c*k* sin* a7) 


Ose: 


— nds (I+ + I=) <c2k® (1 + cos? a) — 2002) 
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+ (c7R/on) sin? a cos a <J, (Jp. — Jt) + JU tI, 


+R? sin? afer 4+ <c2R? (1 + cos? x) — 2w?) J'?/4 


+ 8[(c?k? sin? a — w2) <4 CI 


SNCs 


¢ + Jo) — Jes —— JoJa+> — x (c®R? cos? a — w?) 


X <4J2 (Jo —Jo — Jo) 


ede ele gas) 


+Ja(Jot + Jo 7)> — 0 (CR? — ©) Cy (Jt+ + Ie 7) 


- (J + Jo) (— 2s, +LUF + Ja))} 


+ (é«p/2e) (c2k? — w?) {— (c?k sin? a — 20?) (It + JT) 


aL (2c2R3 sin? a cos @/My) (Jy — J T) 


— An (c?k? cos? « — w*) Jp — 8 [w® (—4J) +4 (Ut 4 Jo) 
= 21s" + Jo ~)> 
Beer sit Oa Weeds tJ, * al Jape 
“+ Am (c®R® cos? a — w2)<— Jy + + (Jz +J2)>D 
(th? w2)? = 0. (1.8) 


Here wy) =v47e2N/m_ is the characteristic fre- 
quency for the plasma oscillations in the isotropic 
case. In (1.8) we have retained thermal terms 
which are at least of order T; this corresponds 
to taking account of the thermal motion in the 
first approximation. 

2. Using (1.8), we now consider the absorption 
of various kinds of waves, excluding frequency re- 
gions close to the electron gyromagnetic frequency 
and its multiples. We shall be interested in weakly 
attenuated waves (the regions of strong attenuation 
will also be indicated in most cases). In accord-. 
ance with these remarks we assume that the fol- 
lowing relations are satisfied: 


wo > kV «T/mcosa, o>v, (2.1) 
| —oy|>k V «T/mcosa, jo — On| >, 
|o —2o04|>kV«T/mcosa, |o@—20y| > v. (2.2) 


When (2.1) and (2.2) are taken into account, the 
integrals in (1.7) can be expanded 


1 k2uT 2 
io = v— io (v— tw)8m eg 
4 mr mo? 
r R cos 2xT as ( 2uTk? cos? a }’ 
xT cos a (0) mow” 
Lie m (v — iw)? Sti coetda (— QuTh? cos? a /’ 
1 3x Th? 5 
ies 2m (v — iw) 2nm (v — iw) er 


w? m \*/ mo ) 
im Veh? cos? 6, (er) ee, ( 2uT 2 cos? a ) (2.3) 
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The corresponding formulas for the J* integrals 
can be obtained by replacing w by w-—wy, for 
the J” by replacing w by w+twy, for J** by 
replacing w by w-—2wy, etc. In the terms which 
contain exponentials we replace v—iw by —iw 
and k by k (for weakly attenuated waves q <k). 
Substituting into (1.8) a relation of the type given 
in (2.3), we can obtain the dispersion equation. 
However, this equation is too unwieldy to be given 
here in general form. 

In view of the fact that q «k, we can in gen- 
eral neglect absorption at the outset [we assume 
that vy =0 and omit the exponential terms in (2.3)]. 


Thus we arrive at the equation 
8?uRn® — (! —u—v-+ uvcos?a) nt + [2(1 —v)? 


+ uv (1 + cos? a) — 2u] n? 


de4l —=0) [so (1 Ove] =O. (2.4) 


Equation (2.4), which is cubic in n? (n=ck/w is 


the index of refraction), describes the propagation 
of the extraordinary (n? = noe ordinary (n? = m5) 
and plasma waves (n? = ne). In writing this equa- 
tion we have used the customary notation: 

Vv = w/o n= wt; /w* and p? = KT/mce?. The 
parameter f represents the ratio of the mean 
thermal velocity of the electrons to the velocity 

of light c. In the nonrelativistic case being con- 
sidered here the relation 6? «1 always holds. 
For example, in the solar corona B? ~ 104 and 
in the ionosphere 6? < 10°. Because f” is so 
small we need retain in (2.4) only those terms 
independent of B? and those of order Bo We re- 
tain only the term that contains the highest power 
of the quantity ck, i.e., c°k®, The approximation 
used here is adequate for studying the important 


features of the characteristic waves. For the 
quantity R in (2.4) we have 
3 sin* - o—U 
R= 4 —z,, + Sin? a. cos? adl+a=es 
+3 (1 —u)cos*a. (2.5) 


We shall not dwell here on a number of ques- 
tions related to the interpretation of Eq. (2.4) and 
associated problems; the appropriate discussion 
can be found in the review in reference 7 and in 
various papers of the author.!’8»? In the work cited 
curves have been given to show the features of wave 
propagation in a hot magnetoacoustic plasma. We 
shall limit ourselves to several pertinent remarks. 

If we exclude from consideration the transition 
region between the extraordinary (ordinary) and 
plasma waves,'*? we have for waves 1 and 2 the 
well-known relation:® 
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(1 —u—v + uvcos*®a) nt — [2(1 — v) 


- uv (1 + cos®«) — 2u] n? 


+ (1 —v) [(1 —v)? —u] = 0. (2.6) 
It is possible to speak of a pure plasma wave in 
regions of u and v for which the following con- 


dition is satisfied: 


i — =O LOCOS aA (Zara) 


For n we obtain an expression which follows 
from (2.5) (only terms with n‘ and n® are taken 
into account ): 


ie = — 0 ue COs )/ BOK. (2.8) 
Equation (2.8) does not hold at very small values 
of the numerator, in which case it is necessary 
to take account of n? terms, and at large values 
of the numerator, in which case Ben? ~ 1. In the 
latter case strong absorption may occur. An 
analysis of (2.4) shows that there are values of 
the parameters u and v andthe angle a for 
which certain roots may be negative (n? < 0); 

in the region defined by the condition in (2.7), 
certain roots can even be complex. Inasmuch as 


dissipation processes have been neglected in mak- 
ing the transition to (2.4) the suppression of the 
field indicates that propagation is impossible. The 
situation here is similar to that which obtains 
above points of reflection for low-frequency radio 
waves incident on the ionosphere from below. In 
such cases there are frequency regions for which 
propagation is impossible. If the thermal motion 
in the plasma is taken into account the width of 
the forbidden zone can be smaller than the fre- 
quency w itself. The existence of these narrow 
gaps in the frequency spectrum in gyromagnetic 
resonance regions for quasi-transverse propaga- 
tion (a © 7/2) was first noted by Gross.!” 

We now consider the absorption. In this case, 
in the general dispersion equation, obtained by 
substituting (2.3) in (1.8), we retain the terms 
that depend on the collision frequency v and 
exponential terms [cf. (2.3)]. Because the con- 
ditions in (2.1) and (2.2) are satisfied, the result- 
ing relation for the absorption factor can be writ- 
ten as a sum of two terms: one depends on colli- 
sions and the other takes account of the absorption 


effect due to remote interactions. From(2.1), (2.2), 


and (2.4) we have (we recall that k=k+ iq) 


a {— 68°0Rn' + 4(1 —u —v + uv cos? «)n? — 2 [2 (1 — v)? + (1+cos? «) uv— 2u] n?} 


sin? &@ cos? a (u — 


9 
Cas +3costa + 


=S |—23%un' |3 costa — 


7 


12u sint a 


7 |+ n‘ (u— 3 4+ 2v) + n? (20? — 8u— Qu + 6) 


— 30? + 60 + u— 3} 4- of(u— 1) cos? a nt + (1 —u —v) (1 4+ cos?a) n? 


ig Bae 7 1 4 \ , { sin? a nt 1+ cos? o in? 
iro! es (Bn cosa? “*P ( 282n? cos? a j poke me, lo( 2 i; ia ) 
sin? a sin2« - in? = 
Soro meer med he er ger el OE a cost a) | nt 
oh ee as ! | sin? a 7)\2 t 1 mide (d— Vu) { sin? ant 
i+Va Alcea It acosta ( Vu Frese &%P (— ype) Foul) | 
; le ie RCS 1. Sin a sin? a 1 sin’a 14 Vila sin? 4 : P v2 
( 2 is < 5 eis Vie OSV lee ante 2) eos >| n° + are 
wo Vay * sin? « —* Vee 1 ' A+Vuy 
(1) v1 + Bueosta (I +Vi Fre crease tee), (2.9) 


where s =v/w. 

We now consider some particular cases. Al- 
though the specific absorption [which is character- 
ized by the exponential terms in (2.9)] is small 
(in accordance with our original assumptions ), it 
is of interest when we are concerned with small 
values of q, i.e., when the numbers in the expo- 


nential are not very large in absolute value. For 
example, in the factor exp (— 4B°n2 cos? a) the 
quantity (Bn cos a@) cannot be too small. Since 
Bn cos a & VKT/m /Voh (Vph = ¢/n is the phase 
velocity), when 6? «<1 attenuation due to this 
term can have a noticeable effect if the wave is 

a slow wave, i.e., when Vph K€ or 
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sil). (2.10) 


The factor exp [-(1—- Vu )?/26’n? cos? a] in 

Eq. (2.9) may become large at large values of n? 
and near the gyromagnetic frequency Wy when 
u—1 (a similar picture obtains close to 2wy 
and soon). Thus the effects of specific absorption 
can be discussed in two cases which sometimes 
overlap: slow waves or frequencies near the gyro- 
magnetic resonance frequencies. We here con- 
sider the case in which the condition in (2.10) is 
satisfied. However, we have left terms with the 
indicated exponential factor in (2.9) and below, 
since they may make a considerable contribution 
when the frequency of the wave is substantially 
(say, several percent) different from the gyro- 
magnetic frequency wy. In addition, we consider 
the particular case in which the condition in (2.10) 
is satisfied precisely in the region of the first 
gyromagnetic resonance. 

Even if we goto n* >1 [(2.10)], it does not 
mean that we must always neglect terms with small 
powers of n? in (2.9). 

Such a procedure would deprive us of the possi- 
bility of calculating the absorption of the ordinary 
wave at low frequencies when (as for plasma 
waves) the case n*? > 1 is possible. A simple 
analysis indicates that in (2.9) the quantity propor- 
tional to Ben® in the first term, which reflects the 
contribution of collisions, can be omitted. Then, 
making several omissions which are permissible 
when (2.10) is satisfied, we find 


(q/k) [— 68?uRn® + 4 (1 —u—v-4+ uvcos*®a) n‘] 


= s[(u + 20 — 3) n* + 2v°n?] + v [(u — 1) cos? a 
+ (1—u—v)(1+4+ cos?a) a Po ta 
‘ f Ve v (u— 1) sin? a nt 
XEXDP ie aE cos? a jae uBn COs a 


‘s {exp( S05 re exp| sam es i}. 
For plasma waves we must take account of the 
condition in (2.7); in other words, as follows from 
(2.8) and the last formula in (2.12), the absorption 
need not necessarily be weak. Furthermore, were 
we to have v > 1, the requirement for the propa- 
gation of plasma waves (2.7) would lead precisely to 
u cos? a =1. When u<1, the last equality is not 
satisfied at all. When u >1 the angle a must 
have a definite value, close to a = 7/2. Hence the 
case ucos? a=1 (for v >1) is a special one 
and will not be considered here. Assuming that v 
is not large, we can neglect in (2.11) all n? terms 


(2.11) 
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and terms that do not contain n?. 
account of (2.4) and (2.7), we have 


Finally, taking 


k(1—u) {s 
14—u—v-+uvcos?a |2 


q 
Yo 
3 


( 14. 2u0 sin? & ) 


(14 — uw)? 


sin? o 4 — Vu)? 
—- | exp (— ae mye an 
“yp 


26n cos @ u 


(2.12) 


Strictly speaking this relation holds only for 
weak attenuation (q « k); however, it can also be 
used to obtain qualitative results when the absorp- 
tion is strong. It is apparent from Eq. (2.12) that 
when 8n cos a~ 1 the absorption is not weak 
(q~k). For propagation a close to 1/2, the 
quantity Bn cos a may be small even for very 
slow waves; however, in these cases it does not 
follow that we can neglect (1.5), since violation of 
this condition means strong absorption when u 
2&1. It should be noted that in (2.12) ne term con- 
taining the factor exp [—(1 + Vu )*/26"n? cos? a] 
is not important and is given here to show the con- 
tribution due to such terms. From Eq. (2.12) it 
can be shown that the absorption of plasma waves © 
is especially strong when u © 1. It should be noted 
however, from Eq. (2.8), that when u ~ 1, for val- 
ues of a which are not close to 0 or 1/2, we 
have nz = —(1—u)*/4? cos? a; obviously, in this 
region the propagation of Wave 3 generally is im- 
possible, because n%<0 for both u>1 and 
th << AL 

We now derive the corresponding results, using 
the first formulation of the problem of propagation 
of electromagnetic waves in a plasma (cf. Sec. 1); 
the field falls off asymptotically as e-Yt, where 
y is the damping factor. Calculations, as well as 
general considerations, yield the following formula 
for the case of weak absorption 


1 = qdw/dk. (2.13) 


In the isotropic case this relation can be written 
yY = gUgp, where U is the group velocity.* In 
the anisotropic case dw/dk is equal to the pro- 
jection of the group velocity in the direction of the 
wave vector k. Using (2.7) and (2.8) (neglecting 
certain terms), we find for Wave 3 


*An elementary derivation of (2.13) can be found in refer- 
ence 11. Although there is no question that (2.13) holds outside 
the gyromagnetic-resonance regions, it may be violated inside 
these regions. 
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dw/dk = c(1—u—v + uvcos®«)/n (2 — u — v) analysis of the propagation of whistlers." From 
; Eqs. (2.15) and (2.17) it follows that nj > 1. Under 
and, from (2.7) and (2.13) then obtain a formula itedé sameccnaiiode te Gave n} 4 Sigh far eonian 
ROR I UTOD IN G, FB OLOR Oe tne ae ae ee and propagation is impossible for the extraordinary 
uv sin? a \—1 { v , 2uv sin? a wave.* 
eae, ( + Uo fe (! pet ) In calculating the absorption coefficient we can, 
7 1 rl by virtue of the condition wy > w, omit terms 
| V 8 wo ( Bene cosa >? ( 2B2n? cos? a ) that contain the parameter u in the exponent. We 
nha 4 — Vu) are left with the basic terms in Hele (2:11); aiter 
T B8ncosau | exp (— pea? some simple transformations, which take account 
| 3 of Eqs. (2.15) — (2.17), we have 
oP = Cie )}} . (2.14) k { : [rn sina ‘ 4 \ 
18 nar a! V 8 (3n cos a)3 exp( 232 costa Jf 
The part of this expression which reflects the con- MEESS | 
tribution of specific attenuation effects coincides (2.18) 
with the results obtained by Sitenko and Stepanov.’ In this case, because wy cos a >w the absorption 
However, the collision term differs from that is weak even when Bncosa~i and s~1. The 
derived in reference 4. In particular, from Eq. specific absorption described by (2.18) may appar- 
(36) of reference 4 it follows that y—0 when ently be realized for propagation of whistlers in 
u—1 and a #0, whereas in our case y—~v the upper layers of the atmosphere in periods of 
under the same conditions. In an earlier paper intense solar corpuscular disturbance.'? If we neg- 
by the author’ a formula analogous to (2.14) was lect collisions, (2.18) coincides with the results 
given without proof, but the coefficient similar to obtained by Shafranov'‘ by a completely different 
that in front of the curly brackets of (2.14) was method [ef. the appendix to reference 14, Eq. (21)]. 
given incorrectly. In the latter paper the absorption was calculated 
In analogy with the spatial absorption, the at- by considering the intensity of the Cerenkov radia- 
tenuation is not necessarily weak (y ~ w) when tion of electrons in a plasma and applying the Kir- 
Bncos a~ 1. The other remarks made in con- choff formula. Thus, whereas the ordinary absorp- 
nection with (2.12) also apply to (2.14). tion due to collisions of electrons with ions is due 
We now consider the attenuation of ordinary to bremsstrahlung of moving electrons in the ion 
waves at relatively low frequency; in particular field,® the specific absorption is due to Cerenkov 
we assume that radiation,’ and also to “magnetic bremsstrahlung” 
>, Of7COSaSO, Wy) > wx. losses. 
We now obtain a formula for the damping of the 
These inequalities can be written in the form ordinary wave. Using (2.13) and a result which 
AM ER OE (2.15) follows from (2.17), dw/dk = 2vph, we find the 
attenuation y tobe 
The third of these conditions is not necessarily a y aa Sinte ; 1 
strong one. Investigations of the ordinary waves 1 = Vasco enw ek lace B® costa CXP |“ 2BtnP costa 
under the conditions given in (2.15) are of interest (2.19) 
basically in connection with the problem of propa- 
gation of whistlers.!* The propagation is found to In conclusion we consider one more example, 
be quasi-longitudinal® and, from Eq. (2.6), leads which arises in the propagation of slow waves. It 
to the equation* should actually be related to gyromagnetic reso- 
nance although here, as in the preceding examples, 
uw cos*a n’ — 2un® — vy? = 0. (2.16) n? > 1. At the outset we consider purely longitudi- 
The second term is smaller than the others in ab- nal propagation, with a =0. The attenuation of the 
solute magnitude, so that as a first approximation plasma waves can then be found from (2.12) and 
we have (2.14), with the latter formula becoming the Landau 
. i ‘ expression.° However, when aw=0, the extraor- 
Nz = 0/V UCOS% = 0}/WOy COS &, (2.17) dinary wave can also be slow when w is close to 


which is used as a basis for the generally accepted re 
*It should be noted that when & = 0 the wave described by 
*The effect of the thermal corrections on propagation is not (2.7) should be called the extraordinary wave. The case a= 0 
very important here; in any case, it need not be taken into ac- is exceptional and for any small values  # 0 this wave be- 
count in calculating absorption. comes the ordinary wave. 
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WH. Starting from our general relations, we find 
the corresponding formulas for absorption (atten - 
uation) in this case. From (2.6) with a =0, neg- 
lecting the effect of thermal corrections on propa- 
gation, we have for Wave 1 


—Vu)yzof(Vu— 1). 


The approximate equality refers to the case u ® 1. 
We assume further that v is not very large, taking 
v~ 1. Then, we are justified in assuming (neglect- 
ing difference terms of the type u—1) that u=1. 
The attenuation of Wave 1 for a =0 is determined 
by collisions and the term with the factor 

exp [-(1- Vu )?/26’n?]. From Eq. (2.9) with 
a=0, we have after certain simplifications based 


on (2.20) 
L(V ted) Viz eXD (eas ae )y. 


== /¢ i 
(2.21) 
When s=0 this formula becomes the correspond- 
ing formula given by Shafranov'* (cf. also reference 
15). Using Eq. (2.13) it is easy to calculate the 
value of the damping factor y. In the present case 
dw/dk = 2cen (vu —1)?/v and. 


n=l — ofl (2.20) 


cE y u— 1)? Sis exp SS 


282n? 


1 (2.22) 


As Shafranov has emphasized,'4 damping of the 
kind being considered here may be especially im- 
portant at large values of v. In this case the con- 
ditions which determine the degree to which the 
frequency w approaches wy may not be espe- 
cially stringent, so that it may be necessary to 
introduce corrections in the formulas which have 
been derived. It is obvious that absorption of this 
kind also obtains for small values of the angle a; 
these are determined by the condition l1-v] 
>v sin? a/|1—Vu | with the supplementary re- 
quirement v/(Vvu —1) > 1. However, when a #0 
it is necessary to take account of attenuation of the 
ordinary wave even for very small values of a. 
The situation is to a considerable degree analogous 
to that which obtains for the low-frequency ordi- 
nary waves considered earlier, although in the 
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latter the specific deed ay is due to the non- 
resonance factor exp (- 42 n? cos? a), whereas 
in the present case it is due to vee resonance fac- 
tor exp [—(1- Vu )?/26?n? cos? a]. 

The author is indebted to Prof. V. L. Ginzburg 
for his continued interest in this work. 
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The motion of electrons in a betatron is considered, with account of the Coulomb repulsion 
of the particles in the beam injected into the chamber during one revolution of an electron. 
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It is shown that electron capture is due to the change in the mode of the radial oscillations, 
caused by the repulsion of the particles in the beam, and to the loss of electrons as a result 


of collisions with the injector or chamber walls. 


Avren the first attempts to explain electron 
capture in the betatron on the basis of a single 
electron analysis,' a number of authors proposed 
various capture mechanisms in which collective 
particle interactions were taken into account. Many 
workers®!? indicate that the most important effect 
is the Coulomb interaction. Usually in analyzing 
the injection process one considers the average 
effect of the space charge in the chamber. This 
procedure leads to capture mechanisms which, 
however, are characterized by low efficiencies. 

In this kind of analysis the effects due to the Cou- 
lomb repulsion of electrons in the beam in the 
first few revolutions, when the motion of the par- 
ticles is relatively well ordered, is neglected. 

We consider an arbitrary time of injection, at 
which there is some electron space charge pres- 
ent in the chamber. We isolate a group of injected 
particles which form a complete loop. This group 
will be affected by the space charge in the chamber, 
Q, and by the interactions between the particles 
themselves. If the interaction in the loop is taken 
into account by including the charge of the loop in 
Q, taking averages over the volume of the cham- 
ber as is usually done, the results do not give a 
true picture of the motions. Each of the particles 
in the loop is subjected to a force which depends 
on the position of the particle with respect to the 
space charge whereas in actuality this force is 
determined by the position relative to the central 
part of the loop, i.e., the well known transverse 
repulsion of electrons is a ribbon-shaped loop. 
(Obviously the beam has this shape, at least for 
some fraction of a revolution after the electrons 
leave the injector). Since the motion of the par- 
ticles in the loop can remain ordered for several 
revolutions, it is of interest to investigate the ef- 
fect of this ordered motion on the motion of elec- 
trons in the injection process. The Coulomb re- 
pulsion causes expansion of the beam, but because 


of the magnetic focusing field the expansion cannot 
go on indefinitely. As a result there is an increase | 
in the amplitude of the oscillations and a shift of 

the focal points (if the latter continue to exist ) 

in the azimuthal direction. The transverse repul- 

sion of particles in a loop has been considered in 

a recently published paper by Matveev.'!* This 

work treats a particular case which is not usually 
realized in betatrons, i.e., the case in which the 
electrons leave the injector in a parallel beam. 

In the present paper we consider the more general 
case in which the electron beam is characterized 

by an angular divergence. 


. EFFECT OF ELECTRON REPULSION IN 
THE BEAM 


It is convenient to treat the effect of repulsion 
by considering the motion of a group of particles 
isolated in such a way as to form a single loop. 
The presence of the space charge in the chamber 
(except for the charge of the loop itself) results 
in,a value, ne, which differs from the original 
magnetic field decay index n (H~ r="). If we 
neglect the change in ng during one or two revo- 
lutions the charge in the chamber does not affect 
the interaction of particles in the loop in any way 
other than a change in the effective value of n. 

Consider the problem of Coulomb repulsion in 
that part of the beam which forms a single loop 
and is injected into a chamber which is free from 
space charge. An estimate based on the usual 
equations of motion indicates that the Coulomb 
repulsion force (F) in the loop (here we consider 
the radial component) does not change substan- 
tially over the greater part of the electron path. 
The only noticeable exceptions are the focal points, 
where F is several times larger than in the other 
parts of the trajectory. For this reason we first 
estimate the effect of repulsion in the focal regions. 
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The available evidence indicates the existence 
of only a single focus as the beam leaves the in- 
jector; the further behavior of the particles is de- 
termined by interaction effects in the loop. In 
analyzing the repulsion of particles in the vicinity 
of the first focus, which occupies an angle y of 
the azimuthal coordinate ~, we make the follow- 
ing assumptions. 1) The force F is different from 
zero for g <y and in the other regions the par- 
ticles execute free betatron oscillations. 2) The 
electron distribution over flight angle @ (total 
angular divergence 2q@) is uniform; for an infi- 
nite beam height this means F=fa@ where f 
=const and qa is taken from the vertical sym- 
metry plane of the beam. 3) The axial electrons 
(a@=0) leave the injector along a tangent to the 
radius of the circle rg on which the injector is 
located. 4) The magnetic field is constant from 
the time at which the electrons leave the injector. 
5) The motion is one-dimensional, i.e., we con- 
sider only the radial motion of particles in the 
loop. 

In the region of the first focus the equations of 
motion in a magnetic field described by H~ r™@ 
can be conveniently written (in the first approxi- 
mation) in the form* 


9 
“1” ae Ry, = — Oya, aL qx, 


(1.1) 


where 7 = (r—Yro)/fo = p/Yo; the derivative is 
taken along the azimuth; k? =1-n; 64 = 6H/Hy 
< 1 is a parameter which characterizes the in- 
stantaneous orbit, where Hp is the field at the 
radius ry and eHpry/mve = 1 (the usual notation 
is used here), v <c and 6H=H(ry)—Hpo. The 
Coulomb repulsion is given by the qa term 


q = fro/mo? = xAnr ej./murh, (1.2) 


where jg is the current in a unit angle of the 
beam; xk is a coefficient which takes account of 
the finite height of the beam h. The solution of 
Eq. (1.1) can be written in the form 


%y = ga/k® + A,sin k(@ + d,) — (847/k?) (1 —coske), (1.3) 


where 
A, = (a/k) V1 + Qik)’, 


Equation (1.3) can be divided into two parts; one of 
these, ng = — (04 /k*)(1—cos ky), describes the 
motion of the beam as a whole while the other, 
which depends on a@ (nq), determines the motion 
of the particles in the beam with respect to the 
axial trajectory 75, so that 


tan kb) = — W/k. 


(1.3a) 


Ui, = US - Vins 


*The radius at the injector is taken as the reference. 


Since 7%, is independent of @ and A,~ aq, in the 
next section of the trajectory nz has the form 
given by Eq. (1.3a) (for q=0) where, as in the 
first part, yp) is independent of @ and A,~ a. 
It is easy to show that ng». is symmetric with 
respect to the azimuth @y at which nqg2 isa 
maximum and 79. =0. Hence for the azimuth 

B= 20m-Y we have nap(f) =nai(y) and 

Na2(B) = —No1(y). Since the force F is “turned 
off” at gy =y, i.e., over the width of the beam 
nNai(y), it must be “turned on” again in the next 
part, g >. The equation of motion will be simi- 
lar to Eq. (1.3), where it can be shown that A3 = A, 
and the phase w#3, as before, is independent of a. 
From the symmetry of the trajectory with respect 
to @y it follows (this can easily be shown by 
direct calculation) that when ~ = 29m, a3 = 0 
for any @ and na3= —Nai(0) =-aQ, i.e., the 
electron beam is focused again and the original 
angular divergence is maintained. It is apparent 
that in the next portion of the path the behavior of 
the beam with respect to the axial trajectory n6 
will repeat that given above since the only differ- 
ence from the original initial conditions is the 
change in the sign of F at the focus, i.e., where 
the electron trajectories intersect. Thus nq is 
a periodic function with period ®=4@y, which 
exceeds the period of the free betatron oscillations 
(27/k) by an amount @, where 


tan (9/4) = (1 — cos ky)/(k/q + sin ky). (1.4) 
An expression for nq which is valid for any 
gy and convenient for calculation can be obtained 
if we represent nq in aform of a series using 
the expressions 1qq4-3)’ each of which applies 
for the appropriate sections: 
Ne > [S8qa (1 — cos \iy)/h; D (Rk? — 22)] sin Le, 
i=0 
where Aj® = (2i+1) 27. 
Limiting ourselves to the first term in the ex- 
pansion A = 27/ and small values of y, using 
Pa =ToNq, we have from Eqs. (1.4) and (1.5) 


(1.5) 


0x —~ (1 + 4x) (aro/R) sin de. (1.6) 

We shall not discuss these results but estimate 
the effect of the Coulomb repulsion over the entire 
electron trajectory. It is apparent that this case 
is the particular case of the problem considered 
above for which y — (4) ®. In the expression for 
F =fa we choose some average value of f along 
the trajectory. When y— (4) ®, Eqs. (1.4) and 
(1.5) yield 


tan (0/4) = q/k, (1.7) 
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P. = Ba sind, 
where 


B = Agrol (ke? — 12) = (grolk) (1+ 4/80). (169) 


In making a numerical estimate we note that at 
injection q = qf = 1.5 in the focal regions and 
the minimum value of q along the trajectory is 
approximately 0.25 qf. In this case, with y ~ 0.5 
and n=0.5, it follows from Eqs. (1.4) and (1.6) 
that there is an increase in the amplitude by 
50 — 75% while the increase in the period is about 
3 —5%; for the entire trajectory, from Eqs. (1.7) 
and (1.9) (with q = 0.25 qf), the increase in am- 
plitude is 35 —60% and in period 20 —30%. Thus, 
aside from the significant increase in qg over 
the minimum mean value of q along the trajec- 
tory, taking account of the Coulomb repulsion in 
the focal regions only is not sufficient since, as 
will be shown below, the change in the period of 
oscillation is very important in the capture mech- 
anism. 

We note that taking formal averages of the 
charge of the turn over the volume of the chamber 
also yields a change in the amplitude and frequen- 
cies of the electron oscillations. We shall not 
consider this effect quantitatively, but indicate 
the important qualitative difference of the picture 
described above from the “average” analysis. In 
the latter case each of the particles in the turn 
(consequently in the beam as a whole) executes 
oscillations at the same frequency, corresponding 
to some effective value of ng. Actually, as has 
been shown above, the resulting trajectory has 
everywhere the form given by Eq. (1.3a) or 


o = Basin kp —a(l —cos kg), (110) 


where a = OyIro /k?, i.e., each of the particles in 
the turn participates simultaneously in two oscilla- 
tory motions (with different frequencies ) and, as 
is apparent from Eq. (1.10), the motion of the beam 
as a whole at the frequency of the usual betatron 
oscillations is maintained. 

The relation between the parameter a and the 
time of injection T can be easily obtained for 
H = Hy sinwt (é is a coefficient which takes 
account of the behavior of the magnetic field close 
to zero ) 


a= (eH more / muck’) t, (1211) 


where T=t—ty) and ty is the time at which 
HH. 

In conclusion we may note that as a consequence 
of the nonuniform distribution of electrons over 
flight angle, the difference in the coefficient «x for 


M. SAMOILOV \ 


particles with different a, and the vertical oscil- 
lations (which have not been considered in the prob- 
lem), the electron beam will obviously not be fo- 
cused ideally. However it will be apparent that the 
above analysis is qualitatively correct and that the 
idealized picture of the motion can be used in the 
calculations. 


PIG! 


2. ELECTRON CAPTURE MECHANISM 


The Coulomb repulsion of electrons in a turn 
changes the usual particle trajectories (Fig. 1A) 
in such a way that for half of the electrons in the 
beam the motion (1.10) assumes the form of rapidly 
damped oscillations, Fig. 1B. However, if the con- 
ditions are not changed, as follows from the period- 
icity of Eq. (1.10) the amplitude of the oscillations 
returns to the initial value. An irreversible change 
in amplitude, which leads to particle capture, re- 
sults from loss of part of the electrons in the turn 
as a result of collisions with the injector or with 
the chamber walls. 

If there is a collision with the injector at some 
value y = gy, in the remaining part of the turn the 
new axial electrons (which are emitted from the 
injector at some angle @=Qc) are no longer sub- 
ject to the effect of the repulsive forces and exe- 
cute free betatron oscillations with a new ampli- 
tude Ag which can be determined (for @ = ag 
and ~ =) from the expression 


A = {a’ + (Ba)? [sin? kp + (A/ Rk)? cos? | 


— 2Bax [(k/R) sin ke cos ke — cos ke sin ho]} "A. 


(251) 
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At the same time the remaining electrons in the 
beam now move with respect to the new axial par- 
ticles with the old increase in period (Fig. 1C) 
since the quantity q is not changed. As has been 
noted above, the motion of the axial particles de- 
scribes the motion of the beam as a whole; hence, 
after loss of part of the electrons of the turn, as 
before, the remaining particles participate in two 
oscillatory motions with different frequencies and 
amplitudes Ag (a—Ag) and Baj where qj is 
now taken from d,. Since the electrons move 
about the instantaneous orbit, remaining at a dis- 
tance a—A from the edge of the injector anode 
(A is the thickness of the injector element), the 
injector will not be struck by those particles for 
which 

Ac + Bar<a—A. (2.2) 
It is apparent from Eq. (2.2) that the capture angle 
increases with increasing a; hence electrons will 
be captured most effectively at the injection time 
for which a ® ap, half the distance between the 
inner wall of the chamber and the center of the 
cathode. In estimating the capture angle it is nec- 
essary to take account of the collision of the beam 
with the chamber walls because when a *® ap) a 
significant fraction of the electrons are lost in the 
first turn, Fig. 1D. 

The general picture of the collision of the beam 
with the wall is rather complicated because the 
loss of electrons is “stretched” over the azimuth. 
In estimating the capture angle in this case, we 
assume for simplicity that the electrons which 
strike the wall are lost “abruptly” (as in colli- 
sions with the injector ) for some value of the 
azimuthal angle ¢). In this case, in contrast with 
collisions in the turn, particles are lost both for 
a<0 and a>0. Indetermining a and Ag 
we assume that the electrons do not strike the wall 
if the amplitude determined from Eq. (2.1) for 
~ =) is smaller than 2a)—a. Assuming that 
Qe = (Q,+ a,)/2 where a. is the root of the 
expression A < 2a,—a, we obtain from Eq. (2.1) 


Ag = CK (2.3) 
where 
c = [sin key sin py + (A/R) cos Re COS Ago] / [Sin” Apo 
+ (/ Rk)? cos? Ago)”. (2.34) 


Determining the capture angle as in Eq. (2.2), we 
have for the two regions 


(2.4a) 
(2.4b) 


Acap — (a—A =e A.) /B; 
Xecap — (2a Sle A,)/B. 


a gS ao ae A / oS 
a = ao a6 A Hf 2 
We note that after the first passage of the beam the 


part which remains may experience new collisions 
with the walls of the chamber or with the injector; 
as a result, the capture angle can be larger than 
indicated by Eq. (2.4). However it is extremely 
difficult to analyze the multiple losses of electrons; 
for this reason we take the capture angle to be the 
minimum value as determined by the first collision 
only. 

Equation (2.4) allows us to estimate the critical 
values of the injector currents (Jey) at which the 
collective capture mechanism starts to become 
effective. As the azimuth ¢, we take the azimuth 
defined by ky) =7, where the axial electrons of 
the beam pass closest to the inner wall of the cham- 
ber. In estimating Jey we must take account of 
the fact that when a< ay, for values of @ which 
are not too large and values of q which are not 
too small, the beam passes through the azimuth 
kgy = 7 essentially without loss of particles and 
the determining azimuths become k@y = 27 to 37 
or larger. It is apparent from Eq. (2.4) that the 
criterion for the operation of collective capture is 
the condition (1—c) = A/a whence, expressing 
eq. (2.3a) in a series in powers of B=k0/21 «1 
and limiting ourselves to the first terms of the ex- 
pansion c © 1-—(fk@,)*/2, we obtain 


derK mV A/2a/ 9. (2.5) 
Withee’ = 0227emeal— sl semr k? = 0.5, and k@y 

= 27 to 3m we have dey = 0.1—0.07, which for 
h*1cm and k~0.4 gives jqgcr = 2.5 ma/deg 
for an injection energy U =10 kv. Thus at the 

30 Mev synchrotron of the Institute of Physics of 
the Academy of Sciences!! (k? = 0.25) the experi- 
mental value Joy * 3 ma. If we assume 2a * 6°, 
calculation shows that Jey =5 to 8ma for U 

= 10 kv and 2 to 3.5 ma for U =5 kv. 

Equation (2.4) can be used to determine the de- 
pendence of the capture current Jcggp on the in- 
jection current J. Since Jgap ~ @3jq, taking ac- 
count of Eq. (2.4) (where A <a) and Eqs. (1.2) 
and (1.9), we have 


Jeap ~ ak®(1 —c)/(1 + 4/k6). (2.6) 


It is apparent from Eq. (2.6) that the further the 
instantaneous orbit is from the injector, the larger 
the capture current. The quantities c and k@ are 
determined in the final analysis by the dimension- 
less parameter q/k, i.e., taking account of Eq. 
(1.2), Eq. (2.6) gives the qualitative dependence of 
Jcap on J shown in Fig. 2, (computed for k@y 
=). For k*=0.5, a=a)=2cm, A=0:2 em, 

rp = 20cm, kg)» =7 and q=0.5 the total capture 
angle is approximately 1.5°. Thus the capture 
mechanism due to Coulomb repulsion of the par- 
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ticles and the loss of part of the electrons from 
the turn serves to explain the observed high effi- 
ciency of injection and the threshold nature of 
capture. 

Above we have considered the behavior of par- 
ticles in a beam which is injected into the chamber 
during the course of one turn Ty. In considering 
injection times greater than T) it is necessary 
to take account of the interaction between turns. 
As we have already noted, the motion of electrons 
in an isolated turn with account taken of the space 
charge of the other turns, can be considered in 
terms of an effective ne. When this effect is taken 
into account the dependence of Jgagp on J will 
differ from that given in Fig. 2 since the function 
(1-c)/(1+4/k@) will reach its limiting value for 
values of q which are smaller than those in Fig. 2. 
For large values of q, Eq. (2.6) becomes the usual 
curve, i.e., if we take account of the growth of 
space charge with q due to the previous turns the 
nature of the curve (2.6) is in agreement with that 
observed in betatron curves which shows the de- 
pendence of gamma yield on injection current. 


CONCLUSION 


In this paper we have considered the behavior 
of particles in a beam injected into a chamber to 
form one turn, treating the averaged motion of the 
particles in the space charge field of the other 
turns; qualitatively this analysis would seem to 
indicate that capture is not changed in multi-turn 
injection. Starting from this result one can draw 
several conclusions which are of practical interest. 
1) The capture angle is limited by collisions of the 
beam with the walls of the chamber which result 
in a loss of a considerable fraction of the electrons, 
as is observed experimentally.? 2) It is feasible 
to inject a sharply focussed beam since smaller 
emission currents are required and this is an im- 
portant factor, especially at high injection energies. 
3) In view of the relatively small effect of the thick- 
ness of the injector edge A (especially in large 
machines ) capture should take place effectively 
when electrons are injected from outside the 
chamber through the use of deflection plates. This 
method of injection appears promising from the 
point of view of increasing the gamma yield since 
it is relatively easy to use an injector at several 
hundred kilovolts. 4) It is possible to achieve in- 
jection in a magnetic field which is constant in 
time; this technique has been used successfully 
for the preliminary adjustment of betatrons.’ It 
is also possible to achieve injection in a uniform 
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magnetic field. 5) Electron capture can also be 
realized when the injector is located inside the \ 
equilibrium orbit, close to the inner wall of the 
chamber. It is also possible to locate the injector 
above (or below) the plane of the equilibrium 

orbit in such a way that the cathode (long-dimen- 
sion) is along a radius and close to the top (bot- 
tom) of the chamber. The use of an injector of 
this kind may be useful for the extraction of elec- 
tron beams from a betatron. 

In conclusion we may note that even if a rigorous 
analysis of the injection process (many turns ) 
shows that the presence of space charge due to the 
other turns in any way reduces the efficiency of 
particle capture, the single-turn injection scheme 
given above is still of interest. In this scheme the | 
electrons are injected into a chamber which is 
space-charge free; because of the high injection 
efficiency (one turn) it is possible to achieve cap- 
ture currents which are sufficient for producing 
high gamma yields. We may note that for injection 
from outside the chamber (through the use of de- 
flection plates) a one-turn injection system would 
not represent any special technical difficulties. 

The author is indebted to A. A. Sokolov for 
fruitful discussions. 
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The effect of impact ionization processes on the distribution function for electrons and holes 
in a strong electric field is studied. It is shown that the energy dependence of the impact 
ionization probability near the threshold is essentially different for crystals with small and 
high dielectric constants; the solution of the kinetic equation is considered in both these 
cases. Expressions are obtained for the equilibrium number of carriers in a strong field, 
the impact-ionization coefficient, the critical field, ete. The dependence of the breakdown 
field on temperature, on specimen thickness, and on the electron-lattice interaction law is 
found. The connection of the expressions obtained with the known breakdown criteria of 
Frohlich and Hippel is established. It is shown that increasing the electric field causes a 
decrease in the recombination speed, as a result of which the equilibrium number of car- 
riers starts growing as the field increases long before the appearance of impact ionization. 


FPN= fol) + Sah Ge. 


eEP 


ike electric breakdown of semiconductors ap- 


parently takes place as a result of the unlimited dfo() 
0 (x 


<51(e%) 


growth of oe concentration with increasing FOO ea en ee ae (2) 
field strength." In a stationary state the number 
of carriers, n, is determined by the relationship [ Cae E \* 2? (x) 6 4 fo (x) 
[ ( E; x3 (x) 1 + w; (x) t (Xx) ax 

n{w;(E,T) —w, (n, E,T)} +n) (E, T) = 0, (1) 

Preattate » es + fo(s) — SSE = 0, (3) 
where wj(E, T) and wy(n, E, T) are the impact : 
~ ee sheet bea re ee 
ionization and recombination probabilities averaged so ae [; (x) we (X)] fo (%) EM (x, E, T) 


over the distribution function, ny(E, T) is the 


number of carriers of a given type created in unit 
volume of the semiconductor in unit time by ther- 
mal ionization and direct field extraction of valence 
electrons into the conduction band, E is the field 
strength and T the temperature. 

With increasing field, as will be shown below, 
Wy decreases but wj grows rapidly and, conse- 
quently, n increases. In the field Eg for which 
Wi = Wy the carrier concentration tends to infinity, 
which is the breakdown criterion for the case given. 
Thus, quantitative consideration of the behavior of 
a semiconductor in the pre-breakdown region, as 
well as a study of the mechanism of breakdown 
itself, requires the solution of the kinetic equation 
taking into account the processes of impact ioni- 
zation and recombination. This is the aim of the 
present work. 

Following the usual method,? it is not difficult 
to obtain the following system of equations for de- 
termining the symmetric f)(¢€) and antisymmetric 
f,(€) parts of the distribution function, f{(P) 
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=I, 


N;\ Ww; (x, x’) fo (x’) x"edx" = 0, (4) 


1 
where x = €/ej; €= P?/2m is the energy; P is 
the momentum; ¢j; is the threshold ionization en- 
ergy; T7! is the frequency of collision with pho- 
nons; wj(x) and wy(x) are the total probabilities 
of impact ionization and recombination; wj(x, x’) 
is the probability of the creation by ionization of a 
carrier with energy x by a carrier with initial 
energy x’, A(x) =1(x)/1(1); 1(x) = Pr(x)/m 
is the mean free path; S(x) is the carrier cur- 
rent through the surface ¢€(P) = xej, caused by 
the field and phonon interactions; A Nj is the total 
number of states with energy € < €j3 


/ 


2P 


| Bq) (1 + 2N.) qd 


0 


2P 


(x) = 4m \ B (gq) hm,qdq 


0 


nN 
(6) 


hop 
te e (Np+"/2) 


(5) 


no 


P 
B (q) h@,qdq, 


0 


2P 
wh Ge ee \B (q) (h@g)? (2Nq + 4a | 26; 


; 2P Ste 
spies \ Ba) (2N, + 1) gPdq, Ee = ree . (6) 
0 

Here, q, Wg and Ng are the momentum, fre- 
quency, and number of phonons; Bg is the square 
of the matrix element of the interaction of an elec- 
tron with a phonon; V is the normalization volume; 
Ej is the field in which the mean energy of the car- 
riers becomes of the order ¢€j; 6=6(1). The 
small value of 6, the average fraction of the en- 
ergy lost by an electron in one collision with the 
lattice, is a condition for the applicability of the 
approximation considered. For the parameter 
values of interest tous, 6 ~ 107%. The small 
quantity 7(x) we will neglect henceforth. For 
those valence crystals in which the electrons in- 
teract mainly with acoustic phonons Bac(q) ~ q 
and hwg° =cq, where c is the velocity of sound. 
When the interaction is with optical phonons 
Bop (q) =const. and wg = hwy = const. 

From (5) and (6) it follows that 


ge) 


Oacl(X) = 4mc? / kT, Nael& eels 
EX = V 12mc?/kT ¢;/el, 


Sop (X) = hy /e(Np + */2), op (x) = 1, 


EY = V Bhs: | (Np + 2) Cl - (7) 


Before proceeding to the solution of Eqs. (2) — 
(4), we make some remarks on the choice of the 
probabilities wy,(x), wj(x) and wj(x, x’). The 
effect of recombination on the form of the distri- 
bution function is insignificant in view of the in- 
equality wrtT <1, which is well fulfilled. There- 
fore, the corresponding term in (4) can be consid- 
ered as a small contribution and the fact that it is 
in general nonlinear has no effect. In the majority 
of cases, however, an important part is played by 
the so-called “radiationless” recombination asso- 
ciated with carrier capture into local states. Its 
probability for a sufficiently large number of car- 
riers can be considered as independent of concen- 
tration. Such a process can only take place for 
very Slow carriers (€ & hwy, where wy is the 
maximum lattice vibration frequency ), which in 
fact are not included in the conditions considered, 
since for them 6(x) is not small. Therefore, it 
is most natural to include radiationless recombina- 
tion, not in (4), but in the boundary condition for 
S(x) at x=0. The last two terms in (4) can be 
taken into account in a similar way. In fact, the 
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probability of creation of a carrier with energy 

€ by thermal ionization and by the field decreases 
exponentially with increase of ¢«. Likewise, the 
number of carriers with energies essentially ex- 
ceeding the ionization threshold is exponentially 
small. Therefore, both nj(E, T) and wj(x, x’) 
cause the creation of only very slow carriers 

x <1, and we include them only in the boundary 
condition 


*8 


> Ne Viedx \ wy (xxl) fo ee eNO, 


1 


Sc — 28 


w= ( w, (x) xf dx, (8) 
0 


where the summation takes into account the pres- 
ence of two carrier types and the indices 1 and 2 
refer to the creation probability of carriers of the 
same or opposite charge. 

The quantity wj(x), as shown in Appendix 1, 
can increase near the threshold either linearly or 
quadratically, depending upon whether the value 
of the dielectric constant of the crystal is small 
or large, i.e., 


Wi; (x) = p(x — I) Rj (x)/z(~), f= 1,2, 


kj (x) =1+ Dd) Bin(x— 1). (9) 
fia 
The dimensionless quantity p thus defined is 
rather large (p ~ 10. 

Equations (8) and (4) take an essentially differ- 
ent form in the regions x <1 and x>1. Itis 
natural, therefore, to solve them in each of these 
regions separately and then match the solutions 
obtained at x= 1. Below the ionization potential 
wi(x) =0, wy(x) is a small correction, and all 
the remaining terms in the right half of (4) do not 
depend on the value of f)(x) in this region. Equa- 
tions (3) and (4) are consequently integrated in the 
general form. However, on the basis of the re- 
marks made above, we will use a simplified form 
of the solution in which the value n(x) is neg- 
lected, and wy(x), wj(x, x’), and ng (x, E, T) 
are taken into account only in the boundary con- 
dition (8). 


NB 
S (x) = const = — cr SUE) Tod) 
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The constants of integration f)(1) and o(E) 
must be determined from the boundary conditions. 
The value of o(E) =— S(1)7(1)/Nj6f)(1), giv- 
ing the mean probability of impact ionization, is 
simply determined, as will be shown below, by 
Solving the equation in the region x > 1. Knowing 
this value is sufficient to determine all the char- 
acteristics of the semiconductor in the strong 
electric field. In fact, we show below that in the 
region x> 1 the distribution function falls prac- 
tically to zero for x-1 2 (6/p)!/ y E/E, =a, 
Consequently, the contribution of this region to all 
the observed quantities (number of carriers, con- 
ductivity, mean energy) is of the order a «1. In 
other words, all these quantities can be evaluated 
using the function (10) by averaging over the region 
x <1. The single quantity completely determined 
by the distribution of carriers over the ionization 
potential is the mean probability of impact ioniza- 
tion. But it is equal at the same time to —S(1) 
= Nido (E)f)(1)/7(1), which is easy to see by 
integrating (4) from 1 to ~, and omitting the last 
three terms, which are insignificantly small in 
this region. Thus, all the information which we 
must obtain from the solution of the kinetic equa- 
tion in the region x >1 is included in the function 
o(E), proportional to the ratio S(x)/f)(x) at 
x=1. 

The total number of carriers n and the mean 
impact ionization and recombination probabilities 
are determined from the following relationships 


n= Nil fos) ade = fo(t) Neexp | (“) | fo? (2) 
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+ (=) °® exp & (s) ]oe Cal (11) 


S (4) ny iS 
Nn ae z (4) 3 (E) 
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exp [— (uE, / E)?| 
Xx ) 
ol) (E/ Ej) + (E;/ Eo (E) exp [— (uE; / E)"] 947) (E/ E;) 
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= N, * : 
w,(E) = Pa Wf (0) 


(E) exp [— (uE; / ISA G WE jf 1Bs5)) 
exp [— (uE,/E)*| p@(E/E;)’ 
(13) 


A 1+ (E,/E?s 
ae a aPKC 


of) (E/E;) + (E;/ E)s (E) 


1 x = 
C (2). et exp | Ss \ aah 3 dx’ | OGRE) ee (14) 
0 9) 


al a3 
Oyen Se eee eV fo 
gt (2) = Vexp| —z*\ SUSE de’ | vtdx, 
0 0 
ii 4 x x 
(2) x Boe 201 (Xe Paleo 
op (2) = \ cay \ exp | —2 3) aT dx | ¥tax’. (15) 
0 0 x 


The integral ¢(z) in general diverges at the 
lower limit. This is associated with the fact that 
we have considered in (8) the number of recombi- 
nations as proportional to f)(0). In fact, as fol- 
lows from the reasons given, this number is de- 
termined by the mean value of f)(E) in the region 
of very small energies (€ & hwy). Consideration 
of this fact should lead to the exclusion of the in- 
tegral for x ~ fiwy,/e;j. The exact value of this 
limit for calculating ¢(z) has no significance, 
since the divergence of the integral is logarithmic. 

Using the expressions (11) — (13) and the evident 
relationships 


co 


SES ean \ w; (x) fy (x) xed, 


= 2N; \ w® (x, x’) x" dx = 2m; (x’), (16) 
0 

the boundary condition (8) can be rewritten in a 

form completely analogous to relation (1) (index 


e refers to electrons and h to holes), 
[wre (E) — Wie (E)| ne (E) — Win (E) Mn (E) — toe (E.T) = 9, 


[Wn (E) — Win (E)] mp (E) — Wie (E) ne (Ey 1pn (Es nr 
(17) 
If w, can be taken as independent of n, then 
(see reference 4) 


Moe (E,T) 1+ (Moy (Es T) | Moe (Ey T) — 1) ry, (E) 


Ne (E) == W,» (E) (E) Al Sif, (E) in, (E) ’ 
where 
,(E) 
r(E) = = = (18) 


We study the behavior of this expression on in- 
creasing the field. In the region E « Ej, we have 
r(E) «1 and (18) takes the usual form n(E) 
=nj/wy(E). Thus, the erm of n is determined 
mainly by the function 0 4/,( E/E; ) [ we notice that 
o(E) becomes of the order of unity only when E 
is comparable with Ej]. In particular, for the 
cases mentioned above, involving acoustical and 
optical phonons in valence crystals, n is propor- 
tional to EY? and E3 respectively. This behavior 
is occasioned by the fact that when the field becomes 
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sufficiently large (E & 10° v/em), the mean elec- 
tron energy starts to increase, the relative number 
of slower electrons decreases, and there is an as- 
sociated decrease in the recombination velocity. 
When the field approximates to Ej; ~ 10° v/em, 
wi(E) begins to increase rapidly and at a field 

Ee, determined by the condition 


re(Ec) + Th (eae IG (19) 


breakdown occurs. As a rule, the values of Ej 
are different for electrons and holes, therefore 
one of the quantities r(E) is much greater than 
the other and the condition of breakdown takes the 
form r(Eg)=1. The carrier type for which the 
value Ej; is smaller is taken here. A direct com- 
parison of (12) and (13) shows that r (Ej) 

~ 6/w7T > 1 and, consequently, Eg < Ej. But 
the field dependence of all the quantities entering 
into these formulae is small compared with the 
exponential, and in the zero-order approximation 
we have 


(° (E,) 6 


ee (2 ceame [C2 


peo Nels ; : 3 
Sali \ uEy nh a 
: jee 


\ 


len == Owe 


(20) 


The value of w?, is of the order (wm /6)/*/tr 
where Ty is the recombination lifetime of carri- 
ers when the field is absent. Taking this lifetime 
as of the order of a microsecond, and T ~ 107! 
sec, we obtain the following estimate of the criti- 
cal field Eg © Eju/5 (see reference 5). 

If the region in which the field acts is sufficiently 
small (< 1cm), then the lifetime of carriers is 
determined not by recombination but by their de- 
parture from this region. The carrier concentra- 
tion depends in this case on the distance t from 
the boundary of the specimen and the number of 
carriers np flowing through this boundary in unit 
time* (nop, = 0): 


ne (E, t) = —2- exp [% (E) 1] 


U 
Up 


_ *e(E)expl- %,(E)L—x, (E)t]—x, (E)exp [—x, (E) L—x, (E) #] 
%, (E) exp [— x, (E) L]— x, (E) exp |[— x, (E) L] 


(21) 

Here vq is the drift velocity of the carriers in 

the field E, L is the dimension of the region, and 
K(E) is the so-called impact-ionization coefficient. 


S exp [> (VE E)2| 
eQ)(E/ E;\+ (E,/E)2s(E)exp[-—— (uE,/E)?| e(E/E,), 


(22) 
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1 x i 
. oF , , i d 

ptt) (z) = \ exp E z*\ ae dx | dx [eh (x) ae, 
0 0 
° d 

3 x 

pe (2) im 7 (x) 

0 


xd (Ge) i d ; ; i 
(ed dx | ag leh (*')) (ib ia 


x x! 
x \ exp Za 
0 x 


For the particular cases corresponding to (7) 


(23) 


Vax , ‘ rae FN OE 
Ma-Z oe), @a="E \ ovis, 
0 
1 : a, 
2 =a Gop 2) (Le exD le neal 


php (2) = 2? {Ei (2) + 2Inz—C), a 


where @(z) is the error integral, Ei(z) is the 
exponential integral function, and C is Euler’s 
constant (C ¥ 0.577). 

The breakdown field for the limited region is 


determined according to (21) by the condition 
[%e (E¢) Sea (Ec)l aot lay [xn(Ec)/%e(Ec)] (25) 


and is thus a function of the ratio v¥36 L/I(1). As 
long as this ratio is small we have 


fz _y, (VBBL Ei Oe) 
EL) = wet ey L(1) E,  In[x,(£,)/*(E,)] 
E ,E,\2 (BN!) Ec vale 
[else a) ER lar aa 
UE? ie 72 Leite i 


T(1) 


The temperature dependence of Ee is deter- 
mined mainly by the quantity Ej ~ V6/1(1). For 
acoustical phonons Eg ~ VT , for optical Ee 
~ coth!/2 (fiw) /kT). 

In conclusion, we make a series of remarks on 
the connection of the parameter we have introduced, 
u, with the known breakdown criteria of Frohlich 
and Hippel. Since A(1)=1 the integrand of us 
in (14) can be either of the order of unity if A (x) 
does not increase with increasing energy, or in- 
creases sufficiently slowly, or much greater than 
unity, if the mean free path increases rapidly with 
growth of x. In the first case, which apparently, 
obtains always in valence crystals, breakdown 
occurs in fields of the order Ej, i.e., when the 
mean carrier energy becomes of the order ¢«j. 

In form this condition agrees with Frdhlich’s cri- 
terion,® although the primary idea of this criterion 
was somewhat different. In the second case, which 
has been well studied and of which ionic crystals 
are an example, the integrand of u? in (14) attains 
a maximum for small energies and, therefore, 
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Ec ~ uEj > Ej. In ionic crystals, for energies 
€&hw), the mean free path A(x) is proportional 
to x, and consequently u ~ [¢j/fiw)]!”. The 
breakdown field is determined by the relationship 


8 hoo In rn) i 2 7 ) 


E, ~ uE; In- ~ 
i : wr(1) el (hao) wor 


In other words, breakdown occurs in fields for 
which eEg/ ~ fw for carriers with energy ¢ 
~ hw), which agrees qualitatively with Hippel’s 
criterion.® 

Starting from (5) and (6), it is not difficult to 
verify that Frodhlich’s criterion is applicable to 
crystals in which B(q) for q—0O increases 
less rapidly than [q(1+2Nqg)]7', and Hippel’s 
criterion applies in the opposite case. 

We proceed now to the solution of our basic 
problem — finding the distribution function in the 
region x >1 where the process of impact ioniza- 
tion is important. It will be convenient here to 
introduce new units of energy and current 


y=, s(y) =O S (xn, (28) 


Oy = (8E*/pE Yer, 1; = (E:/ E)a;, By = pa}. (29) 


The system (3) and (4), expressed in these vari- 
ables, takes the following form: 


d xk, (x ; 
aa oe y'fo(y) = 0, 03) 
xk (x) dfo (y) BPD AX) org no == 
1 + B;R; (x) yi ay TRG) Be aa ae all 


An essential fact, on which all further discussion 


is based, is the smallness of a@, evident directly 
from (29). In the most interesting region of the 
field aw <0.1. The functions f)(x) and S (x) 
are essentially different from zero only in the 
narrow region x—1% a, outside which they fall 
off exponentially. In this region the coefficients 
of (30), in the arguments of which the substitution 
of y for x has not been made, are very slowly 
changing functions of y and with great accuracy 
can be taken as the first terms of corresponding 
series of degree x—1= ay. In the zero order 
approximation in @, which we mainly use, all 
these are unity. Further, in this approximation, 
(30) can be solved exactly only in particular — 
although perhaps the most interesting — cases. 
We therefore now describe a general method al- 
lowing us to determine with adequate accuracy 
the quantity o(E) of direct interest to us. 
Equations (30) for any values of the parameters 
have two linearly independent solutions; one ex- 
ponentially decreasing at infinity, the other in- 
creasing. Apparently, only the first of these is 


physically permissible. It is determined to within 
an arbitrary multiplier, but the ratio of s(y) to 
f)(y) at any point, including at y =0, is strictly 
defined. Therefore, the requirement of a solution 
decreasing at infinity is equivalent to the problem 
of determining the value of o(E). We eliminate 
from (30) the function f)(y). Then for the current 
S(y) we obtain a second-order equation 


a A(x) yj F(y) ds (y) 
dy xk; (*) y! ¢ dy 
1+ Bi (x)y! yp FW 2 
= So gaz). wh é J S (y) Fa 0, 
‘ 8 ; / ‘7 ? 
F (y) =\ Srcees UF Bike (2') 7 dy’. (31) 


0 


The quantity o(E) which is sought is derived 
from its solution in the following manner: 


Pa 2) ere ees Fe je ae (32) 
— Ti ys ol A(x) ds(y)/dy 
and is a function of the parameters Bj and Yj- 
Instead, to find this function, we invert the prob- 
lem, take fixed values of o, and seek the inverse 
function Bj = Bj(o, yj). In these circumstances 
(31) appears as a typical eigenvalue problem; the 
given boundary conditions at y=0 [Eq. (32)] and 
at infinity [s(y)-—0] require the finding of the 
value of the parameter £;, for which the equation 
has a nontrivial solution. Solving then the expres- 
sion obtained for o, we find the relationship of 
importance to us a= o( Bj; Yj) =o(E). The eigen- 
value of interest to us must, apparently, be the 
smallest, since, from its physical meaning, the 
function f)(y) cannot tend to zero anywhere ex- 
cept at infinity. But, from (30a) and the conditions 
xkj (x)/A (x) >0 and s(«) =0 it follows that 
s(y) also has no zeros in the interval (0, ~). 
These properties, by virtue of the oscillation 
theorem, are possessed only by the eigenfunction 
corresponding to the lowest eigenvalue. 

One of the most accurate and at the same time 
simplest ways of finding the lowest eigenvalue is 
the variational method. Equation (31) with the 
boundary condition (32) is equivalent to the follow- 
ing variational problem:!° 


co. 


ol A(x) : IS 2 ey RE: { ays 
\\ xk; (Xx) y) | dy | xk (x) J SY; 
—3,= min— = 
PG EG) os 
es “ hn yis” (y) dy (33) 


0 
with the additional condition that only functions 
satisfying (32) are permissible. The eigenvalue 
is obtained by this method rather accurately even 
when the variational functions are only rough ap- 
proximations to the true solution. In the problem 
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considered, however, one can also hope to obtain 
a reasonable approximation for the function (al- 
though this is not a necessity), since its quanti- 
tative behavior is very simple. Directly from (31) 
it is apparent that s(y) is a smooth function 
monotonically decreasing with increase of y. 

Evaluation of the integrals entering into (33) 
and the subsequent solution requires as a rule 
rather cumbersome expressions. Therefore we 
will utilize this method only in cases when an ac- 
curate solution cannot be found. 

We proceed now to the actual solution of (30) 
in different cases. 

I. j}=1. As already remarked above, this case 
corresponds to semiconductors with not very large 
dielectric constants (u~1). In the null approxi- 
mation with respect to a, the system (30) takes 
the following form 


ds a 


— yfo(y) =9, 
tt + tafo(y) —s (y) = 0. (34) 


The integration of these equations is carried out 
in Appendix II and leads to the following results: 


fo(u) = Ge {, (@) + oW_lexp{—4 fy, (y+), 


(35) 
pee V Bins 


4 awe 


SY) = — 75 W@W) Foy), (36) 


where 
z= Bil y-+ am (1+ fa, p= te = 7B), 


W(x) = Wp2+3,3() is the so-called Whittaker 
function. From (35) and (36) it follows that 


c (E) a 4 W4(z5)—pW _(z) V Bix 
V8: 2 ay eae, et 
W4(Zo)+pW _(z5) 
4 2 
where 2) = 2p — (37) 
— Br? 


The various limiting cases of these formulae 
are also treated in Appendix II. Here we only re- 
mark that the quantity yy}? = 6 (Ej; /E)? for the 
fields of interest to us is small, which allows for- 
mulae (35) — (37) to be greatly simplified. 

II. j=2. The case of large values of the di- 
electric permittivity. In Appendix I it is shown 
that » can be considered as large if the condition 


u pei V Qae,/m, (38) 


is satisfied, where e is the electronic charge. By 
inspection this criterion can be interpreted as fol- 
lows; the quantity » is considered large in crys- 


tals in which the binding energy of Coulombic lev- 
els me! /u7h? is smaller than the width of the re- 
gion ae; where impact ionization takes place. In 
the semiconductors of most interest — germanium 
and silicon — the binding energy of the Coulomb 
levels is about 102 ev, and the quantity qaej ~ 0.1 
ev. It is natural, therefore, to suppose that they 
belong to the case j =2. The intermediate case 
when 


w;(x) = a (x — 1) +c, (« —1)?] and ac,y~1, 


also leads to the case j = 2 by the transformation 


y’ =y + 1/2ac, and, therefore, will not detain us. 
Putting j = 2 in the original system (30) gives 


as Ao 4 a 


— Pfo(y= 9, TH Boy? + Yofo(y) — s (y) = 0. 


(39) 


It is not possible to find the general solution of 
these equations for arbitrary values of the param- 
eters. We proceed, therefore, in the following 
manner: we divide the integral of possible values 
of the field into two partially overlapping regions, 
in one of which 6, «1, and in the other y, <1. 
In the first region, which is apparently the one of 
greater interest, we find an analytical solution of 
(39), and in the second utilize the general method 
described above for determining the function o(E). 

We will start with a proof that these regions do, 
in fact, overlap, and thus the combination of the 
solutions we obtain contains the solution of the 
problem for any values of the parameters E ne 
p. To do this, we remark that the product py 25 
~ Vp62 «1, and therefore for all values GE E 
one of the quantities 8, and y2, must be small. 
The regions overlap when By ~ y2 ~ (p62)'/ < 1, 
although the margin in the latter inequality is not 
very large. The considerations given have an ob- 
vious physical significance. The energy relaxa- 
tion time due to collisions with phonons is much 
greater than the momentum relaxation time. In 
ionization collisions these times are of the same 
order. Therefore, if the ionization processes 
play an important role in establishing momentum 
equilibrium (6.2 1), then the energy relaxation 
is determined only by them (7. K 1). On the 
other hand, if phonons make a significant contri- 
bution to establishing energy equilibrium ( Yo R L)3 
then the momentum loss in ionization for time T 
is insignificantly small (B, <1). The region 
Bb, K 1 is of the greatest interest, since it corre- 
sponds to a field E < Ej, and in general this con- 
dition, as was shown above, is satisfied even by 
breakdown fields. We commence the discussion 
with this case. 

a) Bz <1. Region of comparatively weak fields. 


. 
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In the zeroth approximation with respect to Q. and 
B, (the method used, taking into account the corre- 
sponding corrections, is given in Appendix III) a 
second-order equation for fy(y) can be obtained 
from (39): 


d? fy (y)/dy® + Yodfo(y) / dy — yf,(y) = 0. 


By a series of elementary substitutions this can 
be reduced to the Whittaker equation and its solu- 
tion takes the following form: 


(40) 


fo(y) = const y—? exp {—"/oy2y} Wey, (Y?)- (41) 


Using the known behavior of the Whittaker func- 
tion, it is not difficult to discover the behavior of 
fo(y) at zero and at infinity: 

y > 1 fo(y) = const y~/O'—h exp {— 1/3 (y® + yay)}, (42) 
a 8 = Serials 4 
Y< d; fo (¥) — T(3/4 +72/16) ae wal 
ae 


With the help of the last formulae and the second of 
Eqs. (39) the quantity o(E) of interest to us can 
be determined: 


mF (43) 


ies eae cen 
=> — — == ] \ — Z ° 
o(E) 2 ' n fo(y) + bed Y2 = en Pat 
(44) 
In the limiting cases of small (y, > 1) and 
large (VY, « 1) fields we have 
2/9 = (2p/8) {E / E;)8, y2>4 
o(E) =| 2 T(/s) (3/4) te (_E \le (45) 
PC/a) ~ range) (ez): Ss 
The distribution function (41) in the latter case 
(Y2 K 1) is close to that obtained by Heller." 
b) Y2 «1. Region of very strong fields. In the 


zero approximation with respect to a, and yz, we 
must solve the following variational problem: 
co 


{ (ly-tds/dy}?-+ s*(y)}dy— s%(0)/y20 


—B,= min? = 
| y's? (y) dy 
0 
lim { dg tA AP ergy ti (46) 
y+o ly’s(y) dy J 129 


The detailed method of solution is given in Ap- 
pendix III. Here we confine ourselves to a sum- 
mary of the results. The connection between the 
quantity g =(y,o0)~%? and £2 is given in para- 
metric form by the two relationships 


5 dz (v dby(v 
Bo = g {g7di (v) — b2(v)}, go = BO. a a7) 


where 
vsin zy T3 (vy) I (4y) 


WO) ase aah uy 


vy sin mv 


ho (v) = | ae 


7s T (4v) T (v/3)T? (4v/3) T (7/8) (48) 
T (8v/3) —-T (v) F2 (2v) T (8) 


r(~)| 
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The corresponding function s(y) takes the form 


S(y) = 2°K, (2), 


2% sir 1/2 
z= oS Tr | ys, (49) 


where K,(z) is the Macdonald function. v varies 
from 7 to 3. In the limiting case when B, — 0, 

v tends to ? and the solution (49) agrees with that 
which is obtained from (41) in the limit as y, —0. 
Thus, the solutions we have obtained in fact join 
up in the region where the conditions B, «1 and 
Y2 «< 1 are simultaneously satisfied. In the other 


limiting case when v — 3, g tends to infinity. 


Thus, B. ~ g?~ (y,0)~2. In fact, for very large 
fields 

o(E) = Vd (/2)/8 E/E: (50) 
APPENDIX I 


The probability of the creation of electrons with 
momenta p, and py anda hole with momentum pz, 
due to an ionizing collision of an electron with an 
original momentum py, can always be written in 
the form 

(2x/h)|M (Po; Pir P2) |? 5 [ee (Po) — &e (Pi) — Se (P2) — a (Ps)] 
x6 [(Po — Pi — P2 — Ps)/f)- 


Hence, the following expression is obtained for the 
total ionization probability: 


W; (8) = = v8 
x \ | M(Po; Pi» Pe) |? 5 [eo — &e (P1) — &e (Pe) — en (Ps)] 


(A.1) 


vs (Po Pi — P2—Ps\ @pid¥p2d* pg 
aS 5 ( h ) (Qxh)j9 
All the conservation laws can be satisfied only 
for sufficiently large values of pp. The ionization 
threshold is determined by the condition 


33 = oy (pz) = Emin (pz) 
= min {&¢ (P1) + Se (Pe) ++ &n (Pe — Pi — Pa)}- 


The condition of a minimum in the right-hand side 
of the equality means that at the threshold Vég(Pp, ) 
= Véo(P,) = Ven(P3) =V, i.e., the speeds of all the 
final particles are equal. Close to the threshold 
the argument of the energy 6 -function can be de- 
veloped in a power series of the departure of the 
momenta from their values Py)(P)) determined 
from the minimum condition written down above. 
The coefficients of the corresponding quadratic 
form, after tr pe L Ms to principal axes, we 
will label my Ta (Dou After introducing new vari- 
ables of integration according to the formulae 


Pk — Pkm (Po) = V 2m (Po) [Se (Po) — Emin (Po)| Te 
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etc., (A.1) acquires the following form: 


2x M,(Po) Mm (Po)? (Po) 
70) Ss 
Ws (Po) = h (2r)8 (2rh)6 


[Se (Po) — Emin (Po) I? 


6 
a \ | M (Po; Pu, Pz) [8 ( — > rh) ate = 
; R==1 


v8 | M (Po) [ee (Po) ae) Emin(Po)]”- 
(A.2) 


ee m, (Po) my (Po) ma (Po) 
my (2n)?(27h)§ 


In the Born approximation M(Pppo, Py, Py) is 
simply the matrix element of the corresponding 
interaction energy. Since the momenta which are 
exchanged by the particles participating in the re- 
action are of the order Vmej, the collision param- 
eters making the principal contribution to ioniza- 
tion at the threshold are of the order f/Vm« . 

In this region the interaction potential must be of 
Coulomb order e2/r, since the polarization of 

the medium only occurs at large distances. There- 
fore 

diez he 


V me; 


2 te he 
Ye PE a ie ie Se 
h J ‘V (me,) is 


so that 


e*m F % a etm Sue 6 
Wi (Po) ~ Fs Ver” [(Vee (Ps) — ¥) (Po— PA)? = FV ( é; ) : 


(A.3) 


This expression is almost the same as the result 
obtained by Tevordt!* from an exact analysis of a 
somewhat simplified model. In deriving (A.3) we 
have neglected the difference between the slowly 
varying quantities ME (Pp) and their values at the 
ionization threshold, and have replaced all the mf 
by some mean value m. Also we took the speed of 
the final particles v as small compared with the 
speed of the primary Ve,(Do). 

When the Born approximation is inapplicable, 
the ionization cross-section for slow electrons 
differs from the Born multiplier |¥~(0, 0) |’, 
where ~(Yr,, Y2) is the wave function of the final 
state describing the motion of the two electrons 
relative to the hole.'!? When a long-range Coulomb 
interaction is present, this multiplier tends to in- 
finity as (e—e¢;)'.'4* The evaluation of the ma- 
trix element given above is then correct only in 
the region ¢—¢; 2 e4m/y*h? (criterion for applic- 
ability of the Born approximation). The dielectric 
permitivity su enters into this criterion because 


*The results of Geltman** cannot be considered as strictly 
proven, since one of the terms entering into the interaction of 
the final particles was considered as a small perturbation. More 
convincing from our point of view is the fact that the experi- 
mentally measured ionization cross section in gases close to 
the threshold depends linearly on energy. 
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the growth of |y(0, 0)| 2 ig determined by the 
long-range part of the Coulomb interaction. In the 
region of small energies 
oy em \° 
vite) M 


em Z 
wh? (Eo — €;) on Git. ( 


2 59 — €; 
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Wi (Po) ~ ak e; ) 


le, 


(A.4) 


The energies of interest to us are of the order 

€; + aej. Consequently, if p is large enough so 
that pu? aeqh?/ e‘m > 1 the Born approximation is 
applicable for them and Formula (A.3) can be used. 
In cases where p. ~ 1, the situation is completely 
analogous to that which exists in gases and the ion- 
ization cross section close to the threshold in- 
creases linearly. 
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We transform the system (34) by introducing 
new variables according to the formulae 


“f ti eoeG 1 
2= 8 fy tae (+ ae Pim end 


Xa (2) = “e 5 Lathes fo (y) + V Bis (y)| 


x exp |Z Pits (y+ a , 
“(is 


ya 1 y Lee 
x EXD [z r1Y1 (y -ii3 =) | . 


V Biy1 
2 


x (2) )fot) — VEs wh 


(A.5) 


The functions x; .(z) then satisfy the following 
equations: 

d?y2 (2) (dz? + (4¢°=E 1 — 22) 2 (2) = 0, (A.6) 
which easily lead to the Whittaker equation. The 
corresponding solutions are given by (35) — (37). 
Here we retain in the analysis some limiting 
cases. It was remarked above that in the region 
of fields of interest to us the quantity ,,y3 
=6(Ej/E)* is small compared with unity. There- 
fore we will retain only terms of the order V By Vp 
and will neglect terms of the order £,y7}. 

a) p <1. Region of large fields. In this case 
the quantity z) = 2p (4+B,y2)/(4—Byy7) is also 
small. In the zero approximation in p" the solu- 
tion has the following form: 


' oie ahs 
Fo (y) = 2 eXp — F Bat 


(A.7) 
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b) p> 1. Region of relatively small fields. 
For this case it is most convenient to start directly 
from (A.6). We transform afresh to the independ- 
ent variable y = (4p)'/3(z-—2p9) and neglect the 
small quantity p~/*y?. The functions X4,2(Y) 
then satisfy the equation 


d?y1,2(y) / dy? — (Gia V 8) X1,2(¥) = 0. (A.9) 
Consequently, 
xa2(¥) = (yEV Bi) "Ky, P/s(y-EV Bi)“, (A.10) 


lo(y) = V yKy, (?/s y') exp [— */4 Biys (y + 1/83)?] + O (81), 


s(y) = —[V yKy, C/s 9") / Ky, P/3 9) —%1/ 21 fol 9); 
(A.11) 
o(E) = —3°P (%/s) / 10 (7/5) — Yo. (A.12) 
If y, is not small, then 
orally, (75 / 12) / Ka (E712) — 1]. (A.13) 


This solution is easily obtained also from (34) 
under the condition B; « 1. 


APPENDIX III 


1. The evaulation of the corrections to the solu- 
tion of (30) for j = 2 which are proportional to fo, 


 Q@>, and a, can be performed in the following way. 


We introduce the new independent variable 


/ E 
z={2\y 1) PAGES ay) i 


h2 (x) 


0 


and then by substitution 


fo(y) = (4) exp {4 a cae 


Ol if xh (x) A(x) dz 
Parner) law a oO (A.14) 
arrive at the equation in the normal form 
d?o (2) | dz? — O/42¥ (2) + 2739 (2) = 0. (A.15) 


We develop ¥(z) ina power series of 2: 
U(z) = V(0) + Y(z) + W(z?) +.. In essence 
this series is an expansion of (z) in powers of 
@) and By: Y~ ay, WY, contains terms proportional 
to a% and £,, etc. By the transformation 


; Ape Vs 1 Ge a 
Zz = +77¥,) (z at oye ts Ap 
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Equation (A.15) leads to the previous form. We 
limit ourselves here to this preliminary treatment 
and shall not proceed to explicit expressions for 
W(z), Wy, YW, and W, in view of their cumber- 
someness. 

2. As the variational function for the problem 
formulated in Eq. (46), we will choose the function 
s(y) =2z’K,(z), where z= (gy)/2". This func- 
tion has the correct behavior at zero, s(y) —s(0) 
~ y°, and decreases monotonically with increase 
of y, i.e., it satisfies the basic qualitative require- 
ments for s(y). Also in the limiting cases of 
small (v—#) and large (v— #3) values of fp, 
it gives an accurate solution of (39) for y. = 0. 

Of the two parameters & and vp, only one is dis- 
posable by virtue of the additional condition (46). 
We will take v as the independent variable. The 
parameter & is expressed in terms of v and ao 
in the following way: 


gs — (2 / 3x0) vI? (v) sin xy, (A.16) 


The evaluation of all the integrals entering into 
(46) is most conveniently carried out using the 
known integral forms of the Macdonald functions 


K, (2) = tate exp {-;-4} dt, 
0 


\ 2"K, (z) Ky (2) dz 


9U—2 
Pa) 


wtv+v' + 4 f—v+v' + 4 
Hl 2 yP( 2 


~ D(e+ 4) 
even vd vv 
x r(! ae re oe (A.17) 
As a result, (46) is reduced to 
— Be = g min {— g° (%) + b2(%)}, (A.18) 


where the functions %,(v) and %(v) are deter- 
mined by (48). The condition for the minimum of 
this expression leads to the connection (47) be- 
tween B, and g. 
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Dispersion relations for physical amplitudes have been derived by the Bogolyubov method 
in the center-of-mass system for electron bremsstrahlung and for pair production by a 
photon in the field of a nucleon, accurate to lowest order in e. 


1. INTRODUCTION 


Ar the present time dispersion relations (d.r.) 
provide one of the most effective methods for taking 
into account effects of strong interactions. In ap- 
plication to electromagnetic processes such as the 
nucleon Compton effect, bremsstrahlung, or pair 
production by photons in the field of a nucleon, etc., 
this method, under well defined assumptions, al- 
lows information to be obtained ‘about the nucleon 
structure. It should be noted that nucleon structure 

‘has been the subject of considerable attention in 
recent years* since it has not only intrinsic inter- 
est but is also closely related to the study of limits 
of applicability of quantum electrodynamics at 
small distances. 

A theoretically rigorous study of the influence 
of nucleon structure on the processes of brems- 

_ strahlung and pair production is made possible by 
applying d.r. to the indicated processes. From 
this point of view a study of d.r. for the virtual 
Compton effect, which describes both of the above 
mentioned processes, is of certain interest. 

In this work d.r. are obtained for the virtual 
Compton effect accurate to lowest order in e by 
the Bogolyubov! method. 

The proof of d.r. for the bremsstrahlung and 
pair production processes was given by Vladimirov 
and Logunov;? in this paper attention is concen- 
trated on obtaining d.r. in a form useful for prac- 
tical applications. 

It is shown that the cross sections agree, in the 
one-nucleon approximation, with those calculated 
by lowest order perturbation theory; however, the 
d.r. method allows one to introduce rigorously 
form factors (of the type considered by Hofstadter ) 


*A detailed bibliography on the nucleon structure problem 
may be found in the review article by Blokhintsev, Barashen- 
koy, and Barbashov.’ 


into those nucleon vertices in the Feynmann graphs 


which contain a virtual photon line. This consti- 


tutes one of the serious advantages of the d.r. 
method over perturbation theory. 

The resultant d.r. may be further utilized at 
least to estimate the contribution of the one-pion 
state to the processes under consideration in the 
same way as was done for the pion photoproduction 
process.‘ 

The bremsstrahlung and pair production proc- 
esses have been previously calculated by the au- 
thors® in lowest-order perturbation theory, taking 
into account only Bethe-Heitler type diagrams into 
which Hofstadter form factors were introduced. It 
is clear that for incident particle energies up to 
~ 150 Mev, when the contribution from the meson 
cloud of the nucleon and higher order electromag- 
netic corrections are unimportant, these results 
could be used to check the validity of quantum elec- 
trodynamics at small distances, i.e., to verify the 
local nature of the interaction between the electro- 
magnetic field and the current of a charged par- 
ticle. Analogous results were also obtained by 
Bjorken et al.’ However as the energy increases 
to 500 or 600 Mev the contribution from the meson 
cloud of the nucleon should become more and more 
noticeable and the one-pion approximation may in- 
troduce significant changes in the cross sections 
for the processes under discussion. Therefore 
taking into account the one-pion state will notice- 
ably move the energy limit for the check of valid- 
ity of quantum electrodynamics at small distances, 
namely up to an electron and photon energy of the 
order of 500 —600 Mev. 

In this way it becomes possible, for example, 
to verify quantum electrodynamics down to dis- 
tances = 3 x 107'4 cm in the bremsstrahlung 
process where the incident electron has an en- 
ergy ~ 550 Mev and the emitted photon has an 
energy ~ 260 Mev. 
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2. DISPERSION RELATIONS FOR THE AMPLI- 
TUDE OF THE VIRTUAL COMPTON EFFECT 


The S-matrix element describing the brems- 
strahlung of an electron in the field of a nucleon 
has the form 


<flS|i> = <p, s; 9,93 k,¥{ S| qo; 403 Por So = 
= (2n)* <p, s|b- (q, 9) a (k, v) S6™* (do, ¢0)| Por So>, (2.1) 


where p,S (po, So) are the four-momentum and 
spin of the final (initial) nucleon, q, 0 (do, 9%) 
are the four-momentum and spin of the final (ini- 
tial) electron, k, v are the four-momentum and 
polarization of the photon, b-(q, o) and b**(qo, 9) 
are creation and annihilation operators for an elec- 
tron in the states (q,o) and (Qp, oy), and 

a (k, v) is the creation operator for a photon of 
momentum k and polarization vp; | Do, Sy> 

= (27)*/2C**(py, $9) &p is the initial nucleon state 
WEGWOIE. 
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Now following the method outlined in the paper 
by Logunov and Isaev® and assuming that the vir- 
tual Compton effect amplitude behaves asymptotic- 
ally as ~ 1/ky (where kg is the photon energy )* 
we obtain d.r. for the diagram shown in Fig. 1, 
in the Breit coordinate system and to lowest order 


in e, as follows 
fos) , , loo) ae , 
Dier= p \ Ay (ky) dk, p \ A (— &,) ak, 
vo 4 7 7 
a z le ky a é, lela. 
AY (—)da + Ap) a A® (ha + Ap) 
ate Ee ie, (2.2) 
where 


ko (Ro ate Xo) / 2, us == Oy = 0s 
1 alaalk adv 
D (ko) = [ST™ (ho, a) + ST“ (Ro, a)], 
1 re ymnadu \ 
A (Ro) = =-1ST™ (to, a) — ST (ho, a)], 


with S the A-symmetrization operator. 


*An analogous choice for the asymptotic behavior of the 
amplitude for the real Compton effect was made by Gell-Mann 
and Mathews.” 


7Z LAT EV] and) Piso : 
Aw (—ha + Ap) = (2r)8 M? + Ap? snl S >) <p, o| 7 (0) | —da 
— | 


ISA EV 
M? + p? 


se Ap, o> = ha = Ap, eli" (0) | Pos Sos 


9 2 Ap? “n 
A® (ha + Ap) = (2n)° et erelS >' dp, a| j” (0) [da 
e 


+ Ap,ipy at Ap, ply (0)| Dy, oa; 
ha =k-+(1—A)p=%—(1-+ A)p, 


A= m2/4p; 2 = — m2, ef =u (q, 9) 44 (dor %)- (2.3) 
Here a=A/A is a unit vector orthogonal to p; 
j2(0), jn(0) are the electromagnetic current 
operators; e” is the polarization vector of the 
free photon; u(q, a) is the spinor describing an 
electron in the state with momentum q and spin 
direction o. The spinors are normalized accord- 
ing to uu = 1. 

The d.r. for pair production by a photon in the 
field of a nucleon are obtained from (2.2) by the 
simple substitutions k—Kk, kK =q+qpo, and mi, 
= KR —x*. The one-nucleon terms (2.3) are evalu- 
ated at the points 


ky = +E, =2+(1 — A) p?/V M2 + p?. 


The continuous spectrum in kg begins at the points » 


k= Ey = Te2un 
+u2—2(1—A)p/2V fpr, 


with uw the pion mass. 

In order to avoid having the one-nucleon poles 
+Ep fall in the region of the continuous spectrum 
|kj| = E,, i.e., in order that Ep < Ey, it is nec- 
essary to require that p? satisfy 


(2.5) 


p> < (2Mu + p? + m:) ASS 


It is important to note that in the d.r. under study 
no unphysical region appears for momenta satisfy - 
ing the inequality 


(P| < [(2My + 92)? + (M +p)? | m2? + (2Mp + 2) 


XV (2My + oP + AMP me]/2V/ 2 (M 4 yp). 
(2.6) 


For the real Compton effect my = 0 and we get 
IP] < (2Mu + 2°) /2(M + p), 


in agreement with the results of Bogolyubov and 
Shirkov.!° The one-nucleon terms (2.3) are calcu- 
lated in the same manner as that outlined by 
Logunov and Isaev.® In the Breit coordinate system 


(2.4) 


$) 
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they take the form 
M (M? + Ap?) 
2 (2m)$(M? + p®) E” VEE, 


eta (% 2) tb 1) (e -- M) 


1 
A n se e? 


W (p, c) (Fy (x?) v7! 


x(F, (Rk?) 4" — F, (hk?) 9 * toll ou a 2) wy (po, ey 
(Oe ad SL ei aes 2) an 
2 (27)8 (M? + p?) BE” VEE,” 3) (Fy (k*) 7 


= Fy (ey EL) Gir ka 


«(Fy (2) 7! + Fy (2) gals a1) W (Poy %)- (2.7) 


Here F, and F, are nucleon form factors: F,(0) 
- '.(0)e= F tor the proton,, F,(0)=90, Fs(0)=1 
for the neutron; pi) is the anomalous magnetic mo- 
ment in units of nuclear magnetons. 

It is important to note that in the one-nucleon 
approximation, i.e., when 


, mete’ (2n)4 


<IS|i> = — ie FE oe + p— pe») 
(fim (4a) AL) (a) 
loa ae (2.8) 


(€, €9 are the electron energies in final and initial 
states ) the expression (2.8) coincides with the sum 
of the matrix elements corresponding to the dia- 
grams of Figs. 2a and 2b, in which the vertices in- 
volving the virtual photon contain Fs) and 
F,(k?) instead of the form-factor functions 

&,(K?, pm) and &,(k?, one and the vertices in- 


volving the real photon contain F,(0) and F,(0) 
instead of ,(0, Dp”) and ,(0, pe). 
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In this way use of d.r. permits one to introduce 
in a rigorous manner into the bremsstrahlung and 
pair production processes (in lowest order in e 
approximation ) the form factors depending on one 


variable which, for negative values of the argument, 


were studied by Hofstadter.!" 
3. STRUCTURE OF THE BREMSSTRAHLUNG 
AMPLITUDE 


Making use of the results of Kawaguchi and 
Mugibayashi'* we write T° in the form 


521 
(3.1) 


where {2 are scalar functions of the invariants 
constructed of po, p, k, and x, and T! are rela- 
tivistic and gauge invariant structures satisfying 
the condition 

T =+(T')* 


(9p = Po, == 39, R>—R, x— > —x). (3.2) 


The resultant twelve structures are rather un- 
wieldy (they are given explicitly in reference 13). 
In going over to the real Compton effect four of 
these structures vanish and only eight remain. 
This is in agreement with the results of Ritus.'4 
We expand T° inthe frame p+p)=0 in 
terms of twelve independent three-dimensional 
structures r}, which we choose as follows 


mr, = e-€, rz; =i &Ao-pxe, Ty =i e-Eo-pxdA, 
r, =e-p €-A, ro=t&pepo-pxaA, =i &payxe, 
r,=e-p &p, Te =a e-p EAa-pxA, Ty, he EA o-Axe, 


lf, =1t &po-pxe, yy =l e-po-rAXx€. 


(3.3) 


Tz = e-pao-px€, 


The amplitude T° may now be written as 


12 
Gc D Ly (Ro, BP?) Fes 


k=1 


(3.4) 


where L(Kp, p \eare ee functions of the vari- 
able kg and the recoil p’. The A-symmetrization 
operation S is now performed trivially due to the 
explicit dependence of the structures r, on Xd. 


4, DISPERSION RELATIONS FOR THE LORENTZ 
INVARIANT COEFFICIENTS 


As a consequence of independence of the struc- 
tures r, it is obvious that d.r. (2.2) may be writ- 
ten for each coefficient L, separately (and each 
of these coefficients shall behave in the complex 
ky -plane no worse than the amplitude We. sual 
decrease asymptotically no slower than 1/kg). 
Furthermore the symmetrization operation 8S 
will cause the structures antisymmetric in A to 
decrease no slower than kp’. 

In order to go over from d.r. for Lk to rela- 
tions for the coefficients Qj it is first necessary 
to relate Q; and Ly, and then to investigate the 
behavior of Q;(kp) in the complex plane. 

Expanding Ti in terms of the r, and utilizing 


12 : 12 
T= yy Of = > Lees 
t=] k=] 
we find 


12 
yi yeh == tp (= Ik. Ue (4.1) 


f=1 
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The system (4.1) separates and can be solved for 
Qj. 

An analysis of the coefficients Qj)(kg) shows 
that all Q; are analytic functions of ky in the 
same domain in which the function T© is analytic. 
For the coefficient Q, we write once-subtracted 
d.r. since its asymptotic behavior may be like that 
of a constant. 

Introducing the invariant variables 


r=k(p+p,); 


and utilizing the relations 


t = (»— ky? (4.2) 


Im Q; (ko) = —ImQ}(—&) G=1, 5, 6), 
Im Q; (ko) = Im'Q)(—k) (7 23-3, 4,.7,./. 12), (4.3) 


which follow from (3.2), we obtain d.r. for the func- 
tions Q;(r,t) in the frame p +p) =0 in the fol- 
lowing form 


Pie 1 
Re (r, t) = =\ (a; + wz) Im Qi", Har 
+92 (=1,5), 
Pp 1 { , 
Re Q; (7, f) = VS a7) im Qu (r’, A) dr 
Op (ia OO A, TY, 
De CI Qe (r’, t) dr’ 
Re Qs (r, t) == P| Ora + Re 25 (0), 
t 2 
Re Q,(0) = —-+ “Re Q, (0) + 1 Re 2, (0), 
2m, my, 


1 1 
r’—r r’+r 


Re Quy (r,t) == (( (4.4) 


9 


) Im Q,. (rc, ¢) dr’ 


[the lower limit on the integrals is ry = 2My + p? 
+3(tt+ m4]. The one-nucleon terms in the d.r. 
for Q, and Q,. vanish. The remaining one- 
nucleon terms may be obtained from (2.7) and are 


given explicitly in reference 13. 


5. DISPERSION RELATIONS FOR PHYSICAL 
AMPLITUDES IN THE BARYCENTRIC FRAME 


In order to obtain d.r. for the physical ampli- 
tudes in the barycentric frame we expand T° in 
terms of independent three-dimensional structures 
Pk in that frame: 

3 
et a oe 
R=1 


(5.1) 


Here Mx are physical amplitudes which depend 
on the total center of mass energy W and on 
cos 8, where @ is the angle between the direc- 
tions of the virtual and real photons. We have 


Sc (‘ZeayAM BV anid  FPa S 


ISAEV 


ps =i&ko-Kxe, po =i e-€a-kxk, — 


py = e€&, 


p, = ek Ek, pe=i &KeKO-kxXK, Py =i Ekaokxe, | 


p, =eK EK, p,=iex &k o-kxk,. Py, =t &k o-kxe, 


Pry = Lek okxe. 
(5.2) 


Pa=t EK OKXE, Pg =i OK OKXE, 


The relation between Qj(W, cos 6) and 
Mk(W, cos 6) may be obtained by expanding the 
relativistically invariant structures T! in terms 


of pk: 


12 
T! = Sbup, C= Nr ait) (5.3) 
kR=1 
By solving the system (5.3) we find the matrix 
ll ci Il = I] bik [| !. By an appropriate choice of the 
structures, namely the choice (5.2), it is possible 
to separate the system (5.3) and reduce it to two 
second order and two fourth order systems. The 
coefficients cj, are rather complicated and will 
not be given here. The final form of the d.r. for 
the physical amplitudes Mj in the barycentric 
frame is as follows: 


Re mais) 1 
Re M;(W, t, m2) =—P \ Di (pape 
M+u é 
us 
Ww? + W2— 2M? + m2 + ¢ . 
xd Cue (W’, t, m2) Im Mz (W", t, m2)+-S\ bj (W, t, m2) Q% 


k 


irene ii) 
boa stm. ai |/ a 5 ?t,2)| cn 
Re "¥ 
vie 9 f+ 2 
a) M? — ts em) 
t+ m / \) fei 9 
— EB ea(/ eS, nf) | 
where 
&S=r/r,&=1 fori+6; r =W?—M?4+4(t + n8); 
_ = for pa: Y=H=—1 fori=2,3, 46-3 
(5.4) 


In conclusion we express deep gratitude to A. A. 
Logunov for valuable discussions and constant in- 
terest in this work, and also to D. V. Shirkov and 
A. N. Tavkhelidze for useful advice. 


‘ Bogolyubov, Medvedev, and Polivanov, Bonpocpi 
TEOPMM AMCNeEPCMOHHbIX CooTHOMeHKK (Problems in the 
Theory of Dispersion Relations), Fizmatizdat, M., 
1958; 

4 Blokhintsev, Barashenkov, and Barbashov, Usp. 
Fiz. Nauk 68, 417 (1959), Soviet Phys.—Uspekhi 2, 
505 (1960). 


DISPERSION RELATIONS FOR THE VIRTUAL COMPTON EFFECT 


3V.S. Vladimirov and A. A. Logunov, Preprint, 
Joint Inst. Nuc. Res. R-260 (1958). 

“Logunov, Tavkhelidze, and Solovyev, Nuc!. 
Phys. 4, 427 (1957). 

501k BY Solovyev, Nucl. Phys. 5, 256 (1958). 

®T. S. Zlatev and P. S. Isaev, JETP 35, 309 
(1958), Soviet Phys. JETP 8, 213 (1959). Report 
at the All-Union Conference on Quantum Field 
Theory and Elementary Particles Theory (October 
2—6, 1958, Uzhgorod ). 

" Bjorken, Drell, and Frautschi, Phys. Rev. 112, 
1409 (1958). 

OA Logunov and P. 8S. Isaev, Nuovo cimento 
10, 917 (1958). 

9G. F. Chew, Ann. Conf. on High Energy Physics, 
CERN, 1958. 


523 


AON: Bogolyubov and D. V. Shirkov, Dokl. Akad. 
Nauk SSSR 118, 529 (1957), Soviet Phys.—Doklady 

''R, Hofstadter, Usp. Fiz. Nauk 13, 693 (1957). 
(Russ. transl.) [sic!]. 

5 Kawaguchi and N. Mugibayashi, Progr. 
Theoret. Phys. 8, 212 (1952). 

131 S. Zlatev and P. S. Isaev, Preprint Joint 
Inst. Nucl. Res. R-321, 1959. 

V1. Ritus, JETP 35, 1485 (1958), Soviet Phys. 
JETP 8, 923 (1959). 


Translated by A. M. Bincer 
139 


SOVIET “PHYSTCS SEP 


VOLUME 37(10), 


NUMBER 3 MARCH, 1960 


RELATIVISTIC TRANSPORT EQUATIONS FOR A PLASMA, I. 


Yu. L. KLIMONTOVICH 
Moscow State University 


Submitted to JETP editor March 27, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 735-744 (September, 1959) 


A connection is established between the definitions of the probability of a state and the dis- 
tribution functions given in the papers of various authors, based on the example of a trans - 
port equation for a charged particle in an external electromagnetic field. 

A random function which determines the number of particles in a volume element in 
phase space is introduced. The electromagnetic field strengths or the numbers of oscil- 
lators are also considered as random functions. The set of equations for these functions 
serves as the basis for deriving a chain of equations connecting the moments of the random 
functions or the corresponding distribution functions of different orders. Through an ap- 
proximation to this chain of equations we obtain a set of relativistic self-consistent equa- 
tions. We give relativistic expressions for the dispersion equations for the transverse and 
longitudinal plasma waves. A variational principle for a relativistic plasma is considered. 


The possibility of a consistent derivation of the 
relativistic transport equations for a plasma is of 
interest in connection with the increasing impor- 
tance of the theory of the high-temperature plasma. 

The most general method to obtain approximate 
transport equations in the non-relativistic approx- 
imation is Bogolyubov’s method! which is based 
upon an approximate solution of a chain of equations 
for distribution functions. 

One must also construct a chain of relativistic 
equations for distribution functions to derive the 
transport equations in the relativistic case. Dif- 
ferent forms of approximating higher distribution 
functions in terms of lower ones in such a chain 
makes it possible to obtain the appropriate trans- 
port equations: the equation with a self-consistent 
field, the Fokker-Planck equation for a relativistic 
plasma, the transport equation taking radiation into 
account, and so on. The present paper is also de- 
voted to this problem. 

The number of papers in which the relativistic 
transport equations for a plasma have been con- 
sidered is very small.?~4 

In the papers by the author? an equation was ob- 
tained for the distribution function of a system of 
charged particles in an electromagnetic field. A 
relativistic dispersion relation for the transverse 
and longitudinal waves was found in the self-con- 
sistent approximation for the distribution function 
of eight variables. We found relativistic equations 
for the quantum distribution functions for scalar 
charged particles and for electrons. A relativistic 
quantum equation with a self-consistent field was 
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considered for scalar charged particles. The nor- 
malization condition for the distribution function, 
given in reference 2, may be replaced by a simpler 
one in those cases when the rest mass of the sys- 
tem of particles under consideration remains con- 
stant. 

Belyaev and Budker® considered, for particles 
with a Coulomb interaction, a relativistic transport 
equation which was a generalization of the well- 
known Landau transport equation. On the basis of 
that equation they considered the energy and mo- 
mentum transfer problem from one gas to another. 

In Clemmow’s and Willson’s papers’ a relativis- 
tic transport equation was obtained for the basic dis- 
tribution function of seven variables F(t, q, p), 
without taking collisions into account. A relativ- 
istic dispersion equation for longitudinal plasma 
oscillations was found and studied. 

Since equations for different distribution func- 
tions are used in the papers mentioned, we first 
establish a connection between the equations and 
distribution functions used in the various papers 
by using as a simple example the transport equa- 
tion for the distribution function of the variables 
of one charged particle. 


1. RELATIVISTIC DISTRIBUTION FUNCTIONS 


When a charged particle moves in an electro- 
magnetic field the square of the four-momentum 


G = (Pia G A) = — pet 


is an integral of motion. Here Pj and Aj are 
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the four-momentum and four-potential. Using 
this expression for G we obtain the relativistic 
equation of motion for a charged particle:? 


dq; 4 OG 1 e 
- = = P; A . — ul; 
ds 2g OP; — 1Mo \ @ oe uw 


aP, 1 0G 1 0 ay i 
ase ame dq: . iiig all Cae. : : 
ds =dtV 1— 8, (1) 


We introduce a distribution function of eight 
variables f(qj, Pj), defined in such a way that 
the four vector 


Ji =Suif (9, Pi) d*P 


is the same as the particle-current four vector.? 
We can then, in the case of a constant rest mass, 
write down for the distribution function the equa- 
tion of continuity in (qj, Pj) space:? 


a ($1) om (gt) =0. (2) 


If we integrate (2) over the spatial coordinates and 
over all momentum components we get 


0 ( dq ee Oa (E20) na, hes 
sae \at fa°qdtp = 5-\ aur IP gat = 0, 


and we can therefore consider the expression 
pat deqdtP = p52?) arqasp (3) 


as the probability that the particle finds itself at 
time t in the spatial volume element d°q around 
the point q and has values of its four-momentum 
in the region d*P around the point Pj; it is nor- 
malized to unity. 

We can write (3) in a more symmetric form if 
we introduce the four-vector of the hypersurface 
element dS;. We can then write instead of (3) the 
more general expression f| (uj/c)dS;| d‘P which 
determines the probability that the world line of 
the particle intersects the hypersurface element 
dS; and that the four-momentum has a value in 
the region d*P around Pj. Such a definition was 
given in a paper by Stratonovich.* Choosing dif- 
ferent orientations of the hypersurface element 
we can obtain instead of (3) other particular 
definitions. 

The equations given above are the same as the 
ones given by Belyaev and Budker? with the only 
difference that in reference 3 the function 5 


*] express my thanks to R. L. Stratonovich for acquainting 
me with his unpublished work. 


=-VG_ was used instead of the function G. 

It is possible to define the probability for a 
state by expression (3) because Eqs. (2) are writ- 
ten for the case where the distribution function 
does not depend explicitly on a parameter charac- 
terizing the trajectory of the motion of the particle 
in four-dimension space (world line). One can 
choose the proper time as such a parameter. This 
problem will be considered in the following in more 
detail in connection with the quantum generalization 
of the results stated. 

It is in many cases convenient to use instead of 
a distribution function for the variables qj and Pj 
a distribution function for the variables qj and pj; 
= Pj —(e/c) Aj. The equations of motion take in 
that case the usual form 


Gy GS == Mpa P/M, dp, /ds = (e/ c) Fintty. 


We shall write down the corresponding equation of 
continuity in these variables. Its three-dimensional 
form is 


0 0 0 4 a 
“ t 4 ud ex {rE | = uxH]} f + (uk) 3h = 0. (4) 


Here 
y=) l—w/ ec, 


In these variables we get instead of (3) the expres- 
sion f(&/myc”) dqd4p. 

Because the mass of the particle is constant, the 
relation =p} = —mic* exists between the compo- 
nents of the four-momentum pj. This makes it 
possible to simplify (2) and (4) by integrating, for 
example, over p, and reducing them to the equa- 
tion for the distribution function of seven variables 
F (t,q, p). To do this we first clarify the meaning 
of this distribution function. 

Any element of the pseudo-sphere =p} = = mic? 
is perpendicular to the vector p;. If we denote the 
vector of the hypersurface element in qj -space by 
dS, and in p, -space by dss we have dsP? | P;- 
The probability that the world line passes through 
a hypersurface element dS; while the values of 
p, lie within the hypersurface region ds{P) will 
therefore be proportional to the scalar product 
ds,ds{P), If the vector of the hypersurface element 
dS; is in the direction of the time axis, we get for 
the probability for a state the expression 
F (q, PD, t) dqd3p, where F(q,p,t) is an invari- 
ant function of seven variables. Such a definition 
of probability was used by Clemmow and Willson? 
and in earlier papers (see Synge’s book® ). We 
shall find a connection between the functions 
f (qj, Pj) and F(q,p,t) and obtain an equation 
for F(d;p,t);, starting trom Hao"): 


é=E—e, HE OY ity: 
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Taking it into account that only states lying on 


the surface Dp} = —mic? are possible, we intro- 


duce a function F (q;, pj ) such that 
F(9;,P;) ( 


a FQ; pi)e 


6/myc*)d®qd*p 
(é — cy/ mc + p?) d*qdpdé. 
From the expressions given it follows that 


F (q, p, 4) = \ F (4, p,) (6 — cf me +p?) d&. (5) 


As a result we obtain the following equation 


a 7+ YS ele Ye [vxH]} So = 0. (6) 


This equation is the same as the one given in the 
papers by Clemmow and Willson.’ If we go over 
from the variables q, p, t tothe variables q, v, 
t, we get for the probability of finding the particle 
in a volume element of phase space the expression 


F (t, q, v) miy°d?qd*v. 


Using the distribution function F(t, q, p) we ob- 
tain expressions for the density and the current 
from the formulae 


j=e\vF(q,p, 4) dp. (7) 


We must note that in the general case the equa- 
tion for one distribution function is insufficient to 
describe relativistic processes. Indeed, when in- 
troducing the function F (qj, pj), one must take 
into account the possibility of states with negative 
energy values, i.e., put 


0 =e\F(q, Dp, t)a*p, 


Gis P) = FQ P,) "eB —¢ Vm PF) 
43(GtcV/ mer p*y|. 


We get in that case instead of one Eq. (6) a set 
of equations for two functions F* and F°: 


=e at I eck 
Me ee {E +e [vx] } 


nila RRS oq ea == ()- (8) 


The positive sign corresponds to a positive energy 
value and the minus sign to a negative one. The 
equations for F* and F differ only by the sign 
in front of the first term. We shall consider (8) 

in more detail in the following in connection with 
the derivation of transport equations that take pair 
production into account. 


*A relativistic transport equation with a self-consistent 
field for the function F(q, v, t) was also considered in A. A. 


Vlasov’s book Teopust MHorux yactTu (Many-Particle Theory), 
Gostekhizdat, 1950. 
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2. A CHAIN OF EQUATIONS FOR THE RELA- 
TIVISTIC DISTRIBUTION FUNCTIONS 


There are two possible ways of obtaining chains 
of equations for the relativistic distribution func- | 
tions. One is a direct generalization of Bogolyubov’s | 
well-known method to the relativistic case. To do 
this we must consider distribution functions both 
of the particle variables and of the coordinates 
and the momenta of the field oscillators. Some 
non-relativistic problems with such distribution 
functions were considered in references 6 — 8. 

We shall obtain the chain of equations by a 
slightly different method, based upon the use of 
a set of equations for the random function Ngp(t) 
and the electrical and magnetic field strengths, 
which are also considered as random functions. 
The function Ngp(t) is defined in such a way 
that the expression 


Napd*qd’p = SY) 8(a— q")8(p—p™) (9) 


1<1<N 


determines the number of particles at time t in 
a volume element of phase space d°qd%p around 
the point q,p. Equations for the random functions 
Ngp for systems of particles with a central force 
interaction were considered, for instance, in ref- 
erences 9—11. A set of equations for the function 
Nap and the vector ang scalar potential served in 
a paper by the author! as the starting point for 
considering the space-time correlation functions 
for a system of charged particles with an electro- 
magnetic interaction. We shall use the results of 
that paper to a large extent in this section. 

If we can forget about states with a negative 
energy, the equation for the function Ngp(t ) is 
formally the same as (6): 


ON 
| eyE + | [vx] 8? = 0. (9’) 


In order that the set of equations be complete, we 
must still add the equations for the electromagnetic 
field 


1 OE 5 , 
curlH = ee + 4xe \ VN apa" p, divH = 0, 
curlE=—4+  divE=4ne{{Nasd?p — no}. (10) 


The set (9) and (10) is also a closed set of relativ- 
istic equations for the random functions Ngp> E, 
and H, which describe different states of the 
plasma electrons and the electric and magnetic 
field strengths. In the following we assume that 
the role of the positively charged ions is reduced 
to the role of a background which compensates the 
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charge of the electrons. One can consider the more 
general case in a similar manner. 

If we take states with a negative energy into ac- 
count we must introduce two random functions 
Ngp (t ), the equations for which are formally the 
same as (8). In a corresponding fashion the ex- 
pressions for the density and the current on the 
right-hand sides of (10) are also changed. 

As an initial set of equations we can use the 
equation for the random function of eight variables 
qj, pj, defining it in such a way that the expression 


4 \) 1 
No, oftd'qd'p = >) = 3(q—)3(p, — p) yd°qd*p 


1</<N 

(11) 
determines the number of particles whose world 
lines intersect an element of hypersurface oriented 
along the time axis while their momenta lie in the 
region d‘p around the point pj. 

We can write expression (11) in the explicit 

relativistically-invariant form proposed by Stra- 
tonovich: 


Nai = Sy 8(g, —4$9 (8) 8 (p, — pi (s1)) ds. 


1I<I<N 


Taking into account that ds = dt/y and performing 
an integration in this expression, we get Eq. (11). 

The equation of motion for the functions Ng;P; 
has the following form in the variables qj, Pj 


(0G / AP.) ONq,», | 09, — (OG / 0q,) ONq,p,/ OP: = 0, 


and in the variables qj, pj 


0 0 
Uz 0g; Nop; = Fille Op, Ng:p; =0. (12) 
Together with the equations 
OF x. / Odn = Arc | ui;Ngp,d*p, 
OF eR / 0q, =e OF 41 / 09; ate OF 1;/ 09, — 0 (13) 


(12) forms a closed set of equations for the random 
function Ngjp; and the tensor Fjk whose compo- 
nents are also considered to be random functions. 

Using the set (9) and (10) [or (12) and (13)] we 
can obtain a chain of equations for the moments of 
the random functions or for the corresponding dis - 
tribution functions. This problem has been con- 
sidered before!” for a non-relativistic plasma. 
There we obtained expressions for the space-time 
correlation functions of the charge and current 
density, and for the values of the vector and scalar 
potentials. Using (9) and (10) we can obtain simi- 
lar results for a relativistic plasma. 

We shall consider a more general approach, 
which enables us to take directly into account the 
thermal motion of the electromagnetic field. We 
determine the state of the system by giving the 
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coordinates and momenta of the particles Qi >---sQN, 
Pj ;---,Pyy and the coordinates and momenta of the 
oscillators of the transverse electromagnetic field 
QR and Pi (j = 1,2). 

K he equations of motion for these quantities 
can be written in the following form in the Coulomb 
gauge! 


qe vOu pes | oO D3 ®(jq — q]) 
1<l<y 
= a Hines ~ [vx curl Aj; (14) 
ae = Pe 
BY =— okQL FeV RIV DY (vay etka’. (15) 


1<l<N 


§ 
In those equations a, is a unit vector in the direc- 


tion of the component of a vector-potential with 
wave vector k. Then 


A= V 4nc?/V >} a, (Qh? sin kq + Qcos kq), -O(@) =e) a. 
k 
The connection between the velocity and the momen- 
tum of a particle is of the form v = yp/m). 
Together with the random functions Ngp(t) we 
introduce another random function defined in such 
a way that the expression 


N om pnd Qe aPy? (or more briefly, No, Pd QeaPY”) 
Ker alk 


is the number of oscillators of the transverse elec- 
tromagnetic field with wave vector k whose coor- 
dinates and momenta lie at the time t in the re- 
gion dQy dP? around the point QyP 2. 

We can write down the equations ie = random 
functions introduced in this way, using the equations 
of motion (14) and (15) 


aN aN Pe 6 
He + ve? — 5) (1a —4'|) Nowa’ 
e aA Nig p@) [Nap py 
+ £\(—G + lvxcurl Al) No,p,dQedP? # = 0; 
(16) 
(6) 4 (/) 
a7 NOuPa 3 (PP 55 aQy) Nar, — oR Qk oH pp Neer) 
i 
_ ie sin 44! da’d pela =) 
4 € Riz (Vv Ak) cog q Nqp’ gq ap ap) Qe a 
(17) 


We must take into account in the first equation that 


(sin 


A= V 4ne?/ Bey 1 eek 


One can use the set of relativistic equations (16) 
and (17) to obtain a chain of equations both for 
single-time and for many-time distribution functions. 

We shall take into consideration the connection 
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between the distribution functions and the moments 
of the random functions 


Nap (t) Nq'p (1) =V°N (N — 1) falas ps a’, PY 4) 
--(N/V)8(q—q’)é 
Nap (t) Narp’ (4) Nara" (2) 


(Ppp jit p> 2)s 


— 2)fs(q, p,q’, Pp, 4’. BP’, #) 


+V?N(N — 1) {8(q—q’)8(p —P’) fe(a, p, a", p”, £) 
+ 8(q—q")3(p —p’) fo (4, P, Vs PY #) 
+ 8(q’ — q”) 8 (p’ —p") f2(q, P, 9’, BP’, £)} 
(NPV) 8(q—q’) o(p—p) 
x6 (q — q")5(p—p") fi (G, PB, 2), 
Nap (t) Na‘p’ (t) Nay, (4) 
=V°N (N — 1) 34, P, 9's Ps Qs Py 4) 
+ (N/V)8(q—q’)8(p —p’) Pa (a, P, Qs Py, 2). 


In these equations f;, f,, and f; are the first, sec- 


ond, and third distribution functions of the electrons, 


normalized in such a way that V-Sffgdqdp = 1, and 
@, and #3 are the second and third compound dis - 
tribution functions for the electrons and the oscil- 
lators of the electromagnetic field. Using the ex- 
pressions that follow from (16) and (17) we get, 
after averaging, the following equations for the 
first distribution functions for the electrons and 
for the oscillators. f,(q, p, t), F,(Q,, Pe t) 


pee v Se — 2 2 \ @ (lq —a'l) gm fad’ 
fe A\(-9 + [vx curl Al) 
x s Do (q. p, QM, PM, dQMaP\ == 0, (18) 
= . [Pe on = oi Qe! at 
iten// ee 7 \ (Vv a kq’ = — ap”: sq’ dp’ =0. (19) 


The single-time second distribution functions f, 
and #, for which we can obtain equations by simi- 
lar means, enter into these equations, only the 
single-time third distribution functions enter in 
the equations for the second distribution functions, 
and so on. 

The initial set (16) and (17) can be written in 
relativistically invariant form if we use instead 
of the equation for Ngp(t) the equation for the 
function Ngipi and the corresponding relativistic - 
ally invariant equation for the function that deter- 
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mines the number of field oscillators. 

The chain of equations deduced here can be ob- 
tained from the equation for the distribution func- 
tion for the coordinates and momenta of all par- 
ticles and field oscillators at one and the same 
time 


TA Qietent 


The equation for this distribution function is of the 
following form 


Ot pp Biattae 


»Wayp> Pir: +--+» Dayy-- +> 


of ca ede 
Rie aie 


1I</<N 
ape yall 
Cc at 


(i) (i) _ Of 
ae [Pe Bee OKQK Po) 


kf 


Gn 1 sin of 
Ae Ey (2) OQ = (0). 
eV V ma (vax) cos kq api) 
kfl 


of Ss) (2) — g(@ 
aq) = ek {— dq sq? (9 q l) 
1<l<N 


of 
ap) 


[voxcurla] || 
d} 


(20) 
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TIVISTIC PLASMA 


oo 


It is well known that the action function for a 
system of charged particles and the electromag- 
netic field can be written, for instance, in the 
form!4 ; 


S= 5) {— Mol \ V =u? ds) + -\ Aju\oaste 


1</l<N 


aes =e \ Fenda. 


= 
Using the function Ng.p, and taking into account 
that ds = dt/y and dq, = icdt we can write this 
expression in the form 


S= a\\— MgC = Tig ae <Aaus\ Nojp qd p 


an eae Mi (21) 


Using the latter expression we determine the 
equations of motion in the following way 


e 
P; Ou; oN, Pe C A;, 
. 0 3s 
Js dg, oN = % Cs) 


Taking into account that 
dA,/ ds = u,0A; /0q,, 
0 (Ajtte) / Og, = U,0A; / 0g, + Fite, 


we get the equations of motion in the usual form 
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modu; /ds = (e/C) F ip. 


The equations for the field are obtained as usual 
by varying the vector potential and are the same 
as (13), while the equation for the function Ng.p; 
itself, which follows from the equations of motion 
is the same as (12). 

We shall average expression (21) for the action 
function over the whole system; such an average 
will be denoted by a superior bar. This average 
value of the action function is determined not only 
by the average values Ng.p,, Aj, Fix, but also 
by the values of the correlation functions of the 
field and particle variables and of the field fluctua- 
tions. We shall introduce the deviations from the 
average values ONgip; and 6Fj,. We have then 


A:Najr; = AiN g,p; + SAN G0, F?, = Fi, + 8F%. 

If we neglect the correlation functions 0A{ONg;p; 
and the field fluctuations, the expression for S 
takes the form 
Sian \(- MC Vw + — Ayui\N aid'qd*p 


‘ic 
pr ra higgs 43 
ser ra a 


This relation can be used to derive the relativistic 
equations for the particle distribution function 
Ng;p; and the components of the tensor Fik with 
a self-consistent field (without taking correlation 
into account ). 

If we introduce instead of the function Najp; 
the random function Ngp(t), the average value of 
which is the normal distribution function of seven 
variables q, p, and t, we are led to the following 
expression for S after integrating over the energy 


Se \{- get <- Aju; } N gpd?qd? pds + rece \ F,d4q. 


In the non-relativistic approximation this expres- 
sion takes the form 


oe \> + = Av—egl Nqpd*qd°pdt 


v=+. 
m 


ke \ (E? — H2) dqdt, 
If we average the last expression, neglecting cor- 
relation and field fluctuations, we get an approxi- 
mate expression for the average value of the action 
function 


S= Nes + — Av — eg N qpd?qa? pdt 


ns s-\ (E? — H?) d°qdt. 
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This equation is the same as the expression for the 
action function used in Low’s work. 


4. RELATIVISTIC EQUATIONS WITH A SELF- 
CONSISTENT FIELD 


In the present section we consider the relativ- 
istic transport equation in the self-consistent field 
approximation. 

We first consider the set (9) and (10). We intro- 
duce functions that characterize the deviations of 
the random functions from their average values 
ONgp; 6E, and 6H, and express the second mo- 
ments of the random functions in terms of the 
central moments; for instance, 


ENgp = E Nop -+ 5EoNap- 


If we break off the chain of equations right at the 
beginning by neglecting the second central moments 
we obtain a set of relativistic self-consistent equa- 
tions 


ON, on. eae oe —\ ON 
ye Lv Bae e(E Loe IVS H}) Sona =0, p=mvx; 
curl H = oe ve 4ne\vNapd°p, div H = 0; 
= 1 OH 3 — 
curlE=—+  divE = 4re {\ Naod®p —n} . (22) 


This set of equations differs only by the relativ- 
istic dependence of the momentum on the velocity 
from the classical set of self-consistent field 
equations for a plasma, first considered by Vlasov. 

We give here expressions for the dispersion re- 
lations for transverse and longitudinal plasma 
waves obtained under the assumption that the dis- 
tribution function Ngp(t) =nf;,(q, p,t) differs 
little from the stationary uniform distribution for 
which we must take in this case the relativistic 
Maxwell distribution 


Np = Aexp {—cV mc? + p®/xT}. 


16 


The relativistic dispersion relations have the 
following form 


4reo (74,)"N 
Sere (w2— c®h?) \ 


| 


for transverse oscillations and 


1 = 


xTo 


4ne2 \ (14), a 

© — YU,k 
for longitudinal oscillations. The last expression 
is the same as the dispersion relation given by 


Clemmow and Willson.‘ 
The set of self-consistent equations for the dis- 
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tribution function Nap; has the following form 


0 
u iON gp, | 09: += — Fp Up — We Nae = 0, 


OF x / Ode = oe u:Nq,p,4'p, 


OF x / Ogi + OF et / Og: + OF 1: / Ogre = 0. 


The relativistically invariant dispersion relations 
had been obtained earlier.” 

By averaging (16) and (17) or by using the first 
equations of the chain for the distribution functions 
[Eqs. (18) and (19)] we can obtain a more general 
set of self-consistent equations for the distribution 
functions of the electrons and the field oscillators, 
taking the thermal motion of the electromagnetic 
field into account. This set of equations has the 
following form: 


- an 0 
nag) OG \® 


_ + [vxcurlA] ) 


, , Ohi 
(|q—4'|) fida’dp’ $2 


Fy (QPL) dQ aPy? “s =.0, 


a + DP 


paOr 
VE sie aa kq’f,dq’dp eo = 0 


PY’ a f) OF 7) 
wx ee eee 


In forthcoming parts of the present paper we 
shall consider more accurate transport equations 
and equations for the correlation functions. 

I use this opportunity to express my deep grati- 
tude to Academician N. N. Bogolyubov for a discus- 
sion of the problems touched upon in the present 
paper. 
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Dynamic Theory in Statistical Physics Ne 
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ROTATION OF THE PLANE OF POLARIZATION OF ELASTIC WAVES IN MAGNETICALLY 
POLARIZED MAGNETOELASTIC MEDIA | 
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Institute for the Physics of Metals, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor March 28, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 745-749 (September, 1959) 


Some peculiarities of the propagation of magnetoelastic waves in magnetically polarized 
media are studied; the medium considered is one with uniaxial symmetry. It is shown that 
a magnetoelastic wave propagated along the axis of symmetry consists of three waves: a 
longitudinal wave and two circularly polarized waves, whose speeds of propagation are dif- 
ferent and are determined by the magnetic state of the medium — the magnitude of the mag- 
netization or of the polarization field. The last circumstance should lead to rotation of the 
plane of polarization of linearly polarized elastic waves. The treatment is based on phe- 
nomenological “equations of state” that describe the dynamic properties of magnetoelastic 
media. Some remarks are made regarding the physical meaning of the constants that de- 
termine the rotation of the plane of polarization in certain specific types of magnetoelastic 
media; and an estimate is made of the frequencies at which an appreciable effect is to be 


expected. 
is The elastic, magnetic, and magnetoelastic prop- the inverse magnetic susceptibilities, and the ex- 
erties of a magnetoelastic medium in the dynamic change-interaction constants. 
range can be described by equations of the form! By way of illustration we consider a homoge- 
a: neous magnetoelastic medium with uniaxial sym- 
oo olla Our ae eS } =. eae is os metry. Let the medium furthermore be magnetic- 
ij ikl Ax, + ij, n tikl Ox, Hinges? : 3 : ; 
’ ally polarized: that is, let it be subject to a constant, 
a, a he) / homogeneous polarizing magnetic field Ho, or let 
Hm + Amnpa Ox,0x, ( m, kl Ox, Tan! a } it possess a constant, homogeneous polarization 
: magnetization Jj. We shall also suppose that the 
mee a se fea (1) polarization magnetization or the polarizing field 
m, : ‘ 5 A 
is is directed along the axis of symmetry, the x3 
where Hm, Jpn, and ux are the components of axis. We assume in addition that J «< Jy and 
the vector magnetic field intensity, the vector mag- H <« Hp. 
netization, and the vector displacement at points of In this case it can be shown! that the tensor 
the elastic medium, and where the Fs are the constants that appear in (1) have the form 
components of a certain tensor related to the elas- Kaiten ta 
. 1 "12 
tic stresses; ijk) hijn =hn,ij, Ymn» 29d amnpg aii: i 
are components of the tensors formed, respectively, Vie Th ; (2) 
by the elastic moduli, the magnetostrictive constants, Nomis Ua 
dane dis dii33 0 0 0 iii dria 
aes Gini diya 0 9 0 0 = 49) —4nye 
Cass aes ; gee 0 0 0 0 3519 — Isai 
0 0 0 dog03 ds 359 Ay351 doa13 0 0 
0 0 0 ae A 3939 559) do531 0 0 (3) 
0 0 0 Oat — A555) ds050 5530 0 0 
0 0 UN dies -_ dossy dos59 dos03 0 0 
— iis Hos 1¥ ie 0 0 0 0 dior 1221 
eed hand d. 0 Ow =O Ort sade d. 
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Ayo = ivy — Qii30 — 


0 0 0 Ayog Myo Myst Mas 0 0 
0 0 0 Nias Mat — M192 — “1,23 0 0 ’ 
As at hg iy Ns 33 0 0 0 0 As yp Sie Ns yo 


, , / ; F ; ; 2 

Ay3 = ho», =h3i1, hg33,3 = hs,33 5 hs, = hgp,2 — hy 31 ’ 
" o Zl 

hyg.y = — Ay3,2 = — M128 » 


” ” o 
hy,3 = — fyy,3 a aaa hg,12 C (4) 


As. = Mo3,2 = Ay,13 » 


hey = — hg. = — Ay, 32 5 


We remark that such a simultaneous entry, ina 
single table, of the single-primed and double- 
primed components of the tensor constants be- 
came possible by virtue of the fact that in this 
work we did not take account of those tensor com- 
ponents (double-primed) that describe energy ab- 
sorption. The nature of the dependence of the com- 
ponents of the tensor constants on the polarizing 
field or magnetization was discussed earlier.! 

As is easily seen, the “stress” tensor Oi; is 
unsymmetrical and differs from the stress tensor 
that appears in the equation of motion of elasticity 
theory, 

pul; = 05;; /0X;, (5) 


the latter, by definition (as the momentum flow 
tensor, taken with reversed sign), must be sym- 
metric. An expression for the tensor Gjj can be 
obtained by symmetrizing the tensor Oi}, ines, 

by separating it into symmetric and antisymmetric 
terms 


8 = Ye(sit on), Ti =e (siz). (6) 


The second term determines the force couple that 
acts on unit volume. This couple is always equili- 
brated by some other couple that acts on unit vol- 
ume; its nature can vary. In anisotropic media it 
can be, for example, a couple produced by the non- 
coincidence of the orientations of the vector mag- 
netic field intensity and of the magnetization (for 
a more detailed discussion of this question, see 
references 2 and 3). 

It appears that the following additional condi- 


tions* must still be imposed on the constants di jit? 


dijni + distr == aie se disk (7) 


2. We now consider the specific problem of the 
propagation of plane magnetoelastic waves along 
the direction of the symmetry axis. Hereafter we 
shall neglect displacement currents and conduction 
currents. Therefore in the joint solution of the 
equations of elasticity (5) and the equations of 
electrodynamics, we shall need only the following 
two of Maxwell’s equations: 


ecurlH=0, divB=0. 
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Furthermore we shall suppose that all variable 
quantities vary as exp [i(wt—kx3)]; and we shall 
also assume that the exchange interaction, for a 
medium with uniaxial symmetry, is described by 
just two independent tensor components amnpq 
(a, and a,). Asa result we get the following two 
independent systems of homogeneous equations: 


w*pulg = p (C9)? R°Us + ihggkd 3, 

— 4nJs = — ihggktls + (Yq + Ak”) Ja; (8) 
wou, = p (C9)? ku, — iwBkiu, + ihygkd) — oh’ kde, 
wll, = twBR uy + 9 (c%)*k* us + oh) Ry + ih RJ 2, 
0, =: =i (By, — Aig) thy co (Bei Pua) tb 

+ (tu + ak) Sy + torial, 
0 = — 0 (yy + Ais) kits — i (Pag — fis) Rts 

— iwtid: + (mn + ak?) Jo, (9) 
Here the following symbols have been introduced: 
cf = [(dogos + doses) / 2p], cf = (dessa / 9)", 
B= 43 — Ci5= '/3 (dass + daao1 )s 
Iys = “V2 (Mast fier), his = ns — Mass 


i one ; 
i aH (Ay,23 + Arse )s 


lise = hg,33 ’ 


hia = Mi,25 — hus (10) 

The system of homogeneous equations (8) deter- 
mines the propagation of a longitudinal magneto- 
elastic wave. For the speed of propagation of this 
wave, C]= w/k, we get the expression 


cr = CL[1 —his/p (C1)? (Yan + Gek?-+-4x)]%% (11) 


On setting the determinant of the system of ho- 
mogeneous equations (9) equal to zero, we get a 
characteristic equation of the sixth degree in w; 
it separates into the two equations 


por —o(c2)*k? =F BR? +R? (yy -F ak? =F O42) (Ais = hu) 


XL (Mis — his)=F © (Iya + hus)] = 9, (12) 
We shall henceforth neglect the term ayke = thus 
is permissible when a,k? « | yj, # wy%|. Then it 
is easy to find two positive roots k, and k_ of 
Eq. (12). To these there will correspond two trans- 
verse magnetoelastic waves that are circularly po- 
larized: that is, u,;/ug=*i and J,/J. =i. Since 
the speeds of propagation of these waves are differ- 
ent, this should lead to rotation of the plane of po- 
larization of a linearly polarized elastic wave. 


The angle through which the plane of polarization 


rotates upon propagation of a linearly polarized 
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ROTATION OF THE PLANE OF POLARIZATION OF ELASTIC WAVES 


elastic wave through unit distanceis y = (k,—k_)/2, 
or 

gi B 4 ia [15 (Ay4 + hi) ae her (Fis = his)] 

2p (c}) Tiree 


yr Moe Us (has = Hyg) + O%yy iy + hGH | 
hi 1 (@/ oo}? fi 


Ga 


(13) 


where kj, =1/y;, is the susceptibility measured 
in a direction perpendicular to the symmetry axis, 
and Wy = Yi,/Yi2 is the magnetic resonance fre- 
quency. Here it has been assumed that the expres- 
sion in curly brackets, multiplied by w/p ten, is 
small in comparison with unity. 

3. We shall now discuss the results obtained. 
As is evident from relation (11), the speed of prop- 
agation of a longitudinal magnetoelastic wave along 
the symmetry axis in a magnetically polarized me- 
dium is dependent not only on the elastic constants 
but also on the magnetic state of the medium. In 
connection with this we recall that in ferromag- 
netics both h33 and y33 depend appreciably on the 
magnetization. Formally this phenomenon can be 
described by introducing an elastic-modulus tensor 
apie measured at constant field. For quasistation- 


ary processes, a definite relation’ holds between the 


tensor component dvi = di iki measured at con- 
stant magnetization and the tensor component 

dis measured at constant field; in our case this 
takes the form 


ea) ee =]— hiss / eens 33 ° 


In the dynamic range, as is evident from (11), two 
additional terms ak? and 47 must be added to 
33. This may be one of the reasons for the differ- 
ences between the values of elastic moduli obtained 
experimentally in measurements made in the quasi- 
stationary and in the dynamic ranges. We recall 
that in the case of ferromagnets, the dependence 

of the elastic moduli on magnetic state bears the 
name AE -effect.” 

As is evident from (13), the rotation of the plane 
of polarization is determined by several constants. 
Their physical meaning for specific types of me- 
dium can be established on the basis of a micro- 
scopic theory of the kinetic processes that occur 
in a specific magnetoelastic medium. We consider 
several types of medium. 

The role of the constant B was considered 
earlier,°® and it has been shown! that in metals 
the constant cj, that appears in B may be de- 
pendent on the effect of the polarizing magnetic 
field on the electron distribution function, as per- 
turbed by the elastic wave. A specific calculation’ 
of the constant c{,;, carried out within the frame- 
work of the free-electron model, gives, in particu- 
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lar, for low frequencies (kl « 1) or for strong 
polarizing fields (wet > kl), the relation 

Cas = — Sg = — Cag We, (14) 


where We = eH, /cm; Gy Tel; ay eavel ede tad— 
spectively, the charge, mass, collision time, and 
free path length of an electron; cq, = ik nmlvo x 

(1 es foo is the imaginary part of the complex 
elastic-modulus tensor and determines the losses 
caused by transfer of the energy of the elastic wave 
to the conduction electrons;® vy is the speed of 
electrons at the Fermi surface. Calculation shows 
that appreciable rotation of the plane of polariza- 
tion (through angles g of the order of a few de- 
grees or more ina field Hy ~ 10° oe) may be ex- 
pected in pure metals at low temperatures at fre- 
quencies of the order of tens of megacycles/sec.' 

Concerning the constants that appear in the sub- 
sequent terms in the curly brackets in (13), it is 
possible to draw some conclusions from relations 
(1) and (6). The constant hy. determines the torque 
that acts on an anisotropic body because of nonco- 
incidence of the directions of the vector magneti- 
zation and of the vector magnetic field intensity, 
or the field that must be applied in order to keep 
the magnetization unchanged upon rotation of the 
volume element. The value of this constant is de- 
termined by the magnetocrystalline anisotropy con- 
stant. In magnetically uniaxial ferromagnetics, the 
constant hj; and the magnetostrictive constant hy; 
(which depends on the magnetostriction constants ) 
are in order of magnitude approximately the same 
and equal to 104 oe. The constant hjj’ describes 
gyromagnetic effects, and the constant hj, is 
apparently related to possible anisotropy of the 
gyromagnetic effects. The value of the constant 
hij’ is determined by the gyromagnetic ratio and 
is of order of magnitude 107‘ oe sec. In uniaxial 
ferromagnetics, the ferromagnetic resonance fre- 
quency iS Wy ~ 10° sec’!. 

Thus in ferromagnetics, the second and third 
terms in curly brackets in (13) can provide an 
appreciable amount of rotation of the plane of 
polarization at elastic-wave frequencies of order 
10° Seos-s 

We emphasize that the different constants ap- 
pearing in (13) have different types of temperature 
dependence. 

We remark also that in the works of Akhiezer 
et al.? and of Kittel,!° only one possible cause of 
rotation of the plane of polarization was taken into 
account — namely, the magnetostrictive constant 
hy;. The expression derived by Kittel for the ro- 
tation of the plane of polarization (which is cor- 
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rect for frequencies w > wy) can be obtained from 
formula (13) by setting B, hy{’, hj, and hjs 


equal to zero. 
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Resonance scattering of y quanta from Mg’4 nuclei, with excitation of the first two levels 
at 1.37 and 4.23 Mev has been investigated. Analysis of the correlation formula enables 
one to draw conclusions concerning the character of the excitation of the nucleus. 


1. Until recently the problem of resonance scat- 
tering of y quanta by nuclei was not amenable to 
experimental investigation because of the fact that 
usually A =hv;—hv, >I, where vy; and v, are 
the frequencies of the absorbed and emitted quanta, 
and I is the natural width of the excited level. As 
a result, the emission line hv, and the absorption 
line hy; hardly overlap, thus making it difficult to 
establish the occurrence of the resonance scatter - 
ing. However this difficulty has now been essen- 
tially overcome, and there are many papers de- 
voted to resonance scattering by various nuclei.!~ 

The reason for the interest in this phenomenon 
is that by studying it one can not only determine 
some of the quantum numbers of excited nuclear 
states, but one can also decide whether the excita- 
tion occurs via a collective or a single-particle 
mechanism, since in many cases, as we shall show 
later, the expressions for the correlation function 
depend essentially on the assumed nuclear model. 

2. The present paper gives a theoretical treat- 
ment of resonance scattering of y quanta by Meg?4, 
with excitation of the 2* levels at 1.37 and 4.23 
Mev (ef. Fig. 1). 


4 


2* 423 Mev 


2* 137 Mev FIG. 1 
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Metzger? and Burgov and Terekhov® used the 
method of resonance scattering to determine ex- 
perimentally the width of the 2* level at 1.37 Mev. 
Metzger gives a lower limit of I, > 1.6 x 10-4 ev, 
while reference 3 gives a definite value of Ty = 3.8 
x 107* ev. Assuming that the Mg”* nucleus is highly 
deformed,°”* the 2* level at 1.37 Mev can be treated 
either as a collective (rotational) level with angu- 
lar momentum I= 2 and projection on the nuclear 


symmetry axis K=0, or asa single-particle level 
resulting from the perturbed motion of a single par- 
ticle in the field of the deformed nucleus. For a 
collective level, the reduced probability of transi- 
tion from the excited state to the ground state is" 


B = © (ZeBR3/ 4n)2, (1) 


where Ry is the equilibrium radius of the sphere, 
and £ is the equilibrium value of the nuclear de- 
formation parameter. Formula (1) is usually used 
for determining the parameter B from the ob- 
served value of B. Setting the radius Ry = 1.45A'/3 
x 107!3 em, one finds for Mg*4 the value B = 0.45. 

For the case of single-particle excitation, the 
expression for the transition probability to the 
ground state was given by Nilsson.® It is obvious 
that in Mg?‘ the transition from the 2* level at 
1.37 Mev to the ground state occurs mainly by 
emission of E2 quanta. The corresponding level 
width is® 

T = (4n/75h) (w/c)® B(E2), (2) 


B (E2) = (5e /V4n)"| >) >) ) An, a-cA 1,00 89,0” 
hi Ia: 6, 


x But, 
V (26 + 1) (22-41) 


X (21,00 | 2,150) (21,0 & — o | 2b1,Q — 2) |?. (3) 


Here J, and l, are the orbital angular momenta 
of the nucleon in the ground and excited states, 
having the values 0 and 2 (N=2 shell); Q is the 
projection of the angular momentum of the nucleon 
on the nuclear symmetry axis; o is the spin: 

AL ,Q-o and Al,,Q'-o are the diagonalization co- 
efficients corresponding to the single-particle 
functions in the ground and first excited states;® 


But, =a \ Rot, Ro1,r4dr, (4) 


where Roz, and Ryj, are oscillator wave functions 
for the nucleon, which depend only on the parameter 
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rg which determines the level spacing correspond- 
ing to the spherical oscillator potential 


hw = h?/ 2Mpr?. (5) 


The expression for B(E2) depends on the param- 
eters 6=£/0.95 and ro. 

The nucleons in the N =2 shell can be in states 
with Q=+'4, +%, and +; there are three dif- 
ferent states for 2 =+'%%, two for Q= +¥,, and 
one for Q = +f, . The spacing of the levels depends 
on the value of hw and the deformation parameter 
6. If we require that the level spacing agree with 
experiment, we can determine the parameter 6 
from the Nilsson model. In the Mg"4 nucleus the 
+ and +% levels are filled if 6 > 0, while the 
+% and +% levels are filled if 6< 0. The se- 
lection rules permit only ¥%—'% and *%4—% 
transitions in Mg**. For the values of the param- 
eter 6 we get 6=+0.2 fromthe %—'¥, tran- 
sition, and 6=0 from the %— % transition, 
setting ro =1.9 x 107!% cm in (5). 


§ 


| 
1047 nevi 10.’ , ev 
theor exp 
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The values of the width of the excited level at 
1.37 Mev are given in the table. We see that the 
value 6 =-—0.2 must be discarded, since the re- 
sulting level width contradicts the experimental 
value. The theoretical value of the width for 6 
= 0.2 is considerably greater than the experimental 
value. But if we take a somewhat greater value for 
6, say 0.3, the theoretical value of the width I is 
much closer to experiment. Of course, the excita- 
tion energy is then different from the experimental 
value, but not very much, since with 6 =0.3 we 
get 1.72 Mev for the excitation energy. Unfortu- 
nately, in Nilsson’s paper the diagonalization co- 
efficients are tabulated only up to 6=0.3. Itis 
to be expected that fer a somewhat greater value 
of 6 the agreement with experiment will be more 
satisfactory with respect to both the width of the 
level and the value of the energy of excitation. As 
for the width of the excited level found from the 
collective model, nothing definite can be said since 
no satisfactory way has yet been found for deter- 
mining the deformation parameter 8 independently 
of formula (1). 

The angular distribution of the scattered vy 
quanta is 


I (8) = I (0) {1 —3cos? 9 + 2 cos* 6}. (6) 
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As was to be expected, the angular distribution does 
not depend on the model, since we are dealing with 
apure E2 transition. 

3. We can get a different result concerning the 
dependence of the angular distribution on the nu- 
clear model if we consider the resonance scatter- 
ing of y quanta by Mg*‘ with excitation of the 
second 2* level at 4.23 Mev. Actually y transi- 
tions can occur from this level to the ground state 
as well as to the first excited 2* level. For the 
transition to the ground state, the angular distribu- 
tion of the y quanta will not depend on the model 
since this transition is pure E2. For the transi- 
tion to the first 2* level, both E2 and M1 transi- 
tions are possible. If the probabilities of these 
transitions are of the same order of magnitude, 
then because of the interference term the correla- 
tion function will now depend essentially on the 
assumed nuclear model, and a comparison with 
experiment wil! enable us to determine the validity 
of the models. One must keep in mind that the 
probabilities of E2 transitions to the ground state 
and first excited state should be of the same order 
of magnitude. Of course the nucleus in the first 
excited state later makes a transition to the ground 
state, but this can give nothing new concerning the 
dependence of the angular distribution on the as- 
sumed nuclear model, since this transition is a 
pure E2. For this reason we shall in what follows 
regard the first excited state as the final state. To 
obtain the correlation between the quanta absorbed 
and emitted in the transition 2—1, we shall start 
from the two models: collective and single-particle. 
However before doing this we must check whether 
the conditions 


W [E2 (2 1)])~W [F2(2—0)], 

W [M1 (2->1)])~ W [£2 (2 1)], 
are satisfied, where the numbers 0, 1, and 2 de- 
note the ground state, the first and the second ex- 
cited states, respectively. 

Since both excited levels have the same angular 
momentum 2*, we can use the assumption of Davy- 
dov and Filippov*»!” that the nucleus can be repre- 
sented as an asymmetric top, which has rotational 
levels of different energies but with the same total 
angular momentum. The authors cited have found 
the relation between these levels as a function of 
asymmetry parameter y. Since the Mg‘ nucleus 
is highly deformed, we apply the model of Davydov 
and Filippov to it, and calculate the probabilities 
of the radiative transitions for the same value of 
the asymmetry parameter which gives the observed 
value for the ratio of the energies of the levels 
(y = 22°). We find 
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W (E2 (2 1)]/ W [£2 (20) ~ 


W [M1 (2 1)]/W [E2(2— 1)] ~ 107. (7) 


We see that the probability of the magnetic tran- 

sition in this case is very small compared to the 

_ probability of the E2 transition. The correlation 
function will therefore not depend on the nuclear 
model, and will be given by formula (6). If how- 
ever we treat the 2* levels at 4.23 and 1.37 Mev 

as single particle levels according to the Nilsson 
model, then as is easily shown we get for the ratio 
of the radiative transition probabilities 


W [E2(2—> 1)1/ W [E2 (2 0)] 


~W [M1 (2—>1)]/ W [E2(21)]~1. (8) 


From this it follows that the transition 2 —1 
is nota pure E2 transition, and that the correla- 
tion function on this model will differ from formula 


(6). To find the function we use the general corre- 
lation formula 


I(n,)~ 23d 
pp’ M, Mz 
ofoKo | Hol MaKi) Mi Ky | Ay | l2MoKe) |, 
(9) 
where (IpMoKo lA Ho | I,M,K,) is the matrix element 
for E2 absorption of the y quantum with transi- 
tion of the nucleus from the ground state to the 2* 
state at 4.23 Mev; (1,M,K,|H,|I,M)K,) is the 
matrix element for the transition 2—1, in which 
(E2 + M1) quanta are emitted; (IpMyKo), (1,M,K;,), 
and (I,M,K,) are the values of the total angular 
momentum of the nucleus, its projection on a space- 
fixed axis and its projection on the nuclear symme- 
try axis, in the initial, intermediate, and final states, 
respectively. The operators for absorption and 
emission of y quanta have the well-known form 


12 


A 


leaks = V r/15 ep’ (Rr)?Y op ’ 


2 
H, = —V x/lb5ep ») Ditty (1) (kr)2Y 2m — (neh / Mc) V3 
M=—2 
xD) Drip (my) fk) 1 ee MIM) Y 4, pares 
as (10) 
where fy,,(kr) are spherical Bessel functions, 
multiplied by (27172, and Di m’(m) is the trans- 
formation matrix. ; 
For the wave function of the nuclear system in 
the initial, intermediate, and final states, we have 


P00 = V 1 /8n°y 


Toe = — V 5/16=" ee oD ae: 


1,8 


0 
QF? 


SL oNto = en ’ (11) 


where Q; (i=0, 1,2) is the projection on the 


537 


nuclear symmetry axis of the angular momentum 
of the nucleon excited in the ‘.N = 2 shell, in the 
initial, intermediate, and final states, oh is the 
sum of the projections of the angular momenta of 
the other nucleons in the shell. 
In addition we have 
x == 


0 ‘a 0 
2,23 ro 


(12) 


where 


= 2) Absa, a) Ras; Daksa as, tym ON?) oa 


a 
lp im;o; 


is the wave function of the nucleon in the undeformed 


nucleus,? AL,2;-0; are the diagonalization coeffi- 


ficients, y (oj) are spin functions, XQ; is the 
wave function of the other nucleons in the N = 2 
shell. 


If we use these expressions, we find, after quite 
involved calculations, 


(ny) ~ > yy 7 C* (RopRo)” V 5/3 N (61) 


pp’ MMz 


* 4 D1B (201m, M4222) [0 (20,pM2) Diya,» () 
My 


== (G (20m,pmyz) Deans p (ny)| 


+- >) B (22m, p’M,Q,Qz) [O (22m, pM.) Dyr—m,, p (Ny) 


m, 


+ € (221pM) Dir, (a) I} (13) 
where 
N (Q,2;) = yap Nese Veet wi — (11200 | 1,260) Ms (Lalo) 

thy {51 

DAL oon Aine ie aoe 0, Se) 

= Al, — ae Q0—5; 

Wy 1 Pk, tO: Soe) 

1,42 


B (iylamp’M.Q,Q.) = 


1 aa} t 
Sarpy (42m [b2Lm, + 7’) 
L=,—2 : 


x (1.2m, + p’ — Mz, My |1,2Lm, + p’) 
x > [ Aj,0, —o, Alas (14202, re 342 L2LQ, Seo ar 2) 


(20, = 010 (1,220, oh Ale le Alen: 
S10 Ot om ea On ata) 
% (1,205 — 3,0] 1,200, —2,)I, 


ehkg) 1 
2V 2M,c V2hb + 1 


O (L,l,tp’ My) = 


al 
x > Ul—pet p’ — My] 1p’ — M) (Alm — pb] 1h 


u=—1 


4- Im, —v) (14, ++ lu + p’ — Mam, — p| 14, + lem, 


+ p’ — Mz) Ty (hls) — (41 my 


— | l,1l,— 1m, — p) 
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Xx (1d, — lu + p’ — Mem — | 14, — Igy 
+ p’ — Mz) T2(yl2)}, 
T (Lyla) = V (4 + 1) (14 + 100] 14, + 12,0) (12 —l; — 2) 
x (L + lg + 3) Mo (Lyle) + 2M pcko, R2A* Me, (Lils)1, 
Ta (Lyle) = V by (14, — 100 | 14,—12,0) [Mp (dal) 
+-2MyckoR2h Ms (Lyle)], 


4 
C (LilamMM,) = — / TOD (1,2m,M, — Mg] l,2lam, 


+ M, — Mg) (RRP Ms (hls). 


In these formulas Mp is the proton mass and c 

is the velocity of light; ky)» and ka, are the wave 
numbers of the y quanta emitted in the transitions 
2—0 and 2—1, respectively, while the symbols 
My (1,l,) denote radial integrals, i.e. 


Mtr (Lil) = (Ror, (r/ RERg, Pedr. 


From the selection rules we have | Q,-Q)| 
= 2, |Q,-Q,| =2. Thus in the absorption of an 
E2 quantum we will have the transitions ¥, —%, 
Ye —¥,, ¥—- - uy, , if 6>0. If we require that 
the calculated level spacing agree with the experi- 
mental value, (4.23 Mev), we will have only the 
, — —%/, transition. In this case the theoretical 
values are AE = 3.8 Mev for 6=0.3, and AE 
= 2.9 Mev for 6=0.2, (The lack of tables of the 
diagonalization coefficients for 6 > 0.3 prevents 
us from getting closer to the experimental value 
AE = 4.23 Mev.) In this case, in the transition 
2— 1 to the final state only the single-particle 
transition -% — Y, will occur. If we substitute 
the computed values of ky) and ky, in formula 
(13), we finally get the correlation function 


I (8) ~(1 + Acos9 + Bcos? 6 + Ccos? 8+ Dcos*6), (14) 


where @ is the angle between the absorbed and 
emitted y quanta. For 6 = 0.3, the values of the 
coefficients in (14) are 


aA=O1 Ba hp, C203, D= 0:7; 


The correlation function given by formula (14) 
is not symmetric around 90° (cf. Fig. 2), whereas 
in the case of collective excitation the correspond- 


1+-1(6) 


3 bb % 120 180 woo’ 


FIG. 2 


ing curve determined from (6) is symmetric. Thus 
the experimental investigation of the correlation of 
y quanta in the excitation of Mg”* with an energy 
of 4.23 Mev would enable us to draw definite con- 
clusions concerning the nature of the excitation of 
this nucleus. Unfortunately, so far as we know, | 
no one has as yet done such experiments. | 

In conclusion, it is our pleasant duty to express 
our thanks to V. I. Mamasakhlisov for his direction | 
and continued interest in our work. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 756-759 (September, 1959) 


Simple waves in a plasma with anisotropic pressure are treated in the Chew-Gold- 
berger-Low approximation. It is shown that there exist three types of simple waves. 
The direction of the variations of the magnetohydrodynamic quantities in these 


waves is investigated. 


G HEW, Goldberger, and Low! have shown that a 
rarefied plasma in a magnetic field, in which col- 
lisions play a negligible role, can be described by 
a system of magnetohydrodynamic equations with 
an anisotropic pressure. Small vibrations of the 
plasma have been studied by means of these equa- 
tions.” It is of interest to use these same equations 
for the study of nonlinear motions of the plasma, 
and primarily for the study of.simple waves. The 
present paper is devoted to this last problem. 

1. In the Chew-Goldberger-Low approximation 
the system of magnetohydrodynamic equations has 
the following form: 


‘ Op, 

So F + Ze (curl) xH, F;=— aa 

om curl [vxH], divH=0, = ++ div (ov) = 0. 
Dik = Ps Sin + (Py — Py dhe, Degree 


Z / H? 
ala) = a") =0 

We shall consider one-dimensional simple 
waves, in which all the magnetohydrodynamic quan- 
tities are functions of one such quantity, for example 
p, which in turn depends on the coordinate x and 
the time t: 


(1) 


x — Vpn(p) £ = f (p), (2) 


where Vph(P ) is the rate of displacement of a 
point at which the density p has a given value, 
and f(p) is the function inverse to the density dis- 
tribution p(x) at the initial time t = 0. 

In regions of compression f’ (p) < 0; in regions 
of rarefaction f’ (p) > 0; and the condition for self- 
similar waves is f(p) =0. 

Simple waves are closely related to waves of 
small amplitude.® The differential equations con- 
necting the changes of all the magnetohydrody- 
namic quantities with the change of the density p 
are easily found from the relations between the 
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amplitudes of the waves of small intensity. 

Just as in magnetohydrodynamics with a scalar 
pressure, there exist three types of simple waves, 
in which the magnetohydrodynamic quantities sat- 
isfy the following differential equations. 

Alfven waves:* 


dope Was Hy dHs, ~ “dl; arg es 


HdH, + H.dH; =0, 


du, = dH, = dp apy 0, (3) 


where u, is the speed of the Alfven waves, defined 
by the formula 


ua=VarV 1 + 4nH?(p, — py); 


Magnetoacoustic waves 


dpi 


Va =H/V 4n. (4) 


cages as oe, sooty 

dH, He ( cat oe 

dp ~ pH, u? HH? — 3stH® ) 

dv, Cee tie (1 Sale (: ! sie i. 
dp p Hy u2_H? — 3shH u®, H® — 3s;,Hy : 
Gries Bi [ | 2s Hy | 

dp p uw? H® + H (s* —3s2) |” 

ap 0, ee ue_H® — 3H%s} 


ir 


Si = Pile S* = P1/o- 


= — | | 
dp p | mm ua H? + Hy (s4, —3s;;) (5) 


where 


The speeds u, of the magnetoacoustic waves 
are given by the formula 


*In the limiting case p <H these waves have been dis- 


4 
cussed by Ferraro. 


iD ee i [s2 (2 — cos’) + 2s? cos* 9 + V3) 
=~ A ial 


25 |: (s% (2 — cos*g) + 28% cos*  +- V2) 


+ si sin’ pcos’ — 3s7s* cos”? (2 — cos? ¢) 
Et a erewhe 
++ 3s cost — 3s7V2, cos® 9| } (6) 


The plus sign corresponds to the fast, the minus to 
the slow, acoustic wave; qg is the angle between the 
direction of the magnetic field and the direction of 
propagation of the wave. 

The quantity Vph appearing in (2) is connected 
with the phase velocities in the following ways: 


Vph= Ux + la (7) 
for the Alfven waves, and 
Voh= Uy - Uy 


for the magnetoacoustic waves. 

It follows from (3) that dVpp /dp = 0; this 
means that the Alfven wave is propagated without 
change of shape. 

2. The study of (5) in general form entails great 
mathematical difficulties. We shall confine our- 
selves to the most interesting case, in which the 
hydrostatic pressure is much smaller than the 
magnetic pressure: 


Sie Sue a 


Under these conditions the formulas (5) and (6) 
take the following form for the fast magnetoacous - 
tic wave: 


do, / do th.o, © di, (dp == —— UH o/ pHiy; 


dH, / do = H?/ oH, 


dp\/do= p/p, dp, /dp=2p,/p, u,=Va. (9) 


From Eq. (9) we have* 


MVen/ dp > 0. (10) 


This means that in regions of rarefaction the 
density gradient decreases, and that it increases in 
regions of compression. 

From the relation (2) and the equation of conti- 
nuity it follows that 


(11) 
*This fact has been noted by Sagdeev’ in the case in which 


the direction of propagation of the wave is perpendicular to the 
magnetic field. 
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It can be seen from this that in regions of rarefac- 
tion (f’ > 0) and in self-similar waves (f=0) 
the density decreases. In regions of compression 
(f’ < 0) the density increases up to the point at 
which the expression in square brackets ceases to 
be negative. A compressional shock wave appears 
when this expression becomes zero. 

It follows from the relations (9) that in a fast 
magnetoacoustic wave the quantities pj), Pj), lal, 
p,/p), change in the same direction as the density.* 

3. Let us now consider the slow magnetoacous - 
tic wave. With the conditions sj; < Va, 8) « Vin 
satisfied, the equations that hold on a slow magneto- 
acoustic wave are 


dv, Me dv, $4 ie dp Sp dp, pe Py 
dp 9 2) NG Hie Pee dp Poun dp Paz 
pa icul sa eet Ale 65%, 3 Vie 
Sa u = 
” dp — pA (p)’ ~ dp pA(p)  ” 


u_=5s,V 3cos 9, A (0) = 8. H; — 3s, Hz (si —s‘)- (12) 
We must distinguish two cases, depending on the 
sign of the quantity A(p). 
1) Normal casef 


A (p) =>.0, dVpn/ dp > 0. 


Here the density changes in just the same way as in 
the fast magnetoacoustic wave. In particular, shock 
waves are formed in regions of compression, and 
the self-similar waves are waves of rarefaction. 
According to Eq. (12) the changes of the quantities 
Pj, Py, are in the same direction as those of the 
density, and those of the quantities H and P\/P) 
are in the opposite direction. 

2) Anomalous caset 


ai(o) <0; dVn/dp <0. 


Here the density gradient decreases in regions of 
compression, and increases in regions of rarefac- 
tion. It follows from (11) that in regions of com- 
pression the density rises, and in regions of rare- 
faction it falls. In self-similar waves the density 
rises. According to Eq. (12), in the anomalous case 
the quantities Pyjp> Py> and H change in the same 
direction as the density, and the quantity p ie Py 


*The decrease of the ratio p, /p, With decrease of the mag- 
netic field is due to the conservation of a particle’s magnetic 
moment.° 

+ This case is always realized, for example, if the wave is 
propagated perpendicular to the magnetic field (Hx = 0), or if 
the plasma is isotropic (py = p, ). 

{This case is realized, for example, if the wave is propa- 
gated along the magnetic field (Hy = 0) and the quantity P) /Py 
is greater than unity. 
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changes in the opposite direction.* 

It follows from (11) that shock waves arise in 
regions of rarefaction. Thus in this case, unlike 
that of magnetohydrodynamics with a scalar pres- 
sure, shock waves of rarefaction can be produced. 

At the instant of production of a shock wave the 
plasma has the density Pg that satisfies the 
equation® 


f” (es) / f’ (Ps) = Von(es) / Von(ps)- 


We note that in both the normal case and the 
anomalous case the quantity A increases: 
dA/dt > 0. Therefore the plasma can be in the 
anomalous state for only a finite time. The density 
value p, at which the transition from the anoma- 
lous to the normal state occurs satisfies the equa- 
tion A(p,) = 0. 

If pg > Py» a Shock wave is formed in the re- 
gion of rarefaction; if py > pg, the plasma makes 
the transition to the normal state before a shock 
wave of rarefaction is formed. Which event hap- 
pens first depends on the initial density distribution 
f(p). 

We note that the point p, is not a singular point 


(13) 


*This is in agreement with Parker’s’ result of an inverse 
dependence between p,/p, and H in the static case when the 
particles move along the magnetic field. The decrease of p, /py 
with the increase of H, in spite of the conservation of magnetic 
moment (proportional to p, /H) is explained by the fact that par- 
ticles with larger values of P,/Py are more strongly reflected 
from the region of strong magnetic field.° 
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for the system of differential equations (12). At 
this point we merely have vanishing of the deriva- 
tives dp /dHy, dp)/dHy, dp |/dHy, dv, /dHy, 
and dvy i diy. 


The writers express their gratitude to A. I. 
Akhiezer and G. Ya. Lyubarskii for valuable dis- 
cussions. 
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Formulas for the circular polarization of y quanta emitted by a nucleus after yw” capture 
are deduced. The hyperfine splitting of the mesic atom levels is taken into account. 


Sis the ~~ mesons emitted in the decay of 

™ mesons are longitudinally polarized, the nuclear 
p capture leads to the formation of polarized nu- 
clei. If, therefore, the daughter nucleus is formed 
in an excited state, the y rays emitted by it will, 
in general, be polarized (the angular distribution 
will here be isotropic). In the present paper we 
consider the circular polarization of the y rays 
for the case when the nucleus goes into a discrete 
state in the pp capture, i.e., when no neutron is 
emitted. The process under consideration is the 
following: a nucleus Az with spin j,; captures in 
the K shell a polarized ” meson and goes over 
into an excited nuclear state Az_, with spin j»,* 
which, under emission of a y quantum with mul- 
tipolarity J (the formulas obtained can easily be 
generalized for the case of mixed multipoles ), 
goes over into the ground state with spin jg. 

We took the Hamiltonian of the four-fermion 
interaction in the form of a superposition of vec- 
tor (v), axial-vector (a), and pseudoscalar (p) 
coupling with the coupling constants gy, g,, and 
Sp: The presence of v and a coupling follows 
from the theory of the universal Fermi interaction, 
as proposed by Feynman and Gell-Mann and by 
Sudarshan and Marshak.! The p coupling was 
added in view of the fact that the effects connected 
with the emission of virtual a mesons lead to the 
appearance of terms analogous to the pseudoscalar 
coupling in the S matrix describing the weak in- 
teraction.” The effective coupling constant Zp is 
proportional to the mass of the lepton, and while 
it is negligibly small in B decay, it does have a 
considerable magnitude in yw” capture: according 
to the estimates of Goldberger and Treiman? Sp 
~ 84, so that the inclusion of the pseudoscalar 
variant becomes inevitable, despite the fact that 
the constant Sp enters in the expressions for the 
probabilities of the processes under consideration 
with the factor v/c, where v is the velocity of 
the nucleons. 


*For j,=0 the y quanta are, of course, not circularly 
polarized. 


542 


The circular polarization of the y quanta, Cy, 
is given by 
Cy a W, ge W_)/(W, =I W_), (1) 


where W, and W-_ are the probabilities for the 
emission of y quanta whose spin is oriented in 


the direction of the momentum (right polarization) — 


and in the opposite direction of the momentum (left 
polarization), respectively. The calculation leads 
to the following expression for Cy in the case of 


the longitudinal neutrino: 
== By AS (2) 


where P,, is the polarization of the » meson at 
the instant of its entrance in the K orbit of the 


C, =P qaee0s,., 


mesic atom,* and @ is the angle between the direc- 


tion of the polarization vector of the ~~ meson and 
the direction of emission of the y quantum; 


A= Re (|go/{¥ a>)? +1 ga |<its¥ a> PP 
+ | Bp |? <itatsY a—a> |? + 22,84 <tyateY A> <EeY nee, 


ah ys {| La te 
ii 
+ ”) >} 


fe | go 
A’/=A+1 


+ | Ba | <ivsY ar <I ara> 


Jia? |? + | Bo UtsF ras 2} 


PCY A> Cig ARO 


Ga tatsY a> Saray) (A,A’) 


Dia ines Con wee CAN BY) (3a) 
/ 


B= Re (| go? | <Y a> (PO, (A) + [I gal? CivsY a_ [2 
+ | Ep |? |<ivavsY a—> |? -+ 2g 5a <iyatsY A> <i1e0 kee 


*For j, = 0 P,, coincides with the polarization of the 
meson at the instant of its capture by the nucleus, PL , which 
is experimentally observed in measurements of the asymmetry 
of electrons from p” decay in matter; in the general case Py 
and PZ, are connected by the relation 


Ph=YsP, (14+ 22+ 1. 
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xb, (M1) +2 D1 eeu <¥-ad* rn) ba (A) 
I 
-+- [ofa Cie nN U6S AL 


ar Cele a%eY aay” CiY51a—1>) be (A — 1) 


a > {| Za}? <Sta>” <I rad bg (A) 
IO 


is) Ae tA <iysclr-n a bs (NX — 1)} 


{ y sue 
“rie \lS.8a PO Ey KO 
N=A41 


+ 8580 <itstsY >” Yd] ba (A, A’) 

+ Dil [Bol Vad” rein >+ | ga li ts¥ ad* 1a) 
/ 

a ga CU%atsY ay SS in>) U5 (A, A’) 


+ > 88a UtoSia>’ Fra be(d, Nb), (3b) 
where A is the orbital angular momentum of the 
neutrino, and the index I takes the values A, 

IN Bee ip 

The quantity A is, up to a constant factor, the 
total probability for the process under considera- 
tion. The abovementioned nuclear matrix elements 
and the coefficients an, by are given in the Ap- 
pendix. 

Formulas (3) apply to the case when the neu- 
trino is emitted with the definite angular momen- * 
tum A =Amin, the smallest possible according 
to the selection rules. Here the values of Amin 
for relativistic transitions (whose matrix ele- 
ments contain y,;) differ by +1 from the values 
of Amin for nonrelativistic transitions between 
the same states. Strictly speaking, the expressions 
for A and B should be summed over A = Amin, 
since the condition k,R<« 1 is not satisfied in 
the p~ capture owing to the large energy released 
(k, is the wave number of the emitted neutrino, 
and R is the radius of the nucleus). However, 
various estimates and actual calculations show 
that the probability for the emission of the neu- 
trino with A = Amin is considerably higher than 
the probability for the emission of the neutrino 
with larger angular momenta. 

It should be noted that formulas (3) contain 
Gell-Mann’s* correction to the allowed transitions 
on account of the “weak magnetism.” In order to 
see this, we consider the transition Aj = j,-j, 
=+1 (no). It is mainly due to the forbidden axial- 
vector interaction (matrix element </i> 


~ <o>). The correction caused by the “weak mag- 


netism” is determined by the matrix element 


<iys/4;>. Indeed, the total matrix element for 
the yw transition, M,, corresponding to the nu- 
clear matrix element <iy;//,,;> in the first ap- 
proximation in (V7¢) wat and neglecting terms 
containing (kr), can be written in the form (up 
to constant factor) 

Ms ~ Sa Dy <itsSim> (vi UL — 5) sum (Ky / hy) ty) 


mn 


ugh ; ; ; 
Ae \ ave, {((—i[rxy] -+ 2) curl A} 4$;, 
A = (kyr) (a, [1 — ¥5] ot4y), (4) 


where M is the mass of the nucleon, and u, and 
uy, are the Dirac bispinors for the neutrino and the 
J meson. We see that the structure of My is 
analogous to that of the energy operator for the 
interaction of a magnetic moment with the magnetic 
field. The quantity wu, the total magnetic moment 
for the transition in units of a nuclear magneton, 
takes, according to Gell-Mann,‘ account of the 
virtual m mesons. It is, however, easy to show 
that for transitions of the type Aj =+1 (no) the 
corrections for “weak magnetism” and other rela- 
tivistic corrections of the same order of smallness 
[of first order in (v/c)nye]) do not affect the po- 
larization of the y rays, although they contribute 
to the total probability of the process. The prob- 
lem of such corrections in the p” capture was 
treated in more detail by Ioffe.° 

In deriving the expression for C. we took into 
account the effect of the hyperfine splitting of the 
levels of the mesic atom, which plays an essential 
role in the process under consideration. In par- 
ticular, in transitions obeying the Fermi selection 
rules the circular polarization of the y quanta is 
entirely due to the presence of the hyperfine inter - 
action which leads to the polarization of the nu- 
cleus in the intermediate state. In this case the 
circular polarization may have a considerable 
magnitude. For example, for j,;=%, A=0 
(“allowed” transition), and J=1 (dipole y quan- 
tum) we have for a pure Fermi transition 


1 i ell 
/2 Is 7% /s 


ion | ; 
a) erg ee a 


Without account of the hyperfine interaction we 
would have obtained aw=0. As another example 
we consider an allowed transition followed by 
dipole radiation (A =0, J=1) with jy = jg =js3 
=4 and Gamow-Teller coupling. Neglecting the 
hyperfine structure we obtain a = as while its 
inclusion leads to a ='4. The maximal value of 
@ iS Q@max=1, corresponding to | (Cymax | 
=P, * 15 to 20%. A polarization of such magni- 
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tude occurs, for example, in the transition 0— 1 
—0 with A=0 and J=1. The formulas for A 
and B become much simpler for j,; = 0, when 
there is no hyperfine splitting. The expressions 
for the quantities ayn and bn for j,=0 and also 
for A=0 (“allowed” transitions) are given in 
the Appendix. 

The occurrence of the circular polarization of 
the y rays in the process under consideration is 
not connected with the nonconservation of spatial 
parity in the interaction (np)(vu). The measure- 
ment of Cy cannot, therefore, serve to determine 
the handedness of the neutrino emitted in the p~ 
capture. On the other hand, it is precisely this 
circumstance which makes possible the independ- 
ent determination of the sign of the longitudinal 
polarization of the ~ meson via the quantity Cy. 

The measurement of Cy is best performed for 
nuclei with zero spin, since the hyperfine interac- 
tion leads to an additional depolarization of the 
mesons. Besides this, the lifetime of the »” me- 
sons in mesoatomic orbits is larger than h/Ehyp> 
where Ehyp is the shift of the mesoatomic levels 
due to the hyperfine interaction. The ~ meson, 
therefore, will interact with the spin of the nucleus 
until its transition to the K orbit (unless, of 


course, it is captured immediately in the K orbit). 


This implies that at the instant of the entrance of 
the # meson inthe K orbit the nucleus may be 
partly polarized, which was not taken into account 
in the derivation of (3). It is very difficult to take 
this effect into account consistently (see refer- 
Cneewa)s 

It should be noted that the isotopic spin selection 
rules (AT =0 for Fermi coupling, AT = 0, +1 for 
Gamow-Teller coupling) are important for the p™ 
capture by light nuclei. Since stable nuclei in the 
ground state have the lowest possible isotopic spin, 
and the number of neutrons in them is greater or 
equal to the number of protons, the uw” capture, 
which increases the number of neutrons, will lead 
to an increase in the isotopic spin. The transitions 
obeying the Gamow-Teller selection rules will 
therefore predominate in the ww capture by light 
nuclei with excitation of discrete nuclear levels. 

We note that the »” capture leads in the major- 
ity of cases to the emission of a neutron by the nu- 
cleus. Nevertheless, the transition of the nucleus 
into a discrete state may have a considerable prob- 
ability. For example, the uw capture in C! leads, 
with a probability of 13%, to the formation of a 
bound state of B!?.? The theoretical calculations 
of the probability for the transition of the nucleus 
into a particular state are not sufficiently reliable 
owing to our scarce knowledge of the nuclear wave 
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functions. The observation of the spectrum of the 
y rays emitted by the nucleus after the yw capture, , 
which must precede the measurement of their cir- | 
cular polarization, is therefore of interest in itself. | 


APPENDIX 


The aforementioned nuclear matrix elements 
are determined by the following formulas: 


LY p> = CJotNg | JA (Rr) Rp (r) Yam | futy> / ChKge 
CGTINY. = CHatits ia (kyr) Ry (r) JTIAm | him) | Chim m: 


Here j,(x) is the spherical Bessel function;* 

Ru(r) is the normalized wave function of the | 
ground state of the mesic atom; for nuclei with 

not too large Z we can set R,(r) * const = Ry (0); | 
YAm_ is the associated Legendre function, 


a Im 
J tn = S) Carma1r NAIA Si, 
mar, r 


G4, = + (Sia: isy)/ V 2, 


So = 92, 


Ox, Oy, and o7 are the Pauli matrices, and 


Crone are the Clebsch-Gordan coefficients. 

The matrix elements for the relativistic tran- 
sitions, containing the matrix Ys = V;V2V3¥4, are 
defined in a similar manner: 


ay (ASA) Se (eR ORES Cayce; 


tty (Ag A) (=) ARR OVO =2 1) (QNaaT) 
x Crono (AA! dea 


by (A) = (EM 372 DiC ()) Co (I) ra. 


/ 


(A) = 3 (Mas aura Sore W 
j 


x (ii M2 "es 1) Cr (i) © (i) 8-4: 


Os (A) as V 3 ie eco RONEN TRUE OT am (i) {8)'Ce (i) 4 
/ 


+.6(—)I MV OPE) QI 1) 


xX WITT, TA) W Zi */o "703 Li) C3 (3 
bs (A, A) =i) OF SERIA OA Gee iia Sab corn mane 
bs (A, A’) = (—)OFE PRY (2K 4 13 CR wvdiabs (A); 
*In view of the great magnitude of the released energy in 
the capture it is impossible to replace the Bessel function 


j, (kyr) in the nuclear matrix elements by the first term in its 
expansion in powers of k,r, as is usually done in B decay. 
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be(A, A’) = (8 PY BY OK + 1) QA 1) 


x Nae (—) tats 
2 Ci (i) (ea Co (i) W(AAILs 12) 8; 
J 


eh pelea 4) 
NS pa eerey aes aa 
Palomar OMA) W (MAUI LI) W UI 1131 A’); 


XC (i) W Gi Veo; li) 


Cy (i) = (2j2 + 1) (27 + 1)?V QI + 1) / J+ 1) 
XW (Jd joie; 1 js) 
Cy (/) =W (fala 11/,) W (iP /2 4/23 1j,) W (ah Jefe th); 


a) = di +1) W (LI 8/y3/os If) W (iisfl, Y/ofs) 


x W Ghtl’s “YVele) W (jejel is If). 


In these formulas W (abcd; ef) is a Racah coef- 

ficient. If j, =0, we have (af, b? are the values 
of ay, b, for j, = 0): 
a®(A, A’) =a, (A, A’); 


a(A, A’)=a,(A, A, 


bo (A) = 69(A) =0; 


63 (A) = = otietJ+1 Ts | 


XW (SJ jojo; Vs) 6aj,87;,3 


ee eis 18) 


Peat esa DV ath TU+1) 


B3(A) = V6(— 
x W (JJ jojo; Vis) 81,8173 


eV OR 1/3 Chy orbs (A) 


/ Nye Dat 
Di) Ve 


Dara en Vege 
XChon'o(—) 1" (Zis--  Wo aeppay YW isies Vis) 
X[8j.a° + 6 (2A’ + 1) W(AA‘LL; Ijs) W (jejoll; 1A’). 
If simultaneously j;=0 and j,=0, then 
a(0.1l)=—1/V3, a0. 1)=—Y 2, 
bY (0) = 68 (0) = 09 (0) = 0; 
2J +14 : 
63 (0) = V6(— yist eee Toe @ Wd 1; 17s) 88745 
63 (0. 1) = 0§ (0) /V 3, 
: Tapee Dy A SRA 
05 (0. 1) = ee FED = pV WI; Vj) 67467,- 
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The behavior of the thermoelectric tensor in strong magnetic fields, when the electron 
Larmor frequency is greater than the collision frequency, is considered by the methods 
proposed by Lifshitz, Azbel’, and Kaganov.!~3 Drag of the electrons by phonons is taken 
into account, and it is shown that this latter effect significantly changes the asymptotic 
values of the tensor (for large values of the magnetic field) and also its dependence on 
the direction of the magnetic field relative to the crystal axes (in the case of a complex 


topology of the Fermi surface). 


ie asymptotic behavior of the thermoelectric 
tensor in strong magnetic fields was studied by 

I. M. Lifshitz and Peschanskii.4 However, they 
did not take into account the phenomenon of the 
drag on electrons by phonons. The aim of the 
present work is the consideration of this latter 
effect. We shall consider the region of low tem- 
peratures, where T <® (@ is the Debye tem- 
perature and T the temperature of the specimen). 


1. THE KINETIC EQUATIONS FOR ELECTRONS 
AND PHONONS 


The linearized kinetic equations for the electron 
and phonon distribution functions, 
in the presence of a temperature gradient, a mag- 
netic field directed along the z axis, and a chemi- 
cal potential gradient Vu, have the form 


n(p) and N(q), 


fs) oe i) @ es Lore toa} Wea (1 —.m) + x - ue 
Ong VV. 
| ox T t\ oss aa 7 Vp, p+a{[(Nq + 1) (1 —np) Mp4q — rp 


x (1 — Mp+q) Nq] 8 (Spiqg — &p— 


= ty (1 — Nota) (N_g $ ITS (Sp+q — ep + hag)}; 


O(N —No) _ 
awt=- 


ee 
pe TANG 


Ba oes in — Np4q)Nq] 


2d3p 


= ec 
(N — No) tra + 85257 4. | Soe 


Pp, P+q 
X [Mp+q (1 — ny) (N 
<5 (Epiq — Sp — hog). 

By the substitutions 

(Pp) = MN (© — pve (p))andN(q) = Ng (hw, — qv; (q)) 


and for small ve and vr, these equations take the 


hig)+ [Mp+q (1 —ny) Ng 
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form 
a (PY. a He - VVT vVu Ly fl 
ot ( jie, my das Ole ie Ge ted Wea ( fF 


d Vv. (P) — Vv; (q) 4+ 
pr a i [22 t2 ve +1) 
ae v.(p + q) — V, (Pp) 
+ Far N ©, | 81a —en4 7 +4) 


BO ON 
n(x) 


(ees 


K § (Cp4qg — fp + hog) | : 


N @+1)8 Cp4q— ep — hig) + "A=" N 


7 = =) 2d3p JV¥e\P)P (n(x) (1 — n(x — £)) 
at \ T )~ J (ene T | N (®) 
(xr E)(L—n(x))! (V4n(xe+2)(l—n ) 
N(& | e N() 
. Say asVE 
Vp, pa? (Sarg — Sp) — Fa 7 7 . (1) 


Here 7 is a quantity defining the phase of the 
electron in the Larmor orbit; w* = 2 Tes where 
Ty is the characteristic time for motion around 
the orbit, after which the momentum of the electron 
changes by a quantity of the order of the period of 
the reciprocal lattice or (in the case of a closed 
trajectory) returns to its initial value (see refer- 
ences 2 and 3), p is the quasi-momentum of the 
electron, v = 0¢/ap is its velocity, q is the 
quasi-momentum of the phonon, s = 9 (hw )/dq is 
its group velocity, Wed ~ 1 and tgg are the dimen- 
Sionless collision operator and the characteristic re- 
laxation time of electrons on lattice defects and on 
each other. The latter is of the order RET 
where E is an energy of atomic order® and can 
be shown to be important at low temperatures for 
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sufficiently pure metals; tpg is the relaxation 
time of phonons on lattice defects and on each other; 
£=hwg/T; x= (e)-y)/T; T is the temperature 
in energy units. In the latter system, and in what 
follows, n(x) and N(é) denote the equilibrium 
distributions for electrons and phonons. When ve 
does not appear under the integral sign, the inelas- 
ticity is taken into account in n(x+é), and is neg- 
lected in the 6-function, which is valid. The vec- 
tors Ve(p) and v¢(p) have the meaning of drift 
velocities of electrons and phonons, respectively. 
Their interaction tends to equalize these velocities. 
In this case, the drag on the electrons by the pho- 


nons is expressed by an integral containing (Ve —Ve)- 


If (for its estimate) we consider ve—v¢ tobe 
constant, then the remaining integral I, multiplied 
by T/p, determines the order of magnitude of the 
reciprocal of the relaxation time for scattering of 
electrons on phonons in terms of the momentum 
rs! 

The law of conservation of energy for © > T 
> ms? gives ¢ (p+ q) - (Pp) =v-a + 2 2uMap 
Xdqdg = 0. Here mop = = 0°¢/apqdpg. We set 
q=q + q v/v, where q;°v=0. Since q « mv, 
then, in first 0s oximation, qj = 0, and in second, 
a= — Dat mapdedg /2v, where the primes on the 
sums indicate that the directions of a and £8 are 
orthogonal to v. After integration over qj in I, 
we get an integral of the form 


\ dq, (q, + 4,V/v) ® (q). (2) 


In $(q), wecan set q=q), and.since (q) 
= @(-—q), there remains only the integral over the 
aoc oud OS Since Vp,p+q ~ % while q) 
~ qi. then t;!~ T°, i.e., actually, the time of 
equalization of the drift Wetec tics of the electrons 
and phonons is connected with momentum relaxa- 
tions (see references 5 —7), which is physically 
understandable, since the drag on the electrons by 
the phonons takes place as a result of the change 
in their momentum due to interaction with the pho- 
nons. The integral containing the difference 
Ve(P+4) —Ve(p) expresses the trend to equaliza- 
tion of the drift velocities of electrons with differ - 
ent momenta by the agency of their interaction with 
phonons. Since Ep+q— €p = hwg; while the angular 
separation of the vectors p+q and p is insignifi- 
cant, then this is actually the energy relaxation of 
electrons due to phonons. In a manner similar to 
the above, it is not difficult to show that the corre- 
sponding reciprocal of the relaxation time is cae 
AT? 

The drift velocity of the phonon can be elimi- 
nated from (1) in the stationary case. Inasmuch as 
we are interested here in the case in which the elec- 


tron current j = 0, we can neglect the integral term 
containing Ve in the phonon equation. It can be 
shown that consideration of this term in the calcu- 
lation of the electric conductivity leads to the 
“renormalization” of the relaxation time, so that 

the effective relaxation time of the electrons is 


i sie 
wilere {)° = ti5 tot. (Met, = ten ely 


tef is the relaxation time of electrons on phonons, 
tfe is the relaxation time of phonons on electrons, 
determined by the integral for v¢-q/T in the pho- 
non equation (1), and qa is a numerical coefficient. 
If the metal is “dirty,” i.e., if, t¢« tee, Or te 
Ktef, then Te =t,y. Ifthe metal is “clean,” then 
Te has the same temperature dependence as 
te(te¢), and differs only numerically from it. 
Physically, the latter effect represents the 
change in the scattering of electrons by phonons 
as a result of the fact that the drift velocity of the 
latter increases because of the presence of drift 
in the electrons (“mutual” drag). 
Turning to our case, we get for Vg the equations 
eh vVp vVT VT 


dO (pv, ne 
anh =o ah Te 


= \ or ian x ty (q) ESVp.pig [ ( N (&) + 1) 
Bis 


“CSN ©] 8 (p+a—ep)- (4) 


to W = ted W V ea ae te; W Pegs, 


We can get the order of the quantity F by equating 
the integral for it to the integral determining the 
relaxation time t;: 


F~ © tists) ~ Seas (5) 


2. SOLUTION OF THE KINETIC EQUATION IN 
THE CASE OF SCATTERING OF THE ELEC- 
TRONS BY LATTICE DEFECTS OR BY EACH 
OTHER 


We must solve the equation 


eae e4 po dilegno (6) 


Ot 
Solving it, we can find the current j{! = abt kvicls 
here, the desired thermoelectric tensor ne which 
is determined from the relation Vjy = fe ve 


for the condition j=0, is 


: 
Oe = — Dy 911 Bin. 
i 
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The tensor oj, is known (see references 2 and 3);- 


therefore it is necessary to find the tensor fj. 
We shall seek a solution of Eq. (6) in the form 


pv./T = —ty yb:ViT/T. 


For 7%, we obtain the equation 


=I XoW (bi) = heb Fe Neale: (6’) 


Here Yo = 1/w*ty K 1. To each of the two terms of 
inhomogeneity in Eq. (6’), we can juxtapose Yj, 
and jj, respectively. 

In accord with this, we also have 


Bin = BY ++ Biles ie = O14) + athe. 

In this case, quantities with index (1) are defined 
directly by the effect of the temperature gradient 
on the electron, and those with index (2) by the 
drag of electrons by phonons. The asymptotic 
value of the tensor a“) was found in reference 4. 

Sly (1,2) 
If Qi = Yo tka then the order of the a‘"’ can 
easily be estimated.* Let 


= yo" OW, om = Yo! Cin ; 

Then a") ~ b“/ec. But b/c is of the order of 
the ratio of the right sides of the kinetic equations 
determining 8“ and o, multiplied by T/y (in 
view of the presence of the factor x in the inho- 
mogeneity of the equation for 6“) so that 


al ~ T /ew. (7) 


Equating the same two terms in the inhomoge- 
neity of the equation and taking (5) into account, 
and also the fact that Fj; is an (almost) even 
function of x, we find 


) ye (ous joe 
Ser) eee ele Eating | uot 
Ls RN eat ga ge ae ¢ ts? (8) 


since s/v = (hs/a)a/hv © @/y (a is the lattice 
constant). If the phonons are scattered by the 
electrons, then tg ~ (h/@)u/T, ts ~ (h/@)(@/T)° 
(see references 5 —7), so that, 


a®) ~ a (T/A)2u/0. (8’) 


Therefore, for not very low temperatures, i.e 


te) 


oh Wf = (eG) (A/n)' (9) 


the drag effect predominates even in those elements 
of the tensor aj, in which the asymptotic values 
of a!) and a?) are identical in yp. But, as will 


be seen below, the asymptotic value (in yo) of 


*As in references 1-3, we denote by y, the small ratio 
Yo = H,/il, where H, is a characteristic value of the magnetic 
field (for which the Larmor period is of the order of the relaxa- 
time t, ). 
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a is always smaller than the asymptotic value 
of af). In what follows, only pe and af? are 


computed. Therefore the index aK is omitted for 


brevity. 
For calculation of fj, it is necessary to solve 
dy; y ” 
st + 10W (1) = oF, (6”) 
; 2ely 1 os oe 
Bik = Mure (nh) G aN dedp-z : \e Dede. (10) 


4 
| 


Integration is carried out over all momentum space; | 


G is the number of cells included in the limits of 
integration. As in references 2 and 3, it is neces- 
sary to treat the following cases separately 
(esis). 

1. The trajectories € =const, pz, =const are 
closed and lie within the limits of a single cell of 
the reciprocal lattice. 

2. There is a layer of open trajectories. 

3. The approximation to “critical” directions 
(see reference 3). 


1. Closed Trajectories Lying Within the Limits 
of a Single Cell 


As in reference 2, we seek 4%; in the form 


ee Ss wis: 


n=0 
We then obtain the set of recurrent equations 
ay /ar= 0, agh /dr-+W OM) = Fi, 
oysjae + W (OS Y) =0 npn n>2. (12) 


The periodicity in T serves as an additional con- 
dition on these equations, i.e., 


b F ;dt, 


Integration is carried out over Tt along the closed 
trajectory. Since all gE jar #0, then all 


b W (Y) dt = f W (g) dt = 0, n> 2. (13) 


oO) 


gr = Ce, pa) =20: 
We also take it into account that vx, yar fdpy, x 
= 0; then the tensor in this case generally has the 
form 
102 vex 10? ey eon | 
Bip Oye — Y0Pyy — YoOyz (14) 
b b b | 


| 2x 2 zz | 


The symmetry properties of the crystal can change 
the asymptotic value of the tensor 8. Thus, for ex- 
ample, if there is mirror symmetry relative to the 
plane zx, then, inasmuch as both vj and Fy are 
transformed in the symmetry transformation as Pi 
and the operator 98/dT ~ Vy9/apx is odd, while W 


(11) 
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is even relative to the transformation Py» Py 
m= Py> —Py> the equation for 7% can be written 
in the form 


Lj = toF :, where Lp,p', (H)| = — NOS Wee Gd aes 16) 


i.e., 
bxz (Py, H) = bx,z ( Py; H), 


by (Py, H) r< dy ( Py; H). 


Therefore Bxz, Bzx, Bxx; Byy» Bzz are even, 
and Bxy, Byx, Bzy> Byz, are odd BaeHOnS OL ey 
so that fac: Bax ~ Yas Bxx ~ V3 Byy ~ Yb3 
Bay ~ ¥%- 

This result is found to be in agreement with the 
requirements imposed in the macroscopic theory 
on the tensor #;;. Actually, if we write 


Bik = Ciz =F CeitimH im 4 Cretmt ml intl im’, 


where Hjm is an antisymmetric tensor, the dual 
to the pseudovector H, and c is a tensor of the 
corresponding rank, and if we consider that, when 
H=(0,0,H), only Hxy = —Hyx ~ 0, then it is 
easy to see, from the presence of mirror symme- 
try relative to the plane zx, that the components 
of the tensor {j; which contain an even number 
of signs ik equal to y are even functions of H, 
and vice versa. 

Returning to the general case, we have (making 
use of the expression for o~! from reference 3): 


| Axx xy Qe 
hk = yx. ayy yz (15) 
a a (She, 


eras Zu 
| 


The case in which the Fermi surface is closed and 
the number of electrons is equal to the number of 
holes should be specially noted. In such a case 
(see reference 2), the asymptotic value of the 
tensor o is such that 


—1 —1 | 
| To xx To ayy Yo “xz 
—_— —1 =f 
ix =|] To Gy x To Guy To yz ee (16) 
(ihe, a, a, 


EAS ZY 22 
2. Open Trajectories 


Equations (12) must be solved in this case under 
the additional condition of finiteness, i.e., 


W (d;) = F;, where} = lim fas \ jd: 


ng BE 


and integration is carried out over the entire tra- 
jectory. This means that 


W W @®) = E. @)220) for nS: 


Generally, all Fj; #0, so that all CMe, Pz) 
+0. However, if all trajectories have infinite ex- 
tension in on@ direction, chosen to be the x axis, 


then 
Vy ~ lim a \ Gy ip Oe. 
t>00 ST , 
since Py changes within finite limits. Conse- 
quently, in this case, 
(10x. {Ory Yoox, | 
ce me Pyx Py b yz (17) 
2X Why be 


Yo @xx To %xz Yo “xz | 
Hin =| yx ayy Giz | (18) 
Wee ayy a, | 


3. Approximation to “Critical” Directions 


Let us consider the case here in accord with the 
classification given by I. M. Lifshitz and Peschan- 
skii.? For simplicity of calculation, we set W =1. 

a) Approximation to an isolated direction, in 
which a layer of open trajectories appears. Tate 
approximation, there are greatly extended trajec- 
tories whose period of motion is Ty) ~ T)/3, where 
J is the angle between the direction of the magnetic 
field and the direction in which the open trajectories 
occur. 

The equation for %;j has the form 


Ob;/0t + ¥bi = (Fi, 1 = To/bo~ Yo lout (19) 


Applying the Fourier method (see reference 2), 
we vate 


pe se Ar 
ih paral eG Oi uae 


\ \ dedp On CHT re Fo) 
y ce Pp ny +9} us EY) + in (Ree Se 
2 Ta if 
(20) 
Here, vey EY are the Fourier components of 
the corresponding quantities as functions of T. 
Taking it into account that v{™ ~ 8, while the 
factor 1/% which comes from T), is compensated 
by the factor 1/G, and that v{” = va = 0, swe 
obtain 


1 Y00 px y00 xy {00 xz | 
Sik a Ore Dy Oyz | (21) 
ee aoe Oe 
Here, all the bj, are functions of the ratio 7 
=7)/d, while Bi,(~©) =const, andas n— 0: 
1B. (0) Ory (O) b,, (0)| 
Dik = | Myx Nyy yz | ; ) 
B40) b,, (0) 502, 
Hence we obtain for the tensor Qjk: 
Pi oes oy oe To Rian | 
Lig = Lay, Lay Cred i? (23) 
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where all aj, are functions of 7. 


As n—o, all aj, —ajk(%) = const, and as 
1 acca 
NA xy 10x, 
dix =|a,, (0) a, (0) a,9(0) (24) 
a,,(0) 4,, (0) a, (0) 


in agreement with Eqs. (15) and (18). 

b) Approximation to the direction in which the 
layer of open trajectories disappears. If we de- 
note by ¥ the angle between the direction of the 
magnetic field and the critical direction, then, 
since the contribution to the tensor Bj, from the 
open trajectories ~ 3, in this case Bik = ik 
+ Jdj;, where the tensor gj, has a structure of 
the type (14), and the tensor dj, has the type (17). 
By means of Eq. (29) of reference 3, we get the 
following expression for Qjx: 


—1 ! —1 —1 
Gig ais ahaa Cy fants SY Cry Axe aren Cee 

ok = yx ayy ayz 5 (2S) 
G2 Gay a2 


3. CASE OF SCATTERING OF ELECTRONS BY 
PHONONS 


In view of the presence of two relaxation times 
for electrons relative to phonons, tef (see Sec. 1), 
it is necessary to investigate the role of the oper- 
ators of relaxation for the direction W,;/t; and 
the energy W; /t3. If we introduce the function 
ny = —Ve*Ppany /8¢€, and multiply the electron equa- 
tion in the system (1) by 9nj/8x, then the term 
containing Ve-(p+q)—Ve(p), has the form 
| M (<Q; x/Q') ny (x'Q’) dx'dQ’ 


d 


— ny, (xQ) \ K (xQ; 700") dx’dQ’. 


Here Q is the set of angular coordinates of the 
momentum p. We write 


\M (xQ, x/Q') ny (x/Q’) dx'dQ’ 
Le \M (xQ, x/Q’) [ny (x'Q’) — ny (x'Q)] 
x dx'dQ’ + \ dx’ \ M (xQ, x'Q") ny (x/Q) dQ’. 
The first of the integrals can be combined with 
W;, which represents a relaxation in direction, 
such that 
PW GO.7 8) = 3(Q —') {\ M (xQ, x’Q") dQ” 
AAG gaa? \ K (xQ, x"Q") dx'dQ"} 


Here, 
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me es — % — Spy) 


M(xQ, x'Q')=VppA {No (x" —x)- 


fae 5 B(x! 


no 


Nees 2 Ep) ’ 


X + Epmep) 


K (1, x'2') = Voy ne EL se 


no 


s_y flo (x) 


4 No(x' — x) e+ WED 8 (x’ — x — ty») 


(A = number of states in the interval dxdQ). 

It is easy to establish the fact that, with accu- 
racy up to terms ~T/u, we have K (xQ, x’Q’) 
=! Mi (x OF x05), Somnar 


PAW. (40s O80 a) {L (x, x’) —8(x—x’) 
x | LOAN) dx'\, 


\ \ V5 (xQ, x'Q') ty'f (x’) dx’dx = 0. (26) 


This property of the operator W3 expresses the 
fact that a change in the total number of electrons 
in a solid angle can be brought about only as a re- 
sult of collisions with a change in momentum. 

We set ny = (pz, T)X(€) Ong/IE, which is 
possible in view of the 6-like character of the 
function 9nj/de. The current is 


9 e HT, 0 
tee D4) Fe 
= aay \\ 4 dx V (4) ¢ (p27), 


since y(e€) can lee be chosen in such a fashion 
that 


) 
| 50 x (&) de = | 
The kinetic equation for n, has the form 
ot + tS 1Ws(m) + t3°Wy(m)=—R®. 27) 


ini 18 pa =R(-—x), then the corresponding function 
ny(x) =n,(—x), since W (x, x’) = W (—x, —x’) 
(see reference 6). 

Integrating Eq. (27) with respect to ¢€ with ac- 
count of Eq. (26), we obtain an equation for g(pzT): 


o*dg/de + W' (p\/ts= RO), = W' (per; pir’) 


i | dx'dxW 5 (xp; x'pzr') 7 (e') Ono ide". (28) 


Consequently, the function gy is determined by 
the directional relaxation time t;. If R(x) 
= —R(-x), then, correspondingly, n,(—x) 
= -—n,(x) and is determined from Eq. (27), where 
it is possible to discard the term W; /ts; since 
1/ts «K 1/t,. 

Inasmuch as the inhomogeneity in the kinetic 
equation, which determines the electrical conduc- 
tivity and the drag effect, is an even function of x, 
then the tensors oj, and B® contain y; ~ 1/wts, 
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and the coefficients in the expansion in powers of 
Y5 are proportional to t;. In the calculation of 
the tensor BY, it is necessary to take it into ac- 
count that the even part (in x) in the equation de- 
termining the tensor is smaller than the odd by the 
factor T/y, but in the calculation of the current 
from the odd part, a factor of the same order of 
magnitude appears. 

We note that in view of the sharp: difference be- 
tween t; and t;, a case can occur in which ty; 
<teq and ts > tog. 
t; by tgq- Moreover, in certain magnetic fields it 
can happen that 1/wt3 = 3 >1, while y,; = (wt;)7} 
>> 1. In such a case, the asymptotic value will evi- 
dently be an expansion in y, and y3 1 We shall 
not linger over these cases. Then, 


ay = talk (%3) ++ ts Qin (Ys). 


since t; >t3, i.e., Ys < y3, then the zero order 
terms (in y) are proportional to ts, and terms 
of second order ~ y%t3. The two first-order terms 
are equal, since y3t3 = ys5ts; = yt. Therefore, the 
tensor af) remains the same as in Sec. 2, if we 
set yy =y;5 in all formulas for a), The tensors 


Be , and correspondingly, the an), have the follow- 


& form (see reference 4): 
1) The case of close trajectories lying within 
the limits of a single cell: 


151380 xx ery {x2 

(1) 2 

eee bytes. NelsGyy. NEC ye | (29) 
| mien. Hexy Cee 


Using oj, from references 2 and 3 we get 


A vx 32 xy ayz 
(i) oe 
Xin = Yat yx Qyy Gaya {ss (30) 
Ysz, Y52zy ME: 


The tensor for af? has the form (15). In the case 
of a closed Fermi surface, for an equal number of 
electrons and holes, the alo) have the form (16) 
if we set Yo =¥5- 

2) Open trajectories. 
the above, we have 


In correspondence with 


OS Ese NiCr Tiles 


3) = | le bse yy bse yz Vl’, (31) 
plex, blzy 15022 
13¥5 1A ¢ ie Ts x2 | 
ay ait) 34 yx ayy yz | > (32) 
| 32x ayy eZ | 


aff) has the form (18) with Yo = 5- 
3) Approximation to the critical directions. 
a) Approximation to the direction in which the 
layer of open trajectories disappears. As above, 


In such a case we must replace 


in Sec. 2, Bt) = ge + sdip, while gt!) has the 


form of (29), and d{}) has the form of (31). Tak- 
ing this into account, we get the following expres- 


sion for awe 


Ope 1 (ie Se,, 
Qi 
al) = 139 y 
542 ie SY3C zy 


1 —1 
3 xy Bed (ha Beene 915 xz 


ay ae ; 

{542zy a Sc,, a5, (33) 
aff) has the form of (25) with yo = Ys. 

b) Approximation to the isolated direction in 
which a layer of open trajectories arises. If #3 
is the angle between the z axis and the critical 
direction, while 73 =y3/%, ns; =Y5 /%, then the 
tensor at? has a structure of the type (23), (24), 
if we set Yo =Y5, 1 = 75 in the latter equations. 

In the approximation of the tensor a? we con- 
sider three regions: 

1) n3 «1; 5; << 1. With consideration of the _ 
relation between y3 and ys, we get the expression 


13f2C rx YC xy YC ys 

(1) 

fe hye glee yy nley, (34) 
12x nlezy tsC2, 


for BER, and by means of oj;,(¥5, 75) from ref- 
erence 3, we determine a: 


eal eicmad 
Qex Ys N35 xy 5 154 x2 
(1) 
hig =| T22yy yy Qy2 : (35) 
{542% N52 zy a22 


2) 3 >> 1; n5 «1. In this case, 


gleCxy {el xy {tes 
Bie =| x te (Cyy + TaN) ate (36) 
We yx 8 (Cyy T NIMC yy NC yz 
yc cae ylCoy tsC,, 
and correspondingly, 
ex ap 73050 yy Neer (4, a 73750 yy) Yeu fede 
Oe = 139 yx yy Qyz « (37) 
13542, n zy Q22 


3) 13 >> 1; 5 >> 1. Under these conditions, 


alae, Tytey™ wyles 
=| hey, boty tye |, (38) 
mcr. bsC ay tsC,5 | 


13Y5 xx Ys. any Ys xz 
{sy Qyy Gyz Q (39) 


(34 2x ay G52 


aff — 


As is seen, the elements of the tensor a 


always have an asymptotic value (asymptotic in 
y and 7) no higher than the asymptotic value of 
the corresponding elements of the tensor a), 
Thus, as has already been pointed out, the coeffi- 
cients in the expansion in y and 7 in a). (ik 
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the phonons are scattered by the electrons) are 
of order (T/@)?/e, while in a), they are of 
order ~ T/eu [(7), (8’)]; above the tempera- 
ture Ty [Eq. (9)] the drag effect predominates, 
except for the case (37), when a) can exceed 


a) [Eqs. (23) and (24)]. 


In the isotropic model (for this the asymptotic 
and a!) coincide for scattering 


values of a?) 


of electrons by other than phonons, expanding 


gil.2) = a ey we get Bie Bee a (T/TY? ye, 
Yr 


where 
DV tO a 
T!) =~ 5.4 (r + ) . r)o as E 4 r | 
(n | 1p) (m™ / tg) (v / Vo) | 
2 ((s/so)% 1 | no \'l2 
olny) cee: 


ie —(7e/dpy 4, 6 = — d(Int,)/d(Inp). 


Here n is the concentration of electrons, my 


1007! em; 
Sy == Bo OE cm-sec!/, Oy= 108em-sec™/, 


ny = 3-102 em~?, 
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Explicit formulas for the polarization and angular distribution of B electrons in. second 
forbidden transitions involving V and A coupling are derived. The angular correlations 
in unique transitions are examined in the case of arbitrary order of forbiddenness. Unique 
second forbidden transitions are treated in detail. 


1. SECOND FORBIDDEN TRANSITIONS Aj = 2 (no) 


Tae results of a great number of recent papers 
indicate that the time reversal invariant vector 
and axial vector interactions play the fundamental 
role in B decay processes. Together with the 
further refinement of these results it becomes of 
interest to investigate the forbidden 6 transitions 
with the aim of determining the nuclear matrix 
elements. Many papers have been devoted to the 
study of forbidden 6 transitions. However, de- 
tailed explicit formulas for the angular distribution 
_and polarization of 8 particles have been given 
only for transitions of first order of forbiddenness. 
In the present paper we consider £6 processes of 
second and higher order of forbiddenness. Since 


the method of calculation has already been described 


1 


_ in a series of papers, we give at once the final for- 


mulas. 


a. Angular Distribution of 6 Electrons for Second 
Forbidden 6 Transitions in Oriented Nuclei 


We shall characterize the orientation of the nu- 
clear spins by the quantity 


Pg = » Gi (20), 


Lo 


ey 
ZS 
Yo 


Yo 


Yeo 


ZZ) — 


(Yo) = 1, (1) 
where jg is the angular momentum of the initial 
nucleus, pp is its projection on the axis along 
which most of the nuclear spins are oriented 
(chosen as the Z axis), w(9) is the probability 
that the nucleus has a spin projection with the value 
Hy, and C_,; are Clebsch-Gordan coefficients.” 
The number g is even for aligned nuclei, and even 


or odd for polarized nuclei. 
V 2g 4-1 Py = V 2i0 + Vitter 


where fy are quantities which are tabulated in 
the papers of Cox and Tolhoek.? 
5) 


5 


3 


The angular distribution for second forbidden 
transitions with a change of the nuclear spin by 
two units (|j)9—j,| =Aj = 2) and without change 
of parity is given by the formula 
\) 


yee) 
glee Ss 


re (for hh) Be (E, 9, p) Pg (cos), 


(2) 


(jp) =1+ 4 


where j, is the spin of the nucleus after the 6 
decay, Pg (cos #) is the Legendre polynomial in 
the angle of the electron momentum vector 

p(p, ¥’, ~@), E is the total energy of the electron 
(including the rest mass), gq is the momentum 
(energy) of the neutrino (we choose units for 
WiMiGly i Sin = C= il). 


Mis U (12 F083 Jo2) ye V 5 (2jo = 1) W (20g; Jo2) P gs 


where W (abcd; ef) is the Racah function (tables 
of Racah functions are given in reference 4), and 


6B Ayo age Ag (Ee. Va (pe 2 Very Vv’) 


+ AsE (p? + 2p°VE™ + V®) + Ag (p* + EV), 


= 4, + ay (p? + 2p?°VE+ + V*) + as(pPE * + V). (3) 


Assuming uniform distribution of the charge over 
the volume of the nucleus, we have V =6a@Z/5R. 
For the case where the charge is distributed over 
the nuclear surface, we find V=aZ/R (Z is the 
nuclear charge, R_ is the nuclear radius). 

The quantities aj; are equal to 


a, ==, (p? + 4°) + (1298 + YaP* + TaP?4?) + 154 (0? + = q?), 

a, =% (p+ 24°), 

bea Ce a ates a) (4) 
The quantities Aj; for different values of 

have the following values: 


o 
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oils 
A, = (9197 + 92p4 + $3p"q") 
+ 94g (p® + q?) + 5p” + 969, 
Ag = q (1g? + dep?) + (h9q? + hap?), 
As = 29 (p? + 24°) + ¢e(p? + = 9”), 
Ay = CS +p?) , 
A,=0, Ag =hoq?-+ dep? 
Gia 2: 
Ay = Pq (x9? + x2”) + (x89? + Xap), 
Az = p [(@19° + ep?) + @3q + 4], 
A;=A,=0, As=osp, Ag =P (M64 + :); 
f= 3: 


me a) 5 ? 4 : 
A, =—2)'‘/sp | (—are9° + Ve esp") 


+ Pag + 2s ; 
Ay = —2V'"/3 p? (hog + 4), 
As = —2 V/s p* (21q + 9), 
Ai=—2VTaeep?,  Ap= 0, Ag =—2V 7s hop 
g=4: 
A, = — 6p? (y29q + y4), Ag = —— oop’, 
A; = Ay = As = A, = 0. (5) 


The coefficients yj, 7, $j, Pj, Aj, Xi, and wj;, 
which depend on the coupling constants and on the 
three nuclear matrix elements, are given in Appen- 
dix A. 

In expression. (2) we have made the approxima- 
tion (@Z)? «1, (aZ/p)* «1. In the limiting 
case where Z > 2A'7E (A is the mass number 
of the decaying nucleus), the angular distribution 
no longer depends on the nuclear matrix elements, 
as in the case of unique transitions. In this case 
we have 


w (jp) =1—4 Di rgBgPs (cos), (6) 
where ee 
cB, =V6(2q?+2p*), §B,=2V 14pE, 
Ba VMAS Bae eee 


Formula (6) corresponds to the two-component 
theory of the neutrino. 
b. Longitudinal Polarization of the B Particles 


For pf transitions with Aj =2(no), the longi- 
tudinal polarization vector for the B~ particles in 
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the rest system of the electron can be written in | 
the form | 


p / De hee’ 7 
= (Oates (7) 
The quantity aé is different from ¢ in that the 


constants £j), (which enter in the coefficients 
yi, n, and ¢;) are replaced by the constants Qj,: 


hips Cir CC. ee aes 


jh eV ee ae (8) 


C; and Cj are the coupling constants of the B in- — 
teraction corresponding to the terms which, respec- 
tively, do or do not conserve parity. b&é = Va, + a3, 
where we also replace the fj, in the quantities ay 
and a3 on the right hand side of this equation by 
the Qjk. 

cé = 2m [xg (+t) + «(+4 pe). 7) 

The energy dependence of &, a2, and a3 is 
given by (3) and (4). The coefficients xj which 
depend on the constants C, C’ and the nuclear 
matrix elements, are given in Appendix A. 

If the strong interactions are invariant under 
time reversal the combinations of matrix elements 
entering in x; are real. A possible violation of 
time reversal invariance in 8 interactions is de- 
termined by the third term on the right hand side 
of (7). In the two-component theory of the neutrino 
Qik = Bik and a=1. 

In (7) we made the approximation (@Z)? «1 
and. .(@Z/p)- <1. Ie) Ze 2‘ fora given 
nucleus, the formulas for the longitudinal polari- 
zation no longer depend on the nuclear matrix ele- 
ments: £=-—p/E (here we use the two-component 
theory of the neutrino). 

We note that the general form of (7) is the same 
for B transitions of arbitrary order of forbidden- 
ness, where the energy dependence of a, b, and 
c is determined by the order of forbiddenness. 


2. UNIQUE TRANSITIONS Aj =N+1 


The formulas for the angular correlations in 
forbidden £8 transitions of the unique type, in 
which the change of the nuclear spin exceeds the 
order of forbiddenness by one (i.e., Aj = |jo —j,| 
= N+1), do not depend on the nuclear matrix ele- 
ments. It is therefore impossible to obtain from 
a study of the unique transitions, any information 
about the structure of the nucleus, except informa- 
tion on the angular momenta and the parities of the 
nuclear levels. The latter, though, is the most 
definite information on these quantities that we have. . 
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The unique transitions are determined by the 
Gamow-Teller interaction, where apparently only 
the axial vector (A) coupling gives a significant 
contribution. 

In this part of the paper we consider the angular 
distribution and polarization of B particles for 
unique f transitions of arbitrary (N-th) order 
of forbiddenness in oriented and non-oriented nu- 
clei. The detailed form of the formulas obtained 


is given for the case of second forbidden transitions: 


Aj =3(no). 


a. Longitudinal Polarization of 8B Electrons 


We shall characterize the polarization of the 
electrons by the angle x between the electron 
momentum p and the direction of the spin ¢. 
The polarization is then given by the formula 


w (Cp) = 1+ cosy. 


In the approximation (a@Z)?«1, (aZ/p)*? «1 
(the exact formulas are given in Appendix B) we 
have 

sy sel pe ete Slr ieee Ue aT ALY 
“ ELPA (Spy h Bia P Brrt+Baa wy 


/ 


A = 2(ReBra)/(Brr + Baa), (9) 


where aj, and fj, are given by (8). The weakly 
energy dependent coefficient dy is different for 
different orders of forbiddenness of the B transi- 
tion, N: 

ody = Di (i +4)", =) G7, 

J J 
AN 3) (NI. pl tye ie 

(2N-+ 4)! (2)! (2N —2j + 2)! ° 
The summation in (10) goes over all half odd inte- 
ger values of j with j<Ntl. 

It is seen from (9) that the interference terms 
(between the interactions T and A) violate the 
time reversal invariance. However, this interfer- 
ence is apparently absent in the f interaction. 

For “pure” T or A coupling we obtain:* 


Se (10) 


PDE Ore ee 
Sie etch ey 


b. Angular Distribution of the Electrons 


If we characterize, as before, the orientation of 
the nuclear spins by the quantity pg [see formula 
(1)], the angular distribution of the electrons 
emitted by oriented nuclei in unique transitions 
has the form 


*Here, as well as in the analogous formulas below, the 
upper indices refer to T, and the lower indices to A. 


2N-+1 
w (jop) = 1 + ee (jor ih) Be(E. 9, p) Pg (cos). (11) 


Here 


rg =U(j,N + Vjogs jo + 1)p,, 


SE BASs 


Fox l@ (12) 
ag = 2 Di ¥f, Hediaty bg = Dg (i+ 47 
J j j 


Q= 877 +BagX =—2ReBra, 


ReSi=¢77,-—6, 4; mS =——2 Ime (13) 
In the general case of N-th order of forbiddenness 
the numerical coefficients ¢8 and 7? are given 
in terms of the Racah functions and the Clebsch- 
Gordan coefficients: 


ef =() “Vit e+ )C@i—g@ @g+ I) 2N +3) 


x CP sro yoW (N—F+1N + lig, iN +1), 
g— even; 
= =e yo) (g+ 1) 2g + 1)2N +3)C 1],07-+1/20 


SW (N jae 1 Net ie, fae), 
g — odd. (14) 


For “pure” T or A coupling we have: 


po e2Rece* 
EO | CPentcor 


6B, = ays Oy. (12’) 
The numerical values of the coefficients Re ae 

and ne for second forbidden £8 transitions (N=2) 
are given in Appendix C. 


c. Polarization of Electrons Emitted by Oriented 
Nuclei 


The probability for observing an electron with 
momentum p and polarization ¢ in unique B 
transitions is 


2N+1 
w (io p,o)=1-+|Clcosy + D) reBgPg (cos 9) 
&=1,... 
+ Di reCe.Fes (, % ©) (15) 
£,5 


The directions of the vectors jy, p, and ¢ and 
the angles between them are given in the figure. 
The values of | ¢|, rg, and Bg are determined 
by the corresponding formulas (9) and (12). The 
index s in the last term of (15) takes on the values 

Sia ger rl SO tat the summation over Ss goes 
from s=0 to s=2N +2. Furthermore, 


or 
on 
for) 


—— 
FO ieee 


on = [ee at (igs Re S + tg Im S) 


il te A 
EO 2X 


Wh, ’ , 
+ fom tg Re S a. Les Im S) 


ne = 2» DG, 
J 


les = 21D} Ci + : 
i 


p= yD, te 2D (jes) - (16) 
i i 
The angular dependence of Fos(¥, x, w) for 


different values of s and g is expressed in the 
following form: 


Fog = V ean a sin y sin oP, (cos 9), 


Fegti = V 3(g + 1) cos xP, (cos 9) 


aS 1 —— sin x cos wP; (cos 9), 
F ye, = — V 3g cos yP «(cos 9) 
+ V 3/gsiny cos wPs (cos 9). 


Pg(cos 3) is the first associated Legendre func- 
tion. The constants Q, X, and S are given by 
(13); 

In the general case of N-th order of forbidden- 
ness the coefficients Ejr> oj and Tj are eiven 
in terms of the functions of Racah and Fano? and 
the Clebsch-Gordan coefficients: 


1) V2 (2g + 1) 


1)X (dls, jig, 


eet) (2)-- 1) 2h 


x W (JN +1 jg; iN + 


ee (a) (2 1) V 4 Op 


so 
xC 


ins o+— 0 


W (iN + lig; jN +1) 


Av Zs DOLGINGY andes, 


Va KAHARITONOW, 


xX (jf Blige aol) ee eee 

oy = (—)" (2) + DV ON +3)/3C8 5 4 yt ' 
xW (iN + lig; jN+ 1), g— odd 

(Sj ee eee (17) 


A significant polarization of order ~ p/E of the 
electrons in the direction [pxXjy] can be observed 
only if time reversal invariance is violated and 
if there is TA interference. If time reversal 
invariance holds, or if there is no TA interfer- | 
ence, the polarization in this direction is ~ aZ/E, | 
i.e., small as compared to unity. | 
| 


In the case of “pure” T or A coupling the 
quantity oCgs [formula (16)] is given by 


4 1 Pm Re Cm 
oC ys = Res — Res £ E poe ewe gs 


+P cra op oo 
The numerical values of the coefficients «{2°?, 
c(8S) | and r‘8) for second forbidden B transi- 
tions are given in Appendix C. 

All formulas quoted above correspond to B™ 
decay. In the case of positron decay we must make 


the following substitutions in these formulas: 


* , 1 
Ca — Cu, WOne Ca. 


CU, —— Cif 


s , th 
Cy,r—Cy,r, Cy,r—>—Cy,r 


APPENDIX A 


Coefficients yj, n, and ¢; in the expressions 


(4): 

= | Lil By) eae CRB eas 
Ta = pe (21 Kalba, + 31 Kv By — 2V 6 Re KakyB ay) 
w= trt+ Sr, 


2 


ign Ve 


—V 2Byy Re KyLy + V 3Re KaL v8 ay); 


1 = Te BIKA PB gg + 21KVPBy + 2V BReK akyB ay); 
rae a 28 vw Re KvLy + VY 3Re KaLv8 ay); 


Ces peo 


w 


= S| Kale ag i 2) NVA ep) 


Nuclear matrix elements: 
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Ka={C hal 7 i OVeaPinl? ar; 
Ky = (Ciktud | Gi Vandiee? de; 
Ly = (Cikjad* \ PiaiaVer Giant ar. 
in these expressions o and @ are the four- 
rowed Dirac matrices, and YL x is the spherical 


vector function. Its components are expressed in 
terms of the spherical functions: 


YA = (Sere Mi, BY aie M> 
Sea ee ee 


The scalar product of two vectors (AB) is here 
conveniently represented in the form 


(AB) = >) (—)"4,B_,, 


: 
AgeAst Ay = (AyceiA,) Vv. 2. 


Coefficients gj, Aj, Xj, and wj in the expres- 
sions (5): 
= — + ( + |KaPa4, + = Re KaKye sy); 
G2 = —(2V 6/625) (|Ka Pa, , +3 | Kv Poy 
—V 6Re KaKya.,,); 
go = — AV F(T Ka lag, + 1Kv yy 
—V 6Re K ,Ky%,y); 
ge = 2V £(V8ReKalya gy —V 2%yy Re KvLy) ; 
gs= —2V 2 (4 [Kalagg + $1 Kv Pay 
+V 2ReKakva,y) ; 
—o= — Vi | Ly Payys 
1 = FV 8 (41 Ka Pog — Kv Poy 
—V 2(@Z/p)imK aKy,y) 3 
= —&V = [ReV 3 Kala, — V 2KvL yay) 
+ (aZ/p)Im(V 3 KaLya,, aE V 2KyLyayy)]; 
Go = — Ge (F1 Ka Pegg + Gl Kv Poy + Vo SReKakvtgy): 
m=bV 2 [|Kv Poy —V 6ReKakyegy 


—(aZ /4p) V6 (BE + E')ImKaKyegy] ; 


he = (V6/ 125) | Kv Pay + 2|Ka Pog, 
— 3) 6Re KaKya gy ) 
+ (aZ (2p) V = (TE + EW) Im KaK yoy] ; 
he = —(2/V 15) (a, Re KyLy 
— (62 / 4p) (08 Em oy miele 
he = (6/25 V 5)[V 2Re KaL va, —V 3 a, Re KvLy 
+(0Z/12p)\(iE Eb) im (=) 2K alvae 
+ V 3KyLys, )I; 


— 


15 


2 [| Kv Poy + V 6Re Kak ve gy 
— (aZ/4p) V6 (5E — Ey’) Im KaK vay); 
he = (3V 6/625) [ —|Ka a4, + 21 Kv [ayy 
—V 6Re KaK ye qy 
+ (aZ/4p)V 6(7E — Ey') Im KaK voy]; 
Ey=E+ p’va; 
1a = (V 14/100) («2 /p) (| Kv |? Bry — V6 Re Ka Ky Bay); 


Xo = (1/30 V 14) («Z/p) (| Ka Baa +] Kv i? Bvv 


—5Y = Re Ka Kv Bay); 


5o7 


v3 = (V 14/180) (aZ/p) [5E| Ky ? Bvv + 3(E + V)| Ky P Bw 


+ 9 V 108 yy Re Ky Lvl; 


Ya = — (6/125 V1) (aZ/p)|2 E (| Ka P Baa —| Kv P Bw 


—7V = Re Ka KyBav) +4 (E+V) (Ka Baa 
—|Kv Bw —5 V3 Re Ka Kv Bay) 
+2) ® (V2Re Ka Ly Bav — V3Re Ky Ly Bry) 
+ (aZ/p)*7/V 6 Im Ka Ky Bay] ; 

o, = — (V 14/15) (2 | Ka [Baa + 21 Kv PB yy 
— V2 Re Ka Ky Bay) ; 


op = — V2 (E1KalP Baa + Fi Kv bw 


125 


—V/ 2 Re Ka Ky Bav) ; 
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os = LV V3ReKa Ly Bav —V 2 Bw Re Kv Ly); 
4 = — 2 V7| Ly? bw; 
og = — (3V 14/125) (E [Ka Baa + $1 Kv Bu 

+V 2 Re Ka Ky Bav) ; 
4 = — (V 14/25) (—| Ka? Baa + £1 Kv |? Bvv) ; 
0, =—1// ¥(V3Re Ka Ly Bav + V2 Bw Re Ky Ly) - 


Coefficients x; in the expression (7’): 
= Ve Ka Ky «av; 
xp = — (1/3 V5) (V2 Ky Ly aw + V3Ka Ly aay): 


APPENDIX B 


Expressions for the angular correlations in 
unique transitions have been given in the approxi- 
mation (@Z)*? «<1 and (aZ/p)* «1. To obtain 
the exact formulas for arbitrary Z, we must 
make the following changes. 

1. In the expressions for o in (10) and ag in 
(12) we must replace DN by Dy, where 


Dj’ = [x (EQ — X)]2 BF pt! ((2)) Wp 
Stee (Q+X)+a_, (Q— x) @j, 


w@; = 1 — 3 («R)?/10(j + 1). (B.1) 


Here k?+1=(E+aZ/R)* in the case of a uni- 
form surface distribution of the nuclear charge 
and = (E+ 6a@Z/5R)* in the case of a uniform 
volume distribution. The aj, are coefficients 
determined by the condition of smooth joining of 
the radial parts of the electron wave function in- 
side and outside the nucleus. The values of aj, 
are given in the tables of Sliv and Volchek.® The 
expression 


Av. Zs" DOLGINOVEandei. 


V. KHARITONOV 
[kgs + (EX — Q) (EQ — X)™ kgs] 


in formula (16) must be replaced by gD but 
in the curly brackets in the expression for Dj 
[formula (B.1)] we must have 


lat ye (Q+X) $a 28, 


yi 
Pe 2 


_1(Q— X). 


2. The expression 


(EQ—X)1 9D) af [pReS +a2(j7 +4) ‘Im S| 
i 


in the formulas (12) must be replaced by ene ne, 
where J 
Pf) = 2 [x (EQ—X) Dj ph (2) "Pa aa 
X {cos 8; Re S — sin §; Im S} w;, 
aZ 
ens AS aay 
tae ocalesr Pe ea 
aZ aZ 2)—'/2 
ee regio ce et B.2 
seem + prea | G4 


Exactly the same changes have to be made in the 
terms of (16) which contain Igg and loss (with 
the coefficient gj Die 

In the quantities of (16) containing ty and te 
we must make the substitution (B.2) (with the co- 
efficient Tj), but in the curly brackets in (B.2) we 
must have 


{cos 6; Im S + sin 6; Re S}. 


For example, the exact expression for the longi- 
tudinal polarization of the electrons in unique tran- 
sitions is then written in the form 


C= Dury’ / 21D? 
/ J 
APPENDIX C 


Numerical values of the coefficients in the ex- 
pressions (10) to (17) for second forbidden transi- 
tions (N = 2): 


oe aS i po Quat 
re if ef 
ti J gi £3 g=5 ff &=2 g=4 
iin > |2V3| 0 0 0 0 
+ | 2] (4 leval-tvelo | [3 Fave] 6 
| + | | [Fvaj-ivekval | $ |-svalive 
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(gs) (g) 
Ci 


7 
I 
tw 
ve 
{! 
ca 
~~. 
poy 
I 
= 
v. 
| 
wo 


&=5, 


1 
= 0) O 10) 0) 
2 
= = SE ae y/o) 2 6 0 
2 )eVe\-2V3] 0 | oo | Le le¥el ave 
Bly / at okay sek celal an 8 fez |_ayej2y/e2 
2 </V = a a V Fla V = 4 alee 7V 3 7 3 
eif°) 
. gt | g=3 g=5 
i 
| s=0 | S=2 S==2 s=4 s=4 s=6 
a eget 0) 0 0) | 0) 0) 
1 2 3 
2 2 45 
: 5 oye 0 0 0 0 
1 Se we Stee 
: 3 ; Te le AG 0 0 0 
> eT ai Rd Se 
1 2 Dae i raj 
5 ie = V2 = V6 Ve 0 0) \ 
1 2 bape, || Ope 2 2) 
ks a 3 PAL 7s Ue mal 0 
a Se =5 
1 10 Spey 2 ays 10 Wee 5 | 2001/6 
2 21 21 V2 at Veale 21 V2 21 V i | 2 Vs 
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A general expression is obtained for the electric and magnetic susceptibilities when spatial 
dispersion is taken into account. It is shown that electromagnetic effects in a uniform me- 
dium can be described by means of a conductivity which depends on frequency and wave vec- 
tor and a magnetic susceptibility which depends only on the wave vector. A universal rela- 
tion is obtained between the conductivity and the magnetic susceptibility. 


ile recent years a number of papers have appeared 
which have been devoted to an investigation of the 
effects of spatial dispersion in the propagation of 
electromagnetic waves through matter.!~? 

In the papers by Ginzburg? and Agranovich and 
Rukhadze? the dielectric tensor (with spatial dis- 
persion taken into account) was obtained on the 
basis of phenomenological considerations. In 
papers by Shafranov,* Drummond,’ and Klimonto- 
vich' this tensor was investigated for a classical 
gas of charged particles. We may note that in the 
classical analysis it is impossible in principle to 
take account of the diamagnetic currents. Quantum 
mechanical expressions for the dielectric tensor 
have been considered on the basis of particular 
models by a number of authors.'*8" 19 

In a paper by Nakajima,'! a method developed 
by Kubo!” was used to obtain a general quantum 
mechanical expression for the current density in 
the case of a uniform medium. This expression 
includes the diamagnetic currents. However, 
Nakajima did not obtain expressions for the mag- 
netic susceptibility and did not relate this quantity 
to the electrical conductivity. In the present paper 
we have obtained expressions for the magnetic sus- 
ceptibility and the conductivity in which spatial dis- 
persion has been taken into account. Certain prop- 
erties of the magnetization current have been de- 
rived and a universal relation has been established 
between the conductivity and the magnetic suscep- 
tibility. 


1. AVERAGING OF THE CURRENT DENSITY 


We consider a system with a weak electromag- 
netic field which is described by the vector and 
scalar potentials A(x,t) and U(x,t). The elec- 
tromagnetic field is not quantized. 
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In the approximation in which the field is linear 
the Hamiltonian of the system can be written in the 


form 


where %) is the Hamiltonian of the unperturbed 
system and 


V=\ emu, 1) dx — = \ Jus) A, (x, t)dx. (2) 


Here 
p(X) = Dyen 5 (K — Xn) (3) 


n 


is the charge density operator and 


J (x) = >) n/2m:) [Pa 8 (K —%,,) + OX — & Pal 


=o Curl - tn 5 (X — Xz) (4) 


is the current density operator for the unperturbed 
system. Py is the kinetic momentum of a particle 
with the perturbing field neglected and py is the 
operator for the inherent magnetic moment of the 
particle. The summation is taken over all particles 
of the system. 

The system is described by the density matrix 
F which obeys the equation 


ih F =[(H)+V), FI. 


We assume that the perturbation appears adia- 
batically and that F — Fy) when t ~—o, where 


Fo = e— 8H (Spe-bHo) 4, 8 = A/kT. 


Using a method analogous to that used by Naka- 
jima,'! we obtain the following expression for the 
mean value of the change in current density pro- 
portional to the external field 


<Aj (x, 2) = J (x, t) + jx, f), (5) 
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where 


t 
me (x; t) as \ dt’ \ dx’ Puy (x, x, t, t’) Ey (x’, 2’), (6) 


—0o 


iP (x, t) = dx Gur (X, x’, 0, 0) 4 A(X’, 2) 
en 
— A, (x,t) Sp{Fodges (x —xz,)}, (7) 


B 
Peak IE ee \Sp {Fo Jv (x’, f’ —iBd) Ju (x, t)} dd. (8) 


© 


0 


Equations (5) — (8) becomes Nakajima’s Eqs. 
(7) — (10) if we assume that the medium is uniform 
and neglect spin terms in the expressions for the 
current density (4). 


2. PROPERTIES OF THE RESPONSE FUNCTION 
a) Symmetry Properties 

In the representation in which SX) is diagonal 
Puv has the form 


Puy (xs x Le i = sy ef Omk (t—t’) 
mk 


pak Pmmied 3 
xX Jy (X') me Ju (X)iem es ee (Sp Chay. (9) 


The following properties of Puv follow directly 
from this equation: 


1) Pur (x x", Zt, 2’) 


depends only on the time difference t-—t’ =T. In 
what follows we denote this dependence by 
Puv(X, x’, Tr)’. 


2) Guy (x, x’, tT) — is real, 
3) Puy (x, x t) OE (x’, Xx, ae) 
4) Puy (x, x", t, H) = Guy (x, x”, —7, — H). 


Here H is a magnetic field. From 3) and 4) it 
follows that 


eer KaeX eet LM) == yi. (KX, X,00,,-—= 1). 


b) Properties of the Response Function for Coin- 
ciding Times 


In what follows the following relation, which can 
be easily verified by direct calculation, will be 
found useful 


[pe (x’), Ju (x)] 
= — ih (08 (x —x’)/Ox,) D) (eh /Mtn) 8 (X — Xn). (10) 


n 


Whence we obtain 


Opuy (x, x’, 0)/Ox, 
= (08 (x’— x)/Oxn, Sp) Fod (Cn/tmn) 8 (x — xn) } poms (2!) 
so that for any function g(x’) we have 


\ uv (x, x’, 0) LD gy’ 
Ox 


ag os 
= BS [Fo Dig 8 — x0) (12) 
Further 
\ Opa , 0) dXt =e, op (Pod (€7/mn) 8 (x — xm} ‘ 


n 


(13) 


c) Relation Between the Response Function and the 
Correlation Functions 


Following references 6 and 12, we introduce the 
current correlation function 


Yur (XX, =) = 5 Sp (Po(Iv(x’, 0) Ju(x, 2) 


wg t) dy (X 4 0)? (14) 


We denote the Fourier components of the func- 
tions %,, and Puv by Yuv and Pup so that 
for example 


ate r 4 : ‘ 
Puy (a x, ®) = ra aie Duy (x, Ge t) dt. 


Using Eq. (9) in a way similar to that given in ref- 
erence 6 we obtain the relation between Yuv(%, Xe) 
and Pyv(%, se 2 


uv (X, X’, ©) = Duy (X, x’, @)/Eg (o). (15) 


Here Eg(w) is the mean energy of the oscillator 
for a given temperature 


Ep (o) = (hw/2) coth (hw/2kT). 


3. MAGNETIZATION CURRENT 


As is apparent from Eq. (7), the current j)(x, t) 
does not contain a delay with respect to the vector 
potential A(x, t). When w=0, in the absence of 
an electric field the total current density of the 
system reduces to j®’. Hence, when w=0, j® 
has the significance of a magnetization current. 
When w #0 this simple significance no longer 
holds since j contains terms which are propor - 
tional to the induced electric field and, consequently, 
are proportional to the magnetic field. However, for 
convenience we will call the current j@ the mag- 
netization current. We may note several of its 
general properties. 

a) The gauge invariance; this is easily demon- 
strated by means of Eq. (12). 
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b) div j@? = 0. This property follows directly 
from Eq. (11). It allows us to write j® 
=c curl M(x, t); M(x, t) may be called the 
magnetic moment density of the system. [Actually 
M (x, t) has the meaning of a magnetic moment 
density only when w = 0.] 

c) Using Eq. (13) we can write j® in the form 

iP (5) =) dx’ un (% x’, 0) [AV(X’, H— Ay 0%, £)1- (16) 


c 


From Eq. (13) it follows that Up eres t)dx = 0. 


d) From Eq. (12) we have 
Oe? (x, t)/dt 


ease dX’ Oy (x,x’,0) [Ey (x’, t) — Ey (x, t)]. (17) 
e) As is apparent from Eq. (15), in the classical 
limit 


Pur (X, X’, t) = B v(x’, 0) Ju (x, *)>- 


Here the angular brackets denote averages over 
the classical canonical distribution. In this case 
a direct calculation yields j® =c curl Mg], where 


Ma = OR Yen 8 (X — Xn) a » (Um, H (Xm))>. 
Mg] is the classical paramagnetic moment density 
of the system. 
Thus we obtain a well-known result: the diamag- 
netic moment computed from classical mechanics 
1S Zero. 


4, CASE OF AN EXTERNAL FIELD THAT VARIES 
HARMONICALLY IN TIME 


Let E,,(x, t) = By (xyes er Then, using Eq. (11) 
we have 


i? (xa t) = etal \ Kes (x, ba w) Ey (x’) dx’, 


A) 


co 
Kak Xs 6) = \ CORO KaeX erat. (18) 
0 
Using Eqs. (11), (17), and (18) (with w #0) we 
can express the total current density in terms of 
the electric field: 


(jn (%, #) = e-*" {Ey (x) | Ku (X, x", 0) dx 


ue \ Ky (X, x’ ©) [Ey (x') — Ey (x)] dx’ ; (19) 


Here 


co F) ‘ 
A\ pa ae (x, x’, 7) 


AEA 50) =o — 
Gang OS OSE ) iw at 


at. 


0 
The quantity Kip (X, x’, w) is given by the 
relation 
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Ki (x, x’, ©) = Kyy (K,X’, ©) — (1/0) uv (x, x’, 0). (20) 


The divergence in Kip (% x’, w) when w=0 is 
due to the fact that it is impossible to express the 
total current density in terms of the electric field 
alone when w= 0. In this case it is necessary to 
use Eqs. (16) and (18). 


5. CASE OF A UNIFORM MEDIUM 


In the case of a uniform medium Puv(% Xr) 
depends only on the difference x—x’ =r and, for 
a medium which has a center of inversion, is an 
even function of r. In what follows, for the case 
of a uniform medium we will designate the response 
function by Pyp(Y, T): 

B 
gur (t,t) =\ Sp {Fo Jv (0, — i) Ju(r, 2) dd. QI) 
0 

We list the symmetry properties of this function 

which follow from the results of Sec. 2: 


1) Quy (r, t) = Qvu. (— r, —t), 


2) Puy (r, e, H) = Puv (r, TaN nal H), 


3) Puy (Is T, H) = Pvp (— isto etmees H). (22) 
Let 
Es, t) SE (k, oye os ete: 
Then Eq. (6) yields: 
iW? (x, t) = oy, (k, @) Ey (x, 2). (23) 
Here 
Suv (kK, @) = \ ae a uv (r,t)drdt. (24) 


0 


Equation (16) can be written in the form 
i? = (1/c)\ guy (F, 9) [Ay (X— 1) — A, QO] dr, 


whence, by means of Eq. (12) and the relation H 
=curl A, we have 


curl ,, j®(x, £) 


a 


= (1/¢) \ uv (1) [Hy (x — 1, 1) — Hy (x, 0) dr, (25) 


where 


Xuy (r) = Buy Sige (r; 0) —| Puy (r, 0). 


From Eq. (16) and property b) of the current 


ji) (cf. Sec. 3) we have 


J 
j? = coeur M, « Mica t) = (kK) Hoot) 


where 


| 
| 


| 
} 
| 
| 
| 
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uv (k) = (Rey? | ay (r) (e—F— 1) dr. (26) 

It is clear from these relations that to describe 
electromagnetic effects in uniform media it is suf= 
ficient to introduce a conductivity Oy (k, w) which 
depends on w and a magnetic susceptibility Xuv(k) 
which is independent of w. 

When w #0, in general it is not possible to in- 
troduce a magnetic susceptibility. From Eq. (19) 
we obtain the following expression for the total 
current density: 


CAju (x, t)> = [Suv (0, w) + Gus (k, w)] Ey (x, ¢). 


Here 
Suv (0, @) = \ pier de\ 9, (0, s)dr, 
4 = 99, (T, T) 
Boni) we \ee d.\ eo (e-kr 1) dr. (27) 


0 


The Kramers-Kronig relation and the fluctuation- 


dissipation theorem can be obtained from the fol- 
lowing formula 

13 oS A 4 , 
- Duv (kK, w) + i \ E,(@) dw’. 
os (28) 


bi, (kK, ©) 


© — w’ 


This follows directly from Eqs. (15) and (24) where 
dur (k, wo) = ler Gua (r, w) dr. 


We may note the symmetry properties of Suv 
and Xup which follow from Eq. (19) [the same 
properties are possessed by o" p(k, w )]: 


Suv (k, ©) = oy (—k, —@), oyy(k, @, H) 
= Gy, (— k, o, —H). (29) 


The last relation is the Onsager relation. If there 
is a center of inversion 


Puy (ls t) = 9, (— Ts t), Suv (kK, @) = oyy(—k, @). (30) 


Similar properties are possessed by Xuv(K). 

The properties in (29) are a particular case of 
the general symmetry properties of the kinetic co- 
efficients .® 

The tensor Xyp is related to the tensor oy, 
by the following relation: 


foe) 


\ dw {Buy ) lone (Kw) 0.2 (0, w)] 


—oco 


Iay (k) = 


ess (eo 15., (0, ©}. (31) 
Here 


6.y(k, @) 33, (k,@, H)-+ o,,.(k, — o, — H), 


H is the magnetic field in the unperturbed Hamil- 
tonian. ’ 

Thus the magnetic susceptibility is closely re- 
lated to the spatial dispersion of the conductivity. 

In the expression jy = ic€y»jk)XjyHy the com- 
ponents x7, do not appear when J or n are equal 
to z if k is directed along the z-axis. Hence 
the longitudinal part of xj,(k) has no physical 
significance. 

For a given direction of the vector k, when 
k—0, we can determine from Eq. (26) only four 
(transverse) components of the magnetic suscep- 
tibility tensor yjz,(0) for a uniform magnetic field. 
In order to obtain all ten components of this tensor 
it is necessary to use Eq. (26) with k—0O for three 
mutually perpendicular directions of k. In this case 
the diagonal components of the tensor Xj, appear 
twice; for example the component xxx is obtained 
when k is along the y axis or along the z axis. 
In the first case 


4 4 
Kee <a D2 \ Xxx yPdr =e sor \ Peet? dr, 
and in the second case 


~ z 4 
hex = | uxt" =— 50 \ Pye a. 


~ 2c2 
These integrals are equal because of the relation 


DW) ena, 0) Vn (xy2) dr = Se, (ry 0) Vu (yx) de = 0, 


which follows from Eq. (12). 

A comparison of the results obtained for k — 0 
for three mutually perpendicular directions of k 
leads to. the following expression for the complete 
tensor Xyp (0): 


Xuv (0) = — 57 \ [= 22 D1 Pax (Fs 0) —4,, (F, 0) | 2dr. (82) 


In the case of a fixed uniform (i.e., varying 
only slightly in a distance of the order of a corre- 
lation radius ) field the magnetic susceptibility 
Xyn,(0) is related to the specific magnetic moment 
by the relation xj)(0) = 9M](H)/8Hy, where H 
is the magnetic field in the unperturbed Hamiltonian. 

In this work we have used the conventional 
scheme of a self-consistent field in which the re- 
mote interactions are included in the macroscopic 
electromagnetic field which satisfy Maxwell’s equa- 
tions; only the near interactions appear in the un- 
perturbed Hamiltonian. In this scheme the electro- 
magnetic fields E and H are the resultants of the 
fields of the external sources and the fields pro- 
duced by the charges and currents of the system. 


_ However, it is possible to include all interactions 


between the particles of a system in the unperturbed 
Hamiltonian; in this case, by E and H we are to 
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understand the fields of the external sources. 
The authors are indebted to Prof. L. E. Gurevich 
for advice and valuable discussions. 
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_ PAIR PRODUCTION IN COLLISIONS BETWEEN CHARGED PARTICLES 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 793-798 (September, 1959) 


Pair production due to collisions between fast charged particles and atoms is considered. 
Expressions for the cross sections are obtained which are valid for positron and electron 
energies comparable with that of the parent particle. 


1. INTRODUCTION 


Te effect of pair production in collisions between 
charged particles has been discussed in references 
1 to 5. The expressions obtained in these articles 
for cross sections agree in the region of pair par- 
ticle energies €, and ¢_ which satisfy the inequal- 
ity «€,+¢€.<«<E/m (regionI). The cross sections 
in the region €,+¢_>E/m (region II) were dis- 
cussed in the articles by Bhabha? and Murota and 
others.® The latter article, written not long ago, 
shows the error of Bhabha’s results in region II. 
However, it seems that even Murota’s work is not 
exact. 

Two types of processes contribute to the cross 
section for the effect under consideration: (a) proc- 
esses of the first order, where the pair particles 
are considered free; (b) processes of the second 
order, where the parent particle is considered 
free. Processes of the second order make the 
main contribution to the integral cross section. 
However, if we look over the cross sections in 
region II the contribution of processes of the first 
order can be decisive. 

Finally we note, in reviewing radiative proc- 
esses in the high-energy region, that the influence 
of multiple scattering is substantial. Landau and 
Pomeranchuk®>" were the first to draw attention 
to this fact. The cross sections for bremsstrahl- 
ung and pair production by y quanta were obtained 
by Migdal® taking this effect into consideration. The 
following article discusses the influence of multiple 
scattering on pair production by charged particles. 


-2. CONTRIBUTION OF SECOND-ORDER 
PROCESSES 


We shall examine pair production by singly 
charged particles with the mass m > 1 and the 
energy E >m.* We also will assume the energy 


*A system of units is used in which h = me = c = iF 


of the electron to be €_ > 1 and the energy of the 
positron to be ¢€, > 1..The contribution to the dif- 
ferential cross section of second order processes 
in the lowest approximation theory of excitation 
gives the expression 


e 4 ———————— 


3 (E— E’ —w) dp'd8p,a%p_ 
ee Ee a et! 


do — (27)8J ? (1) 


where p is the initial momentum and p’ is the 
final momentum of the parent particle; 


k=p—p; E=Vp?im, E'=)V p?+m, 
O=e:5364 22= Viel, 
0 Sorel ee TUR ah Dene 1G 


Py, is the transition current of the parent particle 
equal to (ptp’)y /2\V EE’ for the scalar particles 
and (Up’Y,,Up)) for particles with spin ae 


i(k—p,)—1 


panies i(p2 hd 


te GaP ET Ode) Ms 


(2) 
is the matrix element for pair production by a vir- 
tual quantum; the dash indicates an averaging over 
the initial state spins and the summation over the 
final state spins. 

It is convenient to do the calculation in the co- 
ordinate system whose z axis is directed along 
the vector n=k/k (k-system). 

Because of gauge invariance in the k-system, 
the following equations hold: 


Pip ape 30). Gk iG. 0. 


therefore 


P..Gy = P;G; + (1 — w?/k?) PG, 


with the summation for i going from 1 to 2. After 
integrating over the angles, quantities of the type 
(P,,P}) with » #v vanish, and Pil? and) Pale 
give equal contributions. Therefore we can sub- 
stitute 
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| PuGy P—>*/,)P1 PIG, + (1 —o?/k?)? | Pa P| GaP, (3) 
where 


pei P| PP [Pats Cr Pa Crile 


The first term in the right side of (3) describes 
the contribution of transverse photons and the sec- 
ond term describes the contribution of longitudinal 
and scalar photons. 

The calculations of the quantities included in (3) 
are somewhat more complex than in the theory of 
pair production by real quanta. We obtain 


a ( 1 1 2 
Gi, P=4 GR: Sone 
= | M+ pO MB + phe 

pa. + pe po, po 


ie V, 2, 4 
Ley Ge borers nmr ell al a 


which includes notations understandable from the 
following equations: 


1 1 
Pees. (1-5 8) + p,6,, p =np (1—-6) + pb, 


p'=n(p—k—> p0°) + pd, 
Me 1p p(m* +- p°0?)/ p(p—k). (5) 


The matrix element for pair production by real 
quanta is obtained from (4) with M? = 1. 

The calculation of |G,|? is not difficult. With 
the required accuracy we obtain 


[GaP = 8p3 p2.k[1 /(M* + p2, 08) 
—1/(M? + p? ©) | Va). (6) 
For scalar particles 
[P. ? = p/p (p —R), 
| Pal? = (p—k/ 2)?/p(p =k); (7) 
for particles with spin 4 


mek? + [p® + (p—k)?] p20? 
ap? (p —k)* / 


In addition we find 


[Pi P= (PP he (8) 
iO = ke (mp yep (ph). (9) 


Using (5), the vector p’ can be represented in 
the form 


p’ = (p —) (p/ p — 9) + pO = (p/ p) (p —k) + BO, 
whence 


3(E — E’ —w) d*p'd*p a*p_ 


Finally, for the neutral atom 
Vq = Ze*/ (q? +9); (11) 
where qo = Z1/3/137 is the inverse Thomas-Fermi 
radius, and for q? we obtain from (5) 
q'-=(0,9 pe) 
+ = (p05 + p08 + kM? /p,p_)?. (12) 


Now, using (1) to (12) we can obtain the expres- 
sion for the differential cross section. 

Integration over angles must be done next. For 
this we note that the angles 6, < max {1/k, m/p} 
give the main contribution, so that the quantities 
Die. included in q? can be ignored. After this 
we introduce new variables 


y =(2M)*(p,0, +p 0), 
x = (2M) (p,0, — p_8_), (13) 


in which integration over dx is easily done. Asa 
result we obtain 


\ [Gi Ppa a0,.p2 a0_ 


ne 2 2 2 k—2, d 
= 26ntZtet | [by (y) + M? (py + py) e@ly y (14) 
[4My? + (k/ 2p p_PM* + qo]? 
\ | Gs |? p%_d0,p? do_ 
272 pipe v (y) y dy 
— 97172704 k2 \ 4M? 2 ih 9 2 4 22 ’ (15) 
@ [4Miy? + (k/2p_p_)?M* + qo} 
where 
fed 1 -1 
?(y) = | Wise sintie vo 
2y2 +1 i = 
= ——— sinh at , 
2) ees y (16) 


In integrals (14) and (15) the values of y are 
very small so that they may be calculated approxi- 
mately with logarithmic accuracy. The lower limit 
of integration as can be seen from (12) is deter- 
mined by the largest of the quantities kM/4p,p_ 
and q)/2M. In determining the upper limit it is 
necessary to consider the final size of the nucleus 
which limits the maximum magnitude of the trans- 
mitted momentum to the values ~ 1/R where R 
= 0.5 r)z¥3 is the radius of the nucleus so that 
Ymax ~ 1/RM. On the other hand, the functions 
w(y) and y (y) significantly increase for values 
y <1, therefore the upper limit in any case is not 
above Ymax ~ 1. Thus we obtain 
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\ (Gi Feta, p2.d0_ — SoZ 4 oot EP) p, 


16n2Z2e8 Pi. pe 
Se Oe ia ie 


\ [GaP p2,d0,,p2.a0_ Sy ee CLIC) 


where L=In(ymax/Ymin), with 


fee (Pepe 
oie 
min I / M 


for kM/p,p_>q)/M 
for kM/p,p_<q /M , 


fra for 2MR <1 


Ymax ~ \ 4/2 MR for 2MR>1 oe) 


It is possible to ignore the dependence of the quan- 
tity M on @ inside the logarithm sign without in- 
troducing any error, so that in (18) we can assume 


VAlsey 


We also must integrate over d@. As a result 
for particles with spin 3 


M=VI+ mp, p_/p(p—k) = 


ke ss 1 
ay ee) DG) 
SPP. pop =k 
+= sepa deed ae 


and for particles with spin 0 


402227 ag? ae 
doy= eat | A (x Vee oe = B(x) | 
ee, , 20 
l ke p2(1+ a) Pi Yer ( ) 
Here 
x= m'p.p_/ p(p—k), 
A(x) =(1 + 2x)In(14+- =) — 
B(x) =(1 + x)In(1-+ =)— 
1 + 2x 1 
C(X)=755 (aise) 
D(x) =1—xIn(1+-). (21) 


The first terms in (19) and (20) describe the 
contribution of transverse photons emitted without 
spin flip. The last terms are the contribution of 
longitudinal and scalar photons. The second term 
in (19) describes the contribution of transverse 
photons emitted with spin flip of the parent par- 
ricle: 

Now we turn to limiting cases. 

I. k <p/m. Then x «<1 and according to (19) 
and (20) we find 


doy, doy = 


272-2 ead 2 2 
peel pa | dpe) ape) 
where we have replaced Vp,p_ by k inside the 
logarithm symbol and introduced the magnitude 
x * 1. The result is in complete accord with the 
results of other authors and can be obtained using 
the Weiszacker-Williams method. 

la. k >p/m, x >1. In this case we obtain 
from (21) for the functions A, B, C and D 


DAAC (%) 1/8 BAK) = Da) ee 
Then 
Pile eee 7 rb Ee efi : i H) 
eee a 
Bene 69 
“= (1-5) |dp,dp. (25) 


IIb. k > p/m, x <1. In this case we obtain 


2a2Z2r? 21° (p_ p)3 joe. Se jae 
dov, = 0 Pp ) (1 Eo +5 
pip =k) 
m ”p, Da dp, dp_; (26) 
LEIA N SO Oo = 2 + p?\ 
j= 12 / p Px 
doy = rae ee fc ao ) 
it donde (27) 
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The latter results, like the general formulas 
(19) to (21), are different from those obtained by 
Murota et al.? Even though these authors com- 
puted by a somewhat different method they obtained 
an expression for the differential cross section 
practically the same as ours. However, in doing 
the integration over angles they made an inadmis- 
sible approximation* that led to substantial mistakes 
when k > p/m. 


3. CONTRIBUTION OF FIRST-ORDER PROCESSES 


The contribution of first order processes can be 
found using the same method mentioned in Sec. 2. 
The calculation of the contribution of interference 
processes is considerably more difficult and there- 
fore we were forced to limit ourselves to a review 
of the limiting cases where the contribution of proc- 
esses of either the first or second order can be ig- 
nored. 


*It was assumed that the substantial values of y are 
smaller than M/k, which obviously is not true. See (18). 
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The influence of the external field on the state 
of the parent particle can be taken into account 


using a diffraction approximation (see reference 9). 


Then the contribution of first order processes will 
be given by a formula analogous to (1), where we 
must assume 


yf ES RE ee Sir eee ) 
VEE’ \pP’'—|p ~k| * p—ip'+kI/)~’ 
fe. Eo Be EB’ 
Pe = = =| , = = — G; 
PSP Vibes tee ahp ko p= Ip ip) 


Gu = (itp ,.20,)- 
The quantity G is connected to the scattering 
matrix 


Qe) = es . ion Zo lanko 
\en(0)o > R 
by the relation 
G = 1\ (1-2 (eK? dp, 


where the integration over dp is done along the 
plane perpendicular to the vector p’ and going 
through the center of the nucleus. 

In calculating the quantities p’ — |p-—k| and 
p —|p’+k| it is necessary to use the law of con- 
servation of energy E’+w=E. In this case it turns 
out that the magnitudes of E-—E’-—k and w-—k can 
be of the same order of magnitude, and therefore to 
ignore the second of them in comparison with the 
first, as done by Rabinovich,’” is invalid. 

All the calculations are done in the same way 
as in Sec. 2, therefore we only mention the end re- 
sult. The contribution of first-order processes to 
the differential cross section, for particles with 
spin 0, is equal to 


(ae) c 


Sa? p— k dp, dp_ : YAY, 2 
dw =F = | dy \ q dq |G (2Mq) 2 


2 (p— k/2)? 


pelt ee epee 2h 
x | aa (1+ merce ager 


b(q)| 

(28) 
where M2 = (1+x+y)m?/x and the functions Q 
and ~ are given by (16). 

In integrating over dq in (28) we can approxi- 
mately assume 

IG (S) PP RG (REE + AZ? (EP + ge)’. 

Then the cross section is broken down into the 
sum of two terms: diffraction dwg and Coulomb 
dwe. In the region x <1 both dwq and dwe 


are insignificantly small. But with x >1 we find 
from (28) 


9 2 272 2 4 
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For particles with spin 3, analogous calculations 
give 


4a? eZ” dp dp p?+(p—k)? Py + PH 


CU 


3mm? hk? p? iz 
2 4 
fein 5 (30) 
p(p—®) MRY min 


In both formulas ymin = max {qdo/m, km/p (p-k)}. 
Nuclear interaction makes a more essential con- 
tribution for ma mesons: 


2a°R? p—k dpydp_),,_m'psp- 
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Comparing these results with (24) and (25) we 
see that the contribution of first-order processes 
can be ignored for x «< m? if the parent particle 
does not partake in the nuclear interaction. In the 
opposite case in the whole region of x > 1 the 
contributions of first order processes are more 
substantial. 


4, DISCUSSION OF RESULTS 


We see thus that the most likely pair production 
takes place with x = m*p,p_/p (p—k) « 1. Corre- 
sponding expressions for cross sections are given 
a, (As (AS)y Bide! (27). 

Formula (31) gives the cross section for x >1 
if the parent particle is nuclear active. If the par- 
ent particle is not nuclear active, for 1@«<x <« m2 
the cross section is given by (24), (25), and for 
m? « x, by (29) and (30). 

The theory we have outlined is applicable to 
electrons in the region k <p. The region k 
< p/m gives the main contribution to the integral 
cross section. In agreement with reference 5, in- 
dependent of the particle spin we find from (22), in 
the absence of screening, 


o = (28°77 27/277) In* (xp/m), 
and with complete screening 


98 2. 272 
gee In 1902-%| 3 fae 
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+ (In 1902-2] ; 
In both formulas k ~ 1. Corrections to these for- 
mulas contain lower orders of the lograrithm of 
the energy. 
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An exact solution has been obtained for the nonlinear oscillations of the electron density in 
a plasma at zero electron temperature. The initial conditions necessary for these oscilla- 


tions are determined. 


itp Langmuir and Tonks,' in studying the motion of 
electrons in a plasma, established the fact that 
small perturbations lead to harmonic oscillations at 
a frequency wy = (47e’n)/m)'/? which are local- 
ized in the region of the initial perturbation. How- 
ever perturbations are not always small. Hence it 
is of interest to study these oscillations when the 
magnitude of the perturbation is arbitrary. This 
problem is considered below.* 

2. If we assume that the positive ions of the 
plasma remain fixed and that the electron tempera- 
ture is zero,!’? in the hydrodynamic approximation 
the behavior of the plasma is described by the fol- 
lowing system of equations: 


on 0 CO 4 GO ewe 
at a Ox (nv) = 0, ar) ax m Ox’ 
Op/Ox? = 4ne(n—n,), curl H =O, (1) 


where e, m, v and n are the charge, mass, hy- 
drodynamic velocity, and electron density; @ is 
the potential of the self-consistent field; ny is the 
positive ion density (in the equilibrium state the 
plasma may be assumed to be neutral).f 

3. The direct solution of the equations in (1) in- 
volves considerable mathematical difficulty; how- 
ever this difficulty can be easily surmounted if the 
Lagrangian form of the equations of motion is used. 
By some elementary transformations we obtain the 
following system from (1):{ 

n = a) (4 i oe = niet) =O, (2a) 

- *Published studies on nonlinear plasma oscillations refer 
chiefly to the case of beams or plasmas with initial veloci- 
ties.?* In a note published by Polovin* concerning a fixed 
plasma it was shown that the frequency of the electron oscil- 
lations is independent of the initial perturbations. 

tBecause of the motion of the electrons the last equation 
of (1) is valid when the conduction currents are compensated 
by the displacement currents. This condition is one of the 
basic properties of longitudinal Langmuir oscillations. 

tIn making the transformation use is made of the relation 
4reny + JE/ot = 0; d/dt denotes the total derivative. 
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av 


4re*Np 
ae <9 = 0. (2b) 
Introducing the following variables in Eq. (2a): 
y=In(1+y), Vv = (NM — p)/Mo, (3) 
we obtain 
A y/di=-— (AY/ di) ao, (ean (4) 


The exact solution of Eq. (4) is 
v = Hsin (Mot + g)/[1 — Dsin (wot + 9)], (5) 


where b and @ are constants of integration.* Re- 
turning to the variable n we have 


N= No/[1 — bsin (Mot + ¢)]. (6) 


The law of motion of the point is found from 
Eq. (2). Taking the origin of coordinates in the 
plane of symmetry of the perturbation, integrating 
the equation dx/dt =v we obtain 


X — Xo = a(xXo) [1 — sin (@ot + 9,)], (7) 


where a(x,) is a function which determines the 
distribution of oscillation amplitudes of the points 
while g is the initial phase. If the velocities of 
the points are zero at t= 0, Eqs. (6) and (7) 
become 
fl = No/[1 —bcos pf], 
X — Xy = A(X) [1 — cos wf]. (8) 


To determine b(x)) and a(xg) from the initial 
distribution n(x)) we use the relation n(Xo, t) 

= dn(x))/dxy, where dn(xj) is the number of elec- 
trons in the volume element dxp at the starting 
time. As a result we obtain 


1 
2 a=—-\ n (Xo) dX. — Xo. (9) 


*The constant b depends on the initial density perturba- 
tion while @ depends on the initial velocity distribution. 
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4. Equations (8) and (9) give the final solution 
for nonlinear Langmuir oscillations in Lagrangian 
form (for an arbitrary initial density distribution 
but vanishing initial velocities) and gives n(x, t) 
in parametric form. 

By using the Eulerian form we can eliminate 
X) from Eqs. (8) and (9), but this procedure gener- 


ally means the solution of a transcendental equation. 


In the case of a linear density distribution at the 
initial time this elimination process can be carried 
out relatively easily. 

The nonlinear Langmuir oscillations (8) take 
place at a frequency wy = (47e?ng /m)¥?, which is 
independent of the initial perturbation.’ 
tion amplitudes for individual points (for zero ini- 
tial velocities) depend only on the initial density 
distribution. If this distribution is such that 
n(X))/Ny <3 oscillations are impossible because 
the corresponding electron density becomes infi- 
nite or negative. This situation is a result of the 
approximation being used. In neglecting the tem- 
perature of the electrons we have the eliminated 
gas-kinetic pressure, which reduces the force 
tending to compress particles which are initially 
separated. In the case n(x9)/np = 2 the absence 
of forces which oppose compression leads to 


The oscilla- 


relative particle velocities such that the coordi- 
nates of points which are initially separated coin- 
cide at later times (generally speaking, for later 


‘times x; > X, evenif xo, < X92). The velocities of 


contiguous points are different. This ambiguity in 
the velocity field indicates a violation of the condi- 
tions required for applying the hydrodynamic ap- 
proximation. 

Taking account of the pressure in the analysis of 
the nonlinear electron oscillations would lead to an 
effect similar to that of a discontinuity in a medium 
with a temperature different from zero. 

In conclusion I wish to express my gratitude to 
Prof. Ya. P. Terletskil for advice in the course of 
this work. 
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Corrections to the relaxation time, necessitated by the effect of the radiation field, are 
computed. The effect of the resonator on the nature of the observed phenomenon is taken 


into account. 


l. When a spin system radiates electromagnetic 
quanta of wavelength exceeding the dimensions of 
the system coherent phenomena occur which lead 
to a considerable increase in the radiation line 
width.!** The role of this phenomenon first noted 
by Mandel’shtam? and investigated by Dicke! was 
discussed in detail in connection with magnetic 
resonance in the paper by Bloembergen and Pound‘ 
where an estimate was made of the effect of coher- 
ent phenomena on the damping of radiation in the 
sample placed in the receiver coil of the circuit or 
in a resonator. Fain? noted that if the interaction 
of spins through their common radiation field is 
taken into account this leads in the radio frequency 
region to a shift of the resonance frequency. 

In this paper we give a consistent calculation of 
corrections to the relaxation times and to the ad- 
ditional shift of the resonance frequency due to the 
influence of the coherent radiation field. In the 
course of this calculation it turns out, as expected, 
that within the limits of the approximation consid- 
ered, quantum theory leads to the same results as 
classical theory. In conclusion the question is dis- 
cussed of the changes in the characteristics of the 
signal due to the finite figure of merit of the resona- 
tor. The conditions are established under which 
radiation corrections will be significant. 

2. Ginzburg® has shown that the classical equa- 
tion of motion for the magnetic moment p ofa 
homogeneously magnetized sample of dimensions 
small compared to the wavelength of the radiation 
has the form 


4y 
TO mn 


° o- 2 eos 
w= 7 [XH] — 5S [pxpl + <o [yxpl, (1) 
where v =c/Vey is the phase velocity of light in 
the material of the sample, while Wm © ev ¥3, 

On introducing the magnetization M=p/V and 


including terms due to other relaxation mechanisms, 
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in terms of the circularly polarized variables 
Ma (Cr=0 1 


Mer = F(M,+iM,)/V 2, Why == Mbp, 
we obtain 
-, My 
View r = _ [MxH]. 
Xoa (4) 41 p_V - 21V ove : 
Th aoe (Malia + Soe (ME, (2) 
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We shall assume that the sample in addition to be- 
ing situated in a constant field Hy = Hz, is also 
placed into a weak variable magnetic field h(t) 

<«< H)(h 1 Hy). By linearizing (2) near the equilib- 
rium position for the case 1/Ty «K wy = YH, we 
obtain 


Ma + (1/Ta + iam) Ma = ictwooxoha (4), (3) 
where 


WTe=1/Te+ Ts, Ps =7/,(2 07) peo Vee 


oO; — 0) = We (wew /zu%) V. (5) 


O fv 


As can be seen from (4), the longitudinal relaxa- 
tion time Tj = Tj is by a factor of two smaller 
than the transverse relaxation time a = Toa 
expression for the shift of the resonance frequency 
Wi — wy in the form (5) was obtained by Fain.’ Cor- 
rections due to the interaction of the particles 
through their common radiation field increase ra- 
pidly with the field Hg and are proportional to the 
volume of the sample. Under favorable conditions 
in the range of strong magnetic fields iy may be- 
come comparable to ye 

3. The quantum theory of the phenomenon under 
consideration for the case of weak radio frequency 
fields may be developed on the basis of the method 
of Kubo and Tomita.! 

If we restrict ourselves to taking into account 
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only the interactions of the magnetic moments 
through the radiation field then the part of the 
Hamiltonian independent of the time may be writ- 
ten in the form 


ola eo = Fe, ste e 


) Salk a “a 
= = >} (atiaex + 1/2) hvk, 
Rx 


N 
ESO ioe ola (6) 

J 
where %, describes the interaction of the magnetic 
moments with an external constant magnetic field, 
Ho is the Hamiltonian of the radiation field, >» = +1 
corresponds to the two possible values of the polari- 
zation, while v is the phase velocity of light in the 
medium into which the magnetic moments are im- 
mersed. We shall treat the Hamiltonian of the inter- 
action of the magnetic moments with the radiation 
field as a perturbation. In the case when the dimen- 
sions of the system are considerably smaller than 
a wavelength it has the form 


N 


He = — ith >) V 2ehok/V >) (—1)"Pjete_r—« (Gea — ai): (7) 
k,n ja 


The relaxation times and the shift of the reso- 
nance frequency may be determined in a manner 
similar to the way this is done in our earlier pa- 
per.® By utilizing equations (40), (46), and (47) of 
that article for the case hwy > kT we shall ob- 
tain expressions for T* and w which coincide 
with those obtained above by a classical method. 

4. The foregoing calculations have been car- 
ried out for the case when the sample is situated in 
free space. In making observations of magnetic 
resonance the sample is placed either into a coil or 

into a resonator of finite figure of merit. The reso- 
nator may affect in an essential manner the nature 
of the phenomenon being observed. 

The figure of merit of an ideal resonator of vol- 
ume Vp» in which the losses are due only to the 
presence of a magnetic sample of volume V sit- 
uated in a constant field Hy and which absorbs 
energy from the radio-frequency field h(t), is 
given by* 


*The figure of merit of a system is defined as 
Q(@) = wx(total energy of the system/energy absorbed per 
second). 


Q’(@) = V>/4ry” (w) V. (8) 
If a small sample is placed within such a region 

inside the resonator where the variable magnetic 

field of resonance frequency w») may be regarded 

as homogeneous and linearly polarized, then 

2x” (Wo) = XpwoT{ and 


Q’ (@) = (V/V) /2nxo@oT 1. 


Further, we denote by Q o(w ) the figure of 
merit of a real resonator with the sample in the 
absence of the constant magnetic field Hp. 

Then @Q(w,)) of a real resonator with the sample 
situated in a magnetic field Hy in conditions of 
resonance is related to Q’(wp) and Qo(w9) by 
the relation 


(9) 


, Qo (@o) 

Qo) = Ge foeiQ (ony 1 
The ratio Q)/Q and Q) can be measured directly 
in an experiment and, thus, the dependence of 1/ Ty 
on the frequency Wy may be found. 


(10) 
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Both the idea and the results of the present investigation are related to Redmond’s 
recent paper! on the exclusion of nonphysical poles from the Green’s function. In 
contrast to that work based on the relation between the spectral representations of 
the Green’s function and of the polarization operator we base ourselves on the prin- 
ciple of summing the information obtained from perturbation theory in the integrand 
of the Killen-Lehmann spectral integral. On summing in this way the contributions 


from the “principal logarithmic diagrams” we obtain expressions for the photon 
propagation function in quantum electrodynamics and for the meson propagation 
function in the symmetric theory which have all the essential properties of Red- 
mond’s result: the correct analytic behavior in the complex plane of the momentum 
variable p* anda singularity with respect to the variable of the square of the 


2 2 


charge e* at the point e 


= (0. However, in contrast to Redmond’s result, which 


yields correctly only the lowest order of perturbation theory, the expressions ob- 
tained by us correspond to terms of arbitrarily high order in the perturbation 


theory expansions in the region of large p.: 


By taking into account the lowest order logarithmic terms, it is shown that the 
region of applicability of the new formulas coincides with the region of applicability 
of the old formulas containing the logarithmic singularities, since it is restricted by 
the condition of smallness of the invariant charge. The technique of reducing the 
expressions so obtained to the renormalization-invariant form is illustrated by the 
example of the photon Green’s function. In conclusion some remarks are made 
with respect to the possible situation in nonrenormalizable theories. 


1. INTRODUCTION 


[n Redmond’s recent paper! an interesting result 
was obtained, that by requiring analyticity it is pos- 
sible to obtain expressions for the Green’s function 
which correspond to perturbation theory and at the 
same time do not contain the well-known logarith- 
mic singularities. 

Redmond’s method consists of the following. By 
postulating, on the basis of considerations of corre- 
spondence with perturbation theory, a spectral rep- 
resentation for the polarization operator, Redmond 
writes the meson Green’s function in the form 


co -1 
Sh) = phi e PI ea Nee 
A (p) = (uw? — p® — ie [1 + (w P| ree 
3u)? 
(1.1) 
By comparing this representation with the well 


known Kallen-Lehmann representation 


co. 
1 \ 4 I (m?) 
iN Sig x eee a 
2 — p? “lp . a mi? — p? — je 


G2) 
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and by utilizing the obvious relation 


rJ (m°) = Im A(m? + ie), (1.3) 


Redmond expresses the spectral function I in 
terms of p and obtains 


1 4 \ p (m?) dm®* 
pe? — p? | Dim?) (m* — p? — is)’ 


(3) 


A (p*) = 


(1.4) 


where 


D (m?) = R? (m?) + x? (m? — 42)? (m?), 
R (m?) = | — (m? — a?) P \ 


(3)? 


(I?) dl? 


jes ee | 


Formula (1.3) corresponds to the expression 
for the boson Green’s function obtained by Leh- 
mann, Symanzik, and Zimmerman’? if a subsidiary 
condition is imposed on the function p 

\ o (m*)din? <1. 
(3u.)? 


Then by utilizing for p the expression (Po (m?) 


(1.5) 
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which corresponds to the lowest order of perturba- 
tion theory he obtains for the meson Green’s func- 
tion the following expression 


(ee) = 


5 2 27 2 
A (p*) = (v? — py 41 — (ue? — pr) | See) 


m2 ase 
4M? - 


Zoi 
Pera 

(1.6) 
where pj is the value of the variable p* for which 
the first term in (1.6) has a pole, while Z! is the 
residue at the pole. 

Expression (1.6) has the following interesting 
properties: 1) it does not have a nonphysical pole, 
since in the neighborhood of the pole the second 
term exactly compensates the singularity of the 
first term; 2) considered as a function of g’, it has 
an essential singularity at g?=0; 3) in the neigh- 
borhood of the point g?=0 it admits an asymptotic 
expansion in powers of g? whose first term (of 
order g”) coincides with the result of perturbation 
theory. 

It should be noted that formula (1.6) does not 
lead to any correspondence with higher orders of 
perturbation theory, in particular, it gives incor- 
rect principal logarithmic terms. This is not sur- 
prising since, as is well known,** as a result of 
summing the principal logarithmic terms for the 
meson Green’s function the following expression is 
obtained 


1 
py? — p?) [1 — (5g? / 4m) In (— p?/ p2)]/s 


A (p’) = ele”) 
which contains not a “false pole,” but a nonphysical 
singularity of fractional power. It may be easily 
seen that Redmond’s method based on the polariza- 
tion operator is very inconvenient for the investiga- 
tion of singularities of type (1.7). This is connected 
with the fact that a singularity of type (1.7) does not 
correspond to any simple approximation for the po- 
larization operator. 

In the following we present a somewhat different 
approach to the problem of the removal of nonphys- 
ical singularities from the approximate expressions 
for the Green’s function in quantum field theory 
which, it seems to us, has a greater degree of gen- 
erality. We base ourselves on the principle of the 
summation of the perturbation theory series in the 
integrand of the Kaillen-Lehmann spectral integral. 
In this way, by summing the principal logarithmic 
diagrams, we shall obtain expressions for the photon 
and the meson Green’s functions which, on the one 
hand, will possess the required analytic properties, 
and, on the other, will correspond to the perturba- 
tion theory expansions in the ultra violet region. 
This principle of summation is very close to Syman- 
zik’s ideas® by means of which he studied the ana- 
lytic properties of the Green’s function. 


2. ELIMINATION OF THE “LOGARITHMIC” POLE 
FROM THE PHOTON GREEN’S FUNCTION 


The most natural method of studying the analytic 
properties of the Green’s function is the method of 
dispersion relations. At the present time this 
method is the only approach to problems of quantum 
field theory which is apparently free of internal dif- 
ficulties. Therefore, it appears to be quite natural 
that further progress in quantum field theory must 
be associated with this method. 

The method of dispersion relations based on the 
most general principles of covariance, causality, 
unitarity, and spectrality* enables us to obtain ex- 
pressions for quantities of the type of Green’s func- 
tions and of transition-matrix elements in the form 
of spectral expansions. In this way the problem is 
reduced to the investigation of the properties of the 
corresponding spectral functions. These spectral 
functions, on being expanded in terms of a complete 
system of states, can be expressed in terms of 
Green’s functions for more complicated processes. 
In this way a possibility appears in principle of ob- 
taining a system of equations for the determination 
of the Green’s functions. It should be noted that in 
contrast, for example, to the system of Schwinger’s 
equations, no ultraviolet divergences arise in this 
case. However, a consistent development of such a 
program encounters a number of obstacles, since, 
for example, no spectral representations have yet 
been obtained for the higher Green’s functions. 

At this point a palliative possibility appears of 
obtaining the lacking information about the spectral 
functions with the aid of perturbation theory data. 
Symanzik® has adopted this particular approach. By 
considering the n-th perturbation-theory term for a 
certain vertex part he showed that this term can be 
represented in a definite spectral form. Then, by 
making use of the hypothesis of the possibility of 
summing the series for the spectral function, Sym- 
anzik concluded that the vertex part under investiga- 
tion could be represented as a whole in the given 
spectral form. 

Symanzik utilized this approach to obtain general 
theoretical conclusions leading to the proof of the 
dispersion relations. In our opinion it would be of 
considerable interest to investigate on the basis of 
the “principle of summation in the integrand of the 
spectral representation” the different possibilities 
for making approximations. As the simplest exam- 
ple we shall investigate by this method the Kallen- 
Lehmann spectral formula for the boson Green’s 
function, and instead of summing the whole pertur- 


*In speaking of the principle of spectrality we have in mind 
the condition of the existence of a complete set of physical 
states of positive energy. 
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bation theory series we shall restrict ourselves to 
summing only that class of diagrams the study of 
which in the opinion of a number of authors® leads 
to the proof of the existence of nonphysical singu- 
larities. 

In the case of the photon Green’s function in 
quantum electrodynamics, such diagrams can be 
represented in the form of a photon line with an 
arbitrary number of simplest insertions — second 
order electron-positron loops. It is customary to 
call such diagrams “principal logarithmic dia- 
grams.’’ The contribution of the n-th term of dia- 
grams of this class is of the form 


=(e°F (Rs tr) eRe, (Zan) 


where F (kee m?) corresponds to the second order 
loop. An explicit expression for F is given, for 
example, in Sec. 32.1 of reference 4. 

In the region |k?| >> m* the function F has the 
form 


1 4m? —= he 


3m 4m? 


1 Gl eek isa) Re (2.2) 


We have introduced the term 4m? into the argument 
of the logarithm in order to represent correctly the 
imaginary part of the function F 


eae, a7 0 


Im F (&?, m?) = — <0 (k? — 4m’), 10. x <0" 


at the same time retaining its normalization 
He(Os m= 0) 

We note that a direct summation of the terms of 
(2.2), which was for the first time carried out in 
reference 7, leads to the expression 


e 4m* — k? ie 
| : 


=a he (2.3) 


4m? 
on the basis of which it was concluded® that a log- 
arithmic pole exists, and that, consequently, there 
is an internal contradiction in the theory. 

We shall now apply to the diagrams under invest- 
igation the principle of summing in the integrand of 
the spectral representation. It may be easily seen 
that the n-th term of (2.1) can be represented in 
the Kallen-Lehmann spectral form. By restricting 
ourselves to the approximation (2.2) we obtain 


fae) 


2 £ : les 
4n2 — k2\" \ I, (2) 


We 
B= 


ao \ aaa In 
: ‘ ai? 


where the function In (z) is defined by the imag- 
inary part of the function Dy by means of (1.3). On 
carrying out the summation under the integral sign 
of the spectral representation for the function I 


I (2) = a Ln (2), 


n=l 


Dy = 


——— g 
4m dz, 
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we see that I(z) as a whole is represented by the 
imaginary part of (2.3). On substituting (2.3) into — | 
(1.3) we obtain 

z— oy es 


e e2 27) : 
eye fag ie Cramer 9 | 5 2 om 
0 eee Nii 


(2.4) 


We thus obtain for the photon Green’s function 
the following expression 


1 
k2 


D (k) = — 


7 " z— 4m? \2 e)- (2:3) 
ms ame 2 (2— Rk — ite) [(t an In Lame ) a 5 | 


| 

We note that a formula of this type was recently in- — 

vestigated by Redmond and Uretsky.?° | 
It is easily seen* that (2.5) represents the 


function 
4 e 4m? — k2\—1 
D (k") a R? (1 3m In 4m? ) 
aye CE 


[1 — 4 exp (— 3x / e?)] [k2 — 4m? + 4m? exp (37 / e?)] ’ 


which, on taking into account the fact that e* is 


small, can be written for the case of |k*| much 
greater than m? in the form 

1 
[1 — (2/30) In(—&/4m)] 


D (k?) = 


Sr en 
k? + 4m? exp (3 / e?) © 


(2.6) 


The function (2.6) has the following remarkable 
properties: 1) it does not have a logarithmic pole; 
2) in the neighborhood of the point e? =0 it has, 
regarded as a function of e”, a singularity of 
“superconducting” type exp (— 32/e?) ; 3) in the 
neighborhood of the point e? =0 it has an asymp- 
totic expansion that coincides with the ordinary 
perturbation-theory expansion and can be repre- 
sented in the form (2.3). It is also clear that the 
second term in the right-hand side of (2.6) cannot 
be obtained as a matter of principle from perturba- 
tion theory® because of its exponential order of 
smallness, as a result of which it does not corre- 
spond to any Feynman diagrams. 

We also note that the final expression (2.6) is 
consistent with the initial approximation (2.3). In 
the region in which we have utilized (2.3) for the 
calculation of the spectral function, it differs from 
the final expression (2.6) by negligibly small terms 
of order exp (— 37/e?). 

We see thus that the procedure of summing the 
principal logarithmic diagrams is not a unique 
operation. A direct summation of the logarithmic 


*Cf., for example, reference 10. 
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terms leads to (2.3). Summation in the integrand 
of the Kallen-Lehmann spectral integral leads to 
(2.6). Assuming that quantum electrodynamics has 
physically sensible solutions which are in agree- 
ment with the basic principles of quantum field 
theory, and that consequently the photon Green’s 
function satisfies the Kailen-Lehmann theorem, we 
must choose from these two possibilities the for- 
mula (2.6). This equation, which does not contain 
any paradoxes such as the “zero-charge diffi- 
culty,”® is thus the result of summing the main 
logarithmic terms carried out in agreement with 
the basic physical foundations of the theory. 

Naturally, (2.6) is not the only expression with 
correct analytic behavior in the complex plane of 
the variable k?, whose asymptotic expansion into 
a series in powers of e? coincides with the usual 
perturbation theory. Examples of expressions of 
this type, other than (2.6), can be obtained by add- 
ing terms containing exp(-—e”) to the spectral 
function (2.4). 

We have obtained (2.4) from (2.3), which corre- 
sponds to the main logarithmic terms of perturba- 
tion theory. We also could have started not with 
(2.3), but with (cf. Sec. 43.1 of reference 4) 


—1/k?[1 —e?F (k?, m?)], 


which describes the sum of the main logarithmic 
diagrams for arbitrary values of k? and which re- 
duces to (2.3) in the limit |k?| >> m?. The corre- 
sponding spectral function has a more awkward 
form in comparison with (2.4) but at the same time 
retains all its essential properties. 

We also note that (2.5) and (2.6) are very close 
to Redmond’s formulas (1.4) and (1.6). This is due 
to the fact that the usual expression for the photon 
propagation function (2.3) has a nonphysical singu- 
larity in the form of a pole, which can be well rep- 
resented by an approximate expression for the po- 
larization operator. 

An interesting feature of the spectral function 
(2.4) is its resonance nature. As already pointed 
out, this formula was obtained on the basis of sum- 
ming the main logarithmic terms. It is therefore 
of interest to find out whether the resonance char- 
acter will be retained in the spectral functions ob- 
tained on the basis of summing logarithmic terms 
of a higher order of smallness, and to discover in 
what range expressions of type (2.4) can be re- 
garded as sensible approximations. 

For this purpose we take for the initial expres- 
sion for the photon propagation function a formula 
(Sec. 43.2 of reference 4) obtained by summing 
terms of the form (e21nz)" and e?(e? Inz)™ 


D(z) = -(1 ieee 


41°) 


3e? ie? ae 


| oe 0(z—4m?)) | 


where 


ea fteier 4m? 
3T 4m? 
From this expression we shall obtain in place of 


(2.4) (for z => 4m?): 
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(227) 
It can be seen from (2.7) that the resonance 


character of the spectral function is retained when 
higher logarithmic terms are taken into account. 
However, the effect of these higher terms on the 
behavior of the spectral function in the resonance 
region and above, is not small. By comparing (2.7) 
with (2.4) we see, for example, that in the reso- 
nance region (2.7) differs from (2.4) by the factor 
8/17, while for very large values of z it differs 
by the factor 13/4. These factors do not depend 
on the degree of smallness of the parameter e?. 

It should be emphasized that the improvement 
of perturbation theory obtained by summing loga- 
rithmic terms of different orders of smallness is 
not a consistent operation. As is well known (cf. 
Sec. 42.4 of reference 4), the corresponding for- 
mulas can be trusted only in the region in which 
the quantity 


Ne 
can 


e?d (k?) = — e*k®D (k?) 
is small compared to unity. 

It follows from this that the expressions ob- 
tained above for the spectral functions represent 
sensible approximations only in-the region below 
“resonance.” In the resonance region and above 
these formulas cannot be trusted, since we are 
making use here of the initial approximation out- 
side the region of its applicability, actually going 
outside the framework of weak coupling. There- 
fore, we can only make assumptions about the reso- 
nance character of spectral functions. 

The inapplicability of the expressions obtained 
above for the spectral functions in the region of 
very large z is not surprising, since the problem 
of determining the true asymptotic behavior even 
for the single-particle Green’s function requires 
the simultaneous investigation of the asymptotic 
behavior of other higher Green’s functions and ver- 
tex parts. 
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3. REMOVAL OF NONPHYSICAL SINGULARITIES 
FROM THE MESON GREEN’S FUNCTION 


A similar correction of the logarithmic summa- 
tion formulas may be carried out also for other 
Green’s functions. Let us consider, for example, 
the meson propagation function in the symmetric 
pseudoscalar theory of meson-nucleon interaction. 
An expression for this Green’s function, obtained**4 
by improving the ordinary perturbation theory, has 
the form (1.7). The corresponding spectral function 
arising as a result of the summation in the inte- 
grand of the spectral representation will be of the 
form 

‘ sin (e tan“ ee 


= Se 
wP—Z w[(1— 1)? + 25g4 / 16)’ a 


I (z) 


where 
t = (5g? /4r) In(z/p?). 


We now inquire as to what constitutes the dif- 
ference between the meson Green’s function calcu- 
lated by means of (3.1) and the initial approxima- 
tion (1.7). The expression (1.7) has a branch point 
at p? = — yp” exp (41/5g"). Therefore in the present 
case the elimination of the nonphysical singularity 
is reduced to the subtraction from (1.7) of the inte- 
gral along the cut which may be made from the 
point — uw exp (417/ 5g") along the negative real 
axis to — o. It can be easily seen that this inte- 
gral will have an order of smallness of 
exp (— 41/5g"), as a result of which it will not 
correspond to any perturbation-theory terms. 


4, REDUCTION OF THE PHOTON GREEN’S FUNC- 
TION TO THE RENORMALIZATION-INVARIANT 
FORM 


It is not difficult to see that the expressions ob- 
tained above for the Green’s functions are not re- 
normalization-invariant. In this section using the 
photon Green’s function as an example we shall 
show the manner in which they may be brought to 
invariant form. 

We start with (2.6), rewritten in the form 
e2k2D 4 

3x 3x / e? — In (R2 / m?) 


Cade. 


Berge DRE 


4 
| 
' 4 —exp [8x / e2—In (| R2| /m)] * 


(4.1) 


The function e*d, called the invariant charge, 

must be an invariant of the transformation of the 
renormalization group (cf. Sec. 42 in reference 4). 
However, (4.1) clearly does not satisfy this require- 
ment. 
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The usual technique of bringing expressions to 
the renormalization-invariant form utilizes the 
apparatus of the Lie differential equations and also 
makes use of considerations of correspondence 
with the ordinary perturbation theory. Since ex- 
pressions of the type (4.1) cannot be expanded in 
powers of e?, it will be technically more con- 
venient to start not from the Lie differential equa- 
tions, but from the functional equations of the re- 
normalization group. 

With this object in view we shall seek the ana- 
logue of the usual function 1 normalized to unity 
for |k?| =A? in the form 


aad (& ae : 
Sa NASP ~ @(e2 | 3x) — In (k2 / A?) 


1 
’ (4.2) 
eh 1 — exp [M (ex / 3x) — Ink? / A?)] 


being guided by the fact that (as shown originally 
by Gell-Mann and Low” on the basis of group theo- 
retic considerations ) the invariant function can 


depend on ed and 2? only through the argument 


9 (ex) + Ind’. 


The requirement that the function e*d_ be invar- 
iant has the form 


e} d (k2/ , ek) = ed (k?/ me, ec) = ef, d (k2/ 3, e,), (4.3) 


where my is a quantity of the order of magnitude 
of the electron mass, while e, is the correspond- 
ing value of the charge. This requirement deter- 
mines the relationship between the laws of trans- 
formation of charge and of the normalizing momen- 
tum by means of the function © 

ei 


o(2)—n# -0(@)— nt o( 2) in 
0 


from where, in particular, it follows that 


@ (e% / 32) — O (e5 / 3x) = — In (A? / me). (4.4) 
A qualitative restriction on the function © follows 
from (4.4). When A? — © the function © (e4 /37) 
must tend monotonically to — ©. The explicit form 
of this function may now be determined from the 
condition of normalization of d. By setting 

k? = 2 in (4.2) we obtain 


es 1 4 


37 @(e / 3x) | 1 —exp|@(e /3n)]’ 
i.e. 
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From this equation it can be seen that 6 is indeed a 
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monotonically decreasing function of its argument. 
For small x, @(x)~ 1/x and (4.2) goes over into 
(4.1). At x= % the function © goes through zero 
and reverses sign. As x— 1 the function © 
tends to 

From the condition of normalization of the func- 
tion d and from (4.3) and (4.4) it follows that 


o( st a(%, a) <0(3)—m%, 


from which we obtain 


— «0, 


Pee nite ok ak 
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(4.5) 


If now, following the generally accepted rules (cf., 
for example, reference 9), we determine from 
(4.5) the renormalization constant Z3 for the pho- 
ton Green’s function, we obtain for it the finite 
value 


ye aes (4.6) 


Naturally no final interpretation should be given 
to (4.6). 

We have carried through the above arguments in 
order to show how expressions can be brought to 
the renormalization-invariant form without utiliz- 
the Lie equations. 


5. ON ONE POSSIBILITY IN NONRENORMALIZ- 
ABLE THEORIES 


A model expression for the Green’s function in 
a nonrenormalizable theory was given by Redmond 
and Uretsky.'° We now attempt to obtain an expres- 
sion of this type by making use of the method de- 
veloped earlier of summing in the integrand of a 
spectral representation. We shall carry through 
the argument using as an example the nonlinear 
fermion theory with a fourth order interaction 
Lagrangian gyOy~Ow, and we shall consider the 
4-fermion vertex Green’s function I (p’, q’, p, q). 

By basing ourselves on renormalization-invar- 
iant considerations, we can assume that the sym- 
metric asymptotic expression in the ultraviolet 
region has for its principal approximation the 
form* 


I (p, p, Pp, p) =V (p) = 1/01 + gF (p)I, 
where F(p) is the contribution from the simplest 


fermion-antifermion loop. Perturbation theory cal- 
culations for I (p) lead to the expansion 


(5.1) 


T(p) =1 +d e'Tr (p), (5.2) 


*The equations of the renormalization group for this case 
are given in reference 11. 


where, for example, for |p*| >> m? an expression 
of the type 


ite a VOU ee) is ea ead ice 
holds for Ty. 

Here I) and J, are divergent constants. In the 
general case the term I, contains a polynomial in 
p? of degree n with divergent coefficients. By 
means of the usual subtraction methods it is pos- 
sible to eliminate from I only the divergent term, 
which does not depend on p? (of the type I)) since 
the introduction of counter terms proportional to 
powers of p* leads in the final analysis to non- 
local effects (cf., for example, Sec. 28.3 in refer- 
ence 4). 

Therefore the formal subtraction of divergent 
terms of the type I) and p7I,, leading to (5.1) 
when F(p) =p? In(p?/m?), is not quite consistent. 

Here we can make a hypothesis that I regarded 
as a function of g has an essential singularity* at 
g =0 in the neighborhood of which there exists no 
asymptotic expansion for it in powers of g. An at- 
tempt to expand formally in powers of the coupling 
constant leads to divergent expressions in each 
order [the terms I) + ply in 6:3); 

On the basis of this hypothesis, and taking into 
account the fact that the finite terms in (5.2) have 
the form [gp? In (p?/m?)]2, we can attempt to sum 
the series (5.2) with the aid of the following spec- 
tral representation 


(5.3) 


ihe eee 
P(p)=1-+p2 | tee 


m 


(5.4) 


ow 


At the present time we do not have for the 4-ver- 
tex function an analogue of the Kallen-Lehmann 
spectral formula. Therefore we actually have to 
postulate the representation (5.4). However, it 
appears to be a fairly natural one, since, for 
example, it corresponds to the separate terms 
given by perturbation theory. 

Naturally, the representation of the individual 
terms of the sum (5.2) in the spectral form (5.4) 
is purely formal, in view of the divergences con- 
tained in them. However, in accordance with the 
assumption which we have made, the complete ex- 
pression of the form (5.4) for I obtained by means 
of summing the series 


p (z) = Ds B"Pn (2) (5.5) 


n 


for the spectral function p may turn out to be fi- 
nite. The individual terms p, in the sum (5.5) are 


*In this connection see references 12 and 13. 
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determined by the imaginary components of the 
logarithm. Therefore, in order to evaluate the sum 
(5.5) we must make use of expression (5.1) with 


F (p?) = p® {In (| p?|/m?) — ix0 (p? — mo)}. 


In this way we arrive at a spectral formula of the 
type 


= eer at dz 
irae? \ (z — p?) (4 + gz In (2 / m?))? + 229227] ” (5.6) 


m- 
0 


which is quite close to the model expression of ref- 
erence 10. This formula has the following impor- 
tant property. The integral in the right hand side 
of (5.6) is convergent; however, when we attempt 
to expand it into a power series in the coupling 
constant, we obtain divergent expressions in each 
order. Thus, (5.6) is in complete agreement with 
our assumptions. 

With the aid of Cauchy’s theorem for the func- 
tion I (p)/p*, we can rewrite (5.6) in the form 


P(p) e 
PLS 1 gph ln (B87) gp? (p® — pe) [A -+ In (— pe | m”)]’ 
(5.7) 


where pi is a root of 
1 + gp2\n(— p?/ mm?) = 0. 


In the limit of small g>0, the root p? tends to 
— 1/g, and the second term in (5.7) takes on the 
form 


gp*/(1 + gp*) (1 — In gm’). (5.8) 


The function f(x) =[1—In x]! has the following 
properties: 


7 (0) =0, f’ (0) =j"(0) =... = 


Therefore since the term (5.8) is small for small 
gm”, it does not give an asymptotic expansion in 
powers of g. An attempt at a formal expansion 
leads in accordance with (5.9) to a series with di- 
verging coefficients. 

The following circumstance is curious. The 
second term in (5.7) turns out to be (for small g) 
quite small everywhere for p? not too close to 
pe. In this region the function I is practically 
equal to the first term in (5.7). This fact may 
serve as the justification for the formal subtrac- 
tion of a polynomial in powers of p* with diver- 
gent coefficients from the expansion (5.2) with a 
subsequent summation of the finite terms with the 
aid of (5.1). 

We emphasize again that the argument given 
above does not pretend to be rigorous to any de- 
gree, and represents an attempt of describing one 


pf? (0) =... = 0. 


(5.9) 
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of the presently possible variants of the situation 
in nonrenormalizable theories. 


6. CONCLUSION 


Let us now take stock of the situation. As has 
been just demonstrated, even a very preliminary 
attempt at a synthesis of the method of dispersion 
relations and of perturbation theory allows us to 
obtain expressions for the Green’s functions which 
do not contain nonphysical singularities. It should, 
of course, be emphasized that the range of applica- 
bility of the new formulas does not differ from the 
range of applicability of the old formulas, being 
limited by considerations of going outside the 
framework of weak coupling, and that in this region 
the new formulas practically do not differ from the 
old ones. 

Therefore, the procedure of eliminating non- 
physical singularities does not in itself provide an 
actual method of going outside the framework of 
the generally adopted approximations. However, a 
deeper synthesis of the approximation methods and 
of the dispersion relations initiated by the papers 
of Redmond and Symanzik may be of great signifi- 
cance in principle. 

We shall clarify this remark by using the Lee 
model as an example. As is well known, the exact 
solution of the Lee model contains the difficulty of 
a logarithmic pole. On the other hand, the nonrela- 
tivistic Lee model has the property of causality 
with respect to time and, consequently, on the basis 
of the principle of spectrality the one-dimensional 
analogue of the Kallen-Lehmann theorem, with re- 
spect to the variable E, holds for this model. 
Since the exact expression for the Green’s function 
does not satisfy the Kallen-Lehmann theorem, this 
means that the initial Hamiltonian contradicts the 
condition of spectrality, i.e., that (as is well 
known) the system of eigenfunctions of this Hamil- 
tonian includes states with negative energy. Since 
such states are physically meaningless, this means 
that the initial Hamiltonian was not well chosen. 

By applying the correction described above to 
the Lee model Green’s function, we shall obtain 
for it an expression without the logarithmic pole, 
which will be equivalent to the subtraction from 
the Hamiltonian of terms corresponding to nega- 
tive energy states, i.e., to its reduction to a phys - 
ically sensible form. 

In electrodynamics two hypotheses can be made 
with respect to the cause of the appearance of the 
logarithmic pole: 1) the initial Lagrangian is a non- 


physical one, i.e., its complete system of eigenfunc- 


tions does not satisfy the requirement of spectral- 
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ity; 2) the reason for the appearance of the loga- 
rithmic pole is contained in the inappropriate 
choice of the approximation method used. 

From the point of view of the first possibility, 
which is equivalent to the situation in the Lee 
model, the correction described above for the pho- 
ton Green’s function corresponds to correcting the 
Lagrangian. In the second variant this procedure 
reduces to the automatic elimination of parasitic 
singularities which do not correspond to the phys- 
ical content of the theory. Naturally, at present, 
it is not possible to choose between these two 
possibilities. 

It can now be seen that the method of summation 
in the integrand of spectral representations appears 
as a certain new “super-subtraction” procedure 
which removes nonphysical singularities irrespec- 
tively of the reason for their appearance. It should 
be emphasized that this “second subtraction” pro- 
cedure is a perfectly natural one, since it repre- 
sents a mathematical formation of the requirement 
of the correspondence of the results to which it 
leads with the initial physical principles of the 
theory. 

The authors express their gratitude to Prof. 
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The problem of the determination of the potential in quantum field theory is studied in re- 
lation to the limitations that are imposed on the transition amplitude by the conditions of 
orthonormality and completeness for the systems of states of the noninteracting and inter- 
acting particles. A nonlinear integral equation for the transition amplitude is used for the 
construction of the potential. It is shown that the potential so constructed correctly de- 
scribes the scattering of particles in the range of energies in which production of new par- 


ticles does not occur, and also the bound states. 
ness of the potential are discussed. 


ly the theoretical literature of recent years much 
space has been given to papers devoted to the study 
of the interaction of particles in quantum field theory 
by means of some sort of effective potential (cf., 
e.g., the survey article by Klein,! which gives an 
extensive bibliography, and also references 2—6). 
Nevertheless, the problem of the potential in quan- 
tum field theory cannot be regarded as solved. The 
methods proposed for its construction are not satis- 
factory. Some of them are in essence approximate 
(for example, the particles are assumed to be bound, 
and as the potential one takes their energy when they 
are a given distance apart). In other papers the au- 
thors get a potential that depends on the energy, so 
that they do not arrive at the Schrédinger equation 
for the eigenvalues, but at an equation of the form 
[ho + V(E)] ge = EXp. The methods for eliminat- 
ing the dependence of the potential on the energy 
that have been proposed in a number of papers (cf. 
reference 1) are extremely artificial and compli- 
cated, and are not very effective, in the opinion of 
the authors themselves. 

We shall be guided by an idea due to Novozhilov, 
that a potential independent of the energy can be de- 
termined by means of a nonlinear equation for the 
transition amplitude.? The present paper develops 
and refines this idea. 

For our purposes the basic quantities are 
=O 1 v® > in the quantum mechanics of two par- 
ticles and <4, | vp > in quantum field theory, 
where Yq and &q are states of the two particles 
without interaction, and ye and ey are states 
of the interacting particles with the outgoing-wave 
condition. The nonlinear equations for the transi- 
tion amplitude relate <@, | ve > to the potential 
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Problems associated with the nonunique- 


in a simple way. Thus the problem is to relate 
<Pql ve be oto uae | v3 > (in the construction 
of the potential the latter quantities are regarded 

as known). As is shown in Sec. 1 of the present 
paper, direct identification of <y,| ve > with — 
ao we > is impossible. In virtue of the ortho- 
normality and completeness of the systems Pq 

and y™, the <vy|yv? > satisfy definite rela- 
tions. On the other hand, the <%, | ve > do not 
satisfy these relations, because the system of states ; 
ve (qa is a two-particle state) is not complete, 
i.e., because of the possibility of the production of 
new particles. 

In Sec. 2 the <%,| vw > are replaced by other - 
quantities < |W >, where the gq are chosen 
in such a way that, firstly, they agree asymptotically 
with the gq, and secondly, the relations mentioned | 
above are satisfied. On the basis of the < oy | uo > 
it is possible to construct a potential which, as will 
be rigorously proved, correctly describes the scat- 
tering of the particles at energies below the thresh- 
old for the production of new particles, and makes 
it possible to find the levels of the bound states. 

At the end of Sec. 2 we give expressions for the 
potential that are suitable for concrete calculations. 
They are an improvement on the corresponding for- 
mulas given by Novozhilov,® who did not examine 
the question of the possibility of identifying the 
<@qlvg? > and the <#,| vi >. It must be 
emphasized, however, that this improvement does 
not extend to the results of the calculation of the 
nucleon-nucleon potential made by Novozhilov and 
Terent’ev,‘ since it is outside the scope of the ap- 
proximation used in that paper (the correction 
terms fall off as e~*#" and faster with increase 
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of the distance r between the nucleons; p is the 
mass of the r meson). 

Section 3 contains a brief discussion of some 
peculiarities of the potential constructed here. It 
turns out that the very statement of the problem 
of describing a quantum-field system by potentials 
does not permit an unambiguous definition of the 
potential. All the possible potentials are connected 
by transformations of a special type, and differ 
only at small distances between the particles. Con- 
siderations of simplicity and convenience enable 
us to single out uniquely the potential that is most 
suitable for applications. Here also it is shown 
that, generally speaking, the potential so obtained 
has a nonlocal character. 

In our work we use some formulas of the gen- 
eral theory of scattering, which can be found, for 
example, in a paper by Ekstein.’ 


1. STATEMENT OF THE PROBLEM 


Let us consider the Schrddinger equation for a 
system of two particles that interact with the po- 
tential V: 


id / Ot = (hy + V) > = hd. (1) 


Let us introduce the eigenvectors @q of the un- 
perturbed Hamiltonian, where a denotes the 
spins and momenta of the two particles. Let hyvq 
=Eava and <¢q|lyg > = Sag. We denote the 
corresponding orthonormal eigenvectors of the total 


Hamiltonian, with outgoing waves, by pees We de- 
fine tgg by the equation 
(Ga lop = Sap — tag /(Ea— Eg — i0). (2) 


Let there exist also bound states %m, So that 
him =Em%m, where Ey < Eq when the total mo- 
menta of these states are the same. We set 


<a | Vm> = bem) (Em — Ea): (3) 


A matrix element of the S matrix is defined by 
the formula 


Sap = Sap — 2718 (Eo — Ez) lap: (4) 
For tqgg we can write the linear equation 


Yes 6) 
BE, —E,—1 


Y 


tap — Vag 


and the nonlinear equation 


bay ty ¥6 


tos = Ves— Di — FE, 
: 


A peculiarity of the nonlinear ites (6) is its 
simple dependence on the potential. In reference 3 
it is therefore suggested that one insert in (6) in- 


Lam i 
AE En (6) 
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stead of tyg the corresponding expressions from 
quantum field theory, whereupon the potential in 
momentum space is determined from (6). Of course, 
to determine the potential in terms of tgg one could 
start from (5), as Klein did.! This, however, would 
have given nothing new, since (6) in fact is the solu- 
tion of (5) that gives the potential explicitly. We 

thus get 


Po an bom Aa, 


y=, T 2 [a Ar (7) 


Vig = ae tap 4 pa E 
The question arises: can one insert arbitrary 

quantities for the tag in (7)? It turns out that 

they cannot be arbitrary. The point is that the 

tag must satisfy certain integral relations that 

arise from the orthonormality and completeness 

of the systems ~%, % and ¢. These relations 

were first obtained by Wigner and Eisenbud.® As 

an example we give one of these relations here: 


Toms 


Weele ress ay “vB 
Eee DE, E 10) (Eg — E,, + #0) 
fom ims 
Te m 
ie (Em — Ex) (Em — Ep) SoM (8) 


[ hereafter when we refer to (8), we shall take it to 
mean all the relations of this type] . 

It can be shown by direct verification that the 
relations (8) for the tgg are not only necessary, 
but also sufficient conditions for the quantity V 
determined from (7) to be capable of being inter- 
preted as a potential. One of these relations guar- 
antees the Hermitian character of V, and the 
others assure that (5) with the potential V will 
have as its solution the same tag as appear in 
(Tz 

Thus we conclude that the quantum-field quan- 
tities inserted in (7) instead of the tqg must 
satisfy the conditions (8). 

Let us now turn to the quantum-field system. 
The usual definition of the transition amplitude in 
field theory is* 


Ti KOH S Ep es: (9) 


Here © are the so-called asymptotically station- 
ary states.’ The quantities that correspond to them 
in ordinary quantum mechanics are the states of 
noninteracting particles. H is the field-theory 
Hamiltonian, and vw are its eigenstates with 
outgoing waves, corresponding to the asymptotic - 
ally stationary states @, and energies Eq. The 
S matrix is expressed in terms of the Tra bya 


*We denote quantities relating to the quantum field theory 
by capital letters. 
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formula analogous to (4). We further define the 
quantities Tpy = <®p|H-Ep|%y>, where 

the Wy are bound states in the field theory. The 
indices [IT and M characterize all the states of 
the quantum-field system, including both the states 
corresponding to the two particles with which we 
are concerned (I =y and M=m) and also states 
corresponding to other sets of particles (T #y 
and M +m). 

For the quantities Tqg and Tq@m we can 
write relations of the type of (8), but with one ex- 
tremely important difference. In (8) the summa- 
tions are over the spins and momenta of the two 
particles and their bound states. In the relations 
for the Tag, on the other hand, the summations 
must be taken over all the states in the field theory, 
i.e., as compared with (8) we have additional terms 
corresponding to the summations over all [T #y 
and M +m. 

From this there follows our most important 
conclusion: Tq@g and Tgm do not satisfy the 
required conditions (8) and cannot be inserted 
instead of tag in (5) — (7). 

We shall show, however, that there exist quan- 
tities ee and Dae that on one hand satisfy (8) 
and on the other hand are equal to Tgg for Eq 
= = Eg, if processes of creation and annihilation of 
particles do not occur. Substitution of Top and 
Daan in (7) gives the desired potential. The con- 
struction of the Tap and Tn will be carried 
out in the next section. 


2. CONSTRUCTION OF THE POTENTIAL 


Let us separate out from all the states vy 
the states with [T =y. Let P be the operator for 
projection onto these states, so that 


CEE ES NGG ROM CS CNRS 
: Yi: 


=e S| pie | n> a Ss | ees 


m 


(10) 


If the two particles under consideration form cer- 
tain bound states, then in the sum over m we may 
include not all of these states m but an arbitrary 
selection from them. 

Let us orthogonalize and normalize the $y 
with respect to the metric (10). If 


<Da | PDg> = Sap + Nas, (11) 
then the state vectors 
Da = [1 + N)ya"D, (12) 


will obviously have the required properties: 


M7 AL2 (eRe 


<Da| PDg> = dap. (13) 


4, 


By N in (12) we mean the Hermitian integral op- 
erator whose kernel is defined by (11). We shall 
assume that [1+N]®q ~ 0. 

We assume that the orthonormal system Poy 
so obtained is complete in space determined by the 
projection operator P. In fact, if this were not so 
there would exist a linear combination of the wy 
and Wy, that would be orthogonal to all the Péq; 
and consequently to all the ®q (in view of the fact | 
that 1+N cannot vanish). But the expression 
<< wy | &y> is analogous in meaning to the phenom - 
anoles en function of the state y in the momentum | 
representation, and for such quantities it is natural © 
to assume linear independence. 

Let us set 


| 
| 
Be 


Hy 25 od tas 
ab E,—E,—i0’ 


<®,) 


it 


Ox | sea = ae ° (14) 


oe ES 

In virtue of the orthonormality and completeness 
of the systems of states wy, Wm, and Poy, the 
quantities ee and T nak defined by (14) satisfy 
the conditions (8). Substitution of these quantities 
in (7) gives us a Hermitian potential V for which 
solution of the Schrodinger equation (1) at once 
gives the quantities Tae and sal este 

Let us now verify that the Top correctly de- 
scribe the scattering, i.e., that on the energy sur- 
face Eq = Eg they are identical with Tap. Ac- 
cording to (9) and (14), it is sufficient for this to 
show that 


ol (Es = END, EO. 

OMe — Ey) <O,| BYP). (15) 
It follows from (11) that 
Nap = <Pa| p> — 8ap — S\<Da[ E> CVE? | Dg. (16) 


rey 


If processes of creation and annihilation are impos- 
sible, then in the sum over TI ~y none of the 
terms has a denominator that gives a singularity, 
and Ngg is not singular for Eq = ee Under 
these conditions (15) indeed holds, since the singu- 
lar terms of <4, Vee and <%,| Lae are 
the same. 

The potential determined in terms of Dye and 
eae by (7) is 


+g st EET) be tue aie 


ae 


(17) 


; / 


We transform (17) to an expression more conven- 
ient for study: 


Se On ey 6) = OnMi— B.|.PO,> 


po On be Ee EO Do,s 
: 
+ <a) H — Ba|Wn> Ym | YEP — PBs» 


=< Dal Hi Eq |.PD,) 


Bee 
ae oe 8 a 


Comparing this with (17), we find 


Vag = (Da | H — Ex| Ps). (18) 
The Hermitian character of the potential that 
has been constructed can be seen directly from 
(18). By using (18) one can check by an elementary 
calculation that the Schrddinger equation with the 


potential V leads to the scattering amplitudes Le ; 


In fact, 


SVay (By | WS) = 91 <@.| H — Ex | PB, G,| V5 
Y ¥ 


= <®,!H — Ea|¥8"> = (Ep — Ea) <®a| ¥8. 


Consequently, <b, | vR’> is an eigenfunction of 
the Schr6édinger equation in question, and to it there 
indeed corresponds the scattering amplitude Tos 
In just as simple a way one also proves the im- 
portant fact that the Schrédinger equation with the 
potential V will not contain any extra features: to 
each of its eigenfunctions there will correspond an 
eigenstate in the field theory for the same energy. 
Suppose, for example, fg(q@) is an eigenfunction 


of the Schrédinger equation for the energy Eg. 
Then 


(H — Ee) S\fe (1) PO, = S\ fo (1) P®, (,|H — E,| P®, 


ya 


= S1P@. S\((Ex — Es) Say + Vavlie (1) =0. 


Thus to f(y) there corresponds the state 
Ditgly) Pd, in the field theory. 
tf 


We can summarize the properties of the poten- 
tial (18) in the form of the following theorem. 
The Schrodinger equation 


Eg fy (%) +r yi Vue ly (2) = Ex ly ® (19) 
8 
with the potential Vap defined by (18) has the fol- 
lowing properties: 
(+) 


1) To each eigenstate VP ay of the 


OF en 
Hamiltonian H of the quantum field theory there 


y gee cS , al Lon Te 


THE DETERMINATION OF THE POTENTIAL IN QUANTUM FIELD THEORY 585 


corresponds an eigenfunction of (19) for the same 
eigenvalue Ey m> determined by the rules: 


il ah 
y (2) = Bye — gp — py Da — E.| PY, 


‘l 


fo) ee OH Ba ie (20) 


[the bound states m here are only those that were 
used in the scalar product (10)]. 

2) Conversely, to every eigenfunction (a) 
(with outgoing wave) or fm(a@) (for a bound 
state) there corresponds in the quantum field 
theory an eigenstate vy or Wp, respectively, 
for the same eigenvalue, which is constructed 
according to the rules: 


ESOS PDs Se Ei (a Peano 

3) In the range of energies of the colliding par- 
ticles in which creation and annihilation processes 
are impossible, the scattering cross sections ob- 
tained from (19) and from quantum field theory are 
the same. 

In conclusion we present an expression for the 
potential that is convenient for concrete calcula- 
tions, and that follows directly from (18): 


Vip = SNIP PV (Ea Bs) Pee yee 


Ejene, 


[V (E,, Es) lye. a D,, » 


j= 


o> 


! PD Th, (Ep Se ‘Ie (E, ae Eg)) 
: Ss (EE! O(Ep Se tO) 


(22) 


The formula (22) explicitly shows the Hermitian 
character of the potential, its lack of singularities, 
and also the fact that V actually does not depend 
on the states vy and Wy. 


3. DISCUSSION 


The potential V that we have constructed is of 
course not the only potential that correctly de- 
seribes the scattering of the particles and their 
bound states [in the sense of Eq. (21)]. In the 
derivation of V we have encountered a certain 
arbitrariness. In making the system P ortho- 
normal, we could have used instead of (12) the 
vectors 


(ele, Da, (23) 
B ™ 

where U is an arbitrary unitary Lorentz -invari- 

ant operator, which can be written in the form U 

=1+U,, and Ujqg is a nondiagonal matrix that 

goes to zero if we set N=0 and has no singular - 


ity at Eq =Eg when Nag does not have such a 
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singularity. All the further arguments would have 
remained valid. Therefore one could also use as 
the potential the expression 


Vea = S\Ua,<@y,|H — Ez|PD,,>Uy,p (24) 
Y1 Ye 
(we note that this is not a unitary transformation 


OF Vv"): 

The cause of this sort of ambiguity is concealed 
in the very statement of the problem. We have been 
looking for a potential that gives the same scattering 
and the same bound-state levels as in the field the- 
ory. In ordinary quantum mechanics, however, one 
can have Schrédinger equations with different po- 
tentials corresponding to the same scattering and 
bound-state spectrum. The wave functions for 
these potentials will differ at small distances be- 
tween the particles, and therefore the mean values 
of physical quantities in a bound state will be differ- 
ent for different potentials, and in general will not 
agree with those found in quantum field theory. We 
indeed do not demand such agreement, however, 
since such a requirement is scarcely realizable 
in practice and seems extremely artificial from 
the theoretical point of view. Thus we get a whole 
set of potentials (24) that give equally good descrip- 
tions of the behavior of the particles within the 
framework of the problem as stated. 

The potential (18) is distinguished from the 
others by its simplicity and convenience for cal- 
culations and by the absence of any arbitrary quan- 
tities not determined by the theory itself. For this 
reason, in our opinion, it is reasonable to adopt 
this particular equation (18) as the definition of the 
potential in quantum field theory. 

It must be remarked that the arbitrariness dis- 
cussed here bears no relation to the well known 
ambiguity in the expression for the fourth-order 
nucleon-nucleon potential. The reasons the latter 
ambiguity arises have been analyzed, for example, 
by Fukuda, Sawada, and Taketani.° 

A few words about the spatial properties of the 
potential. Equation (18) gives the potential in the 
momentum representation. A Fourier transforma- 
tion leads to the potential in coordinate space, 
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which is an integral operator with the kernel | 
V(r, —-Y2, Yj —¥z), where r; and ry are the ‘ 
radii vectors of the two particles; that is, we 
arrive at a nonlocal interaction in the configuration 
space. As is well known, one cannot get a strictly | 
local potential, if one requires that it describe the 
scattering correctly. In fact, the transition ampli- 
tude obtained from a local potential is analytic in 
the upper half of the energy plane and on the real 
axis; the same is true of the amplitude in quantum 
field theory. If we require that these amplitudes | 
be exactly equal on some segment of the real axis | 
of the energy plane (for which there is no produc- 
tion of new particles ), then because they are ana- 
lytic they will agree also on the entire real axis. 
This cannot be true, however, since at high ener- 
gies new particles can be produced. Consequently, 
the idea of a strictly local potential must be re- 
jected. We shall not concern ourselves here with 
the question of the approximately local character of 
the potential in individual cases. 

In conclusion the writer takes occasion to ex- 
press his deep gratitude to Yu. V. Novozhilov for 
his constant interest and for helpful comments. 


1A. Klein, Prog. Theor. Phys. 20, 257 (1958). 

2A. Klein and B. H. McCormick, Prog. Theor. 
Phys. 20, 876 (1958). 

3 Yu. V. Novozhilov, JETP 35, 742 (1958), Soviet 
Phys. JETP 8, 515 (1959). 

4vu. V. Novozhilov and I. A. Terent’ev, JETP 
36, 129 (1959), Soviet Phys. JETP 9, 89 (1959). 

° Fukuda, Sawada, and Taketani, Prog. Theor. 
Phys. 12, 156 (1954). 

®Mmoue, Machida, Taketani, and Toyoda, Prog. 
Theor. Phys. 15, 122 (1956). 

"H, Ekstein, Phys. Rev. 101, 880 (1956). 

AD Wigner and L. Eisenbud, Phys. Rev. 72, 29 
(1947). 

°L. Van Hove, Physica 21, 901 (1955); 22, 343 
(1956). 


Translated by W. H. Furry 
152 


SOV Pi ySiCs JE TP 


VOLUME 37 (10), NUMBER 3 


MARCH, 1960 


NONRESONANCE ABSORPTION OF OSCILLATING MAGNETIC FIELD ENERGY BY A 


FERROMAGNETIC DIELECTRIC 


M. I. KAGANOV and V. M. TSUKERNIK 


Physico-Technical Institute, Academy of Sciences, Ukrainian S.S.R. 


Submitted to JETP editor April 18, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 823-832 (September, 1959) 


Spin-wave theory is used to calculate the imaginary part of the longitudinal magnetic suscep- 


tibility of a ferromagnetic dielectric. 


A ferromagnet can absorb the energy of a weak 
alternating magnetic field H’ ~ eit that is po- 
larized either perpendicular or parallel to its equi- 
librium magnetic moment. In the first case the 
magnetic field “rotates” the magnetic moment with- 
out changing its magnitude, while in the second case 
a process of magnetization changes the absolute 
value of the magnetic moment. In both cases dissi- 
pative processes occur that are associated with in- 
teractions of spin waves with each other and with 
phonons.!~? We assume saturation magnetization 

of the ferromagnetic dielectric at a given tempera- 
ture so that our sample consists of a single domain, 
and that it is pure enough so that we may disregard 
effects due to impurities. 

In the present paper we confine ourselves to the 
case in which the magnetic field of frequency w is 
polarized parallel to the equilibrium magnetic mo- 
ment of the ferromagnetic dielectric. The imagi- 
nary part of the longitudinal magnetic susceptibility 
by = rf + ip) must therefore be determined in order 
to calculate the absorption. The complicated char- 
acter of relaxation processes in ferromagnetic di- 
electrics! leads to a complicated frequency depend- 
ence of pi)(w). 

Our calculation will be based on the simplest 
model of a ferrodielectric as a body with a single 
magnetic moment whose oscillations are propagated 
as spin waves. This is valid at sufficiently low tem- 
peratures; we then have no vibrations of one mag- 
netic sublattice with respect to the other, which cor- 
respond to high frequency limits (~@¢ /hi). The 
real bodies to which the present form of the theory 
of spin waves can be applied are evidently ferrites, 
the semiconductor properties of which are unimpor- 
tant at low temperatures (the number of free elec- 
trons vanishes exponentially as the temperature is 
reduced ). 
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1. LOW FREQUENCIES 


When the magnetic field frequency is consider- 
ably smaller than the reciprocal of the spin-spin 
relaxation time Tgg, i.e., 


Wiss << |, (1) 


this field can be regarded classically as the cause 
of spin-wave nonequilibrium. This condition (1) 
enables us to assume that the spin-wave system 
has quasi-equilibrium energy levels, i.e., 


E= Dexr, &% = 0, (ak)? + pH (2). (2) 
k 


Here €, is the energy of a spin wave.* We shall 
make use of (2), which is valid for relatively large 
values of the wave vector number k, so that the 
results of this section are correct only when T | 
> 2muMy) ~ 1°K. The mean occupation numbers 
nk are determined by means of a kinetic equation, 
written schematically as 


On,/Ot = (On,/Ot) ss + (On,/Ot)s0- (3) 


The first term on the right is the part of the colli- 
sion integral which describes the interaction be- 
tween spin waves, while the second term pertains 
to the interaction between spin waves and phonons. 
The specific form of the collision operator has been 
given in references 2 and 3. It is very important 
in what follows that at temperatures T consider- 
ably above Ty ="Mo(e /uMy)¥/" ~ 10° the princi- 
pal part in the interaction of spin waves is played 
by the exchange interaction and for T «K To by the 
relativistic interaction. This difference results in 
an essential distinction between the frequency de- 
pendence of the imaginary part of the magnetic sus- 


*The notation of references 2 and 3 is used. 
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ceptibility at low (T « Ty) and high (T > To) 
temperatures. 

For the low-temperature region (T « Ty) we 
have, from reference 2* 


i pMo pMo 
mek 0, 


SS 


(3 5 i cs 10°(F -)" : (sec! )\(UumM,<T <T),), 
and (3) will be solved in the form 
ty =No(e/T) + nx, |e) < to» (4) 


where ny is the equilibrium Bose function. It must 
also be remembered that ¢€, and T depend on the 
time. This form of the solution denotes that in the 
spin-wave system a quasi-equilibrium state can be 
established with its own temperature, different 
from the lattice temperature. Dissipation is here 
associated with two basically different mechanisms, 
the transfer of energy to phonons and the departure 
of the distribution from equilibrium. We therefore 
write uw” =yui{ +uyZ. The first mechanism is natu- 
rally characterized by the time Tg7 required for 
temperature equalization? and the second mechan- 
ism by the spin-spin relaxation time Tgg. Since 
Tss K Tg], at frequencies wTg] K 1 the principal 
part in dissipative processes will be played by en- 
ergy transfer to phonons and at frequencies 1/T,] 
«K w «K 1/Tgg by the departure of the distribution 
from equilibrium. 

To calculate the time dependence of the tem- 
perature T we must use the heat-balance equation 


eT Vee == Gull, ro <= Cy/a, aim OAs « (5) 


which is easily obtained from (3) and (4). Here a 
is the coefficient of heat transfer between spin 
waves and the lattice which was calculated in ref- 
erence 3. An analogous equation can be derived 
for the phonon temperature T7, although the prob- 
lem of the interaction between phonons and the ex- 
ternal medium now arises. On the other hand, if 
we assume excellent thermal contact, so that all 
heat entering the lattice can be removed by the 
external medium (unlimited heat elimination) the 
lattice temperature T7 can be regarded as con- 
stant. We shall hereinafter limit ourselves to 
this case.f 

From (8) we have 
Tl qCgu H uy 


a—twC. 


twqCc, wt’ 
COOK O ; (6) 


diay TS 


As already stated, the dissipation is described 


*We have assumed O- ~ 10-** erg, T, ~ 10°K; the unimpor- 
tant logarithmic dependence on temperature has been disre- 
garded. 

+The adiabatic temperature-equalization time t.) was cal- 
culated in reference 3. 
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by the imaginary part of the magnetic susceptibility, | 
which is obtained from the imaginary part of the | 
coefficient relating the spin temperature to the 
magnetic field; we have | 


M=M,—v yin (e;/T). 
k 


From this equation and (6) we obtain 
" we DNs 
vim «ger (er) 


pea Ub 7 
St (7) 


OT.) 


2 , 
1 w?te, 


It is shown in reference 3 that for T<«Ty the co- | 
efficient of heat transfer from spin waves to the 
lattice depends exponentially on the temperature 
(heat is transferred through the “Cerenkov” pro- 
duction of phonons by spin waves ); also 


= (15€ (5/s)/32n"*) (T/A.)*/. 


Therefore 


/: 
c 


Hl 648; 90 


—0@;/40.T}, m=aa'; (8) 


ay ae Ian EXP{ 
5/2 (9/9) hk ms; oy 


ae iGo ue ca@e 
on at 7? xD ze7 ; 


Ts] 


(8’) 


We shall now calculate uy, the part of uw” that 
is associated with the departure of the distribution 
from equilibrium. This dissipation mechanism is 
important at relatively high frequencies (wTgj>1), 
when we can still make use of (2) [in virtue of (1)] 
and of the kinetic equation (3). In the latter the 
second term of the right member may be neglected; 
when w > 1/Tgj energy “cannot” be transferred 
to phonons. Since (dnp /8t) gg = 0 we have 


(On, /Ot)ss- (9) 


The neglect of the term (0n;,/0t)g7 in the kinetic 
equation corresponds to the neglect of heat elimi- 
nation in the thermal balance equation (5). There- 
fore when wT,7 > 1 we have T = quH, and (9) 
can be written as follows: 


WT) <1. 


One/ot + An,/ot = 


=) Ole pH ; q 
(1- tr seat = = Ltn’). (10) 
Here 
I/t5s = (UMo/h) (42/00) (T/O0)'", (11) 


while L isa dimensionless collision operator 
which is easily derived from (34) of reference 2 
by changing from summation to integration over 
the wave vectors k and introducing the dimension- 
less wave vector X= V@,/T ak. 

In (10) we have omitted the term containing the 
time derivative of the nonequilibrium correction to 
the distribution function; this is valid for wtg,<1. 
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From (10) we have 
n' = t45(UH/T) 9 (x), 


where v(x) is a dimensionless function which 
cannot be determined without solving the integral 
equation (10). 

When the temperature dependence of n’ is 
known the temperature dependence of ug can be 
determined. This requires calculating the varia- 
tion of the entropy S per unit time resulting from 
the departure of the spin-wave distribution from 
equilibrium. A familiar formula’ gives the amount 
of absorbed magnetic field energy: 


(12) 


Q = (wp"/4r) H”. (13) 


This equation in conjunction with TS = Q gives pu” 
(uz in the present case). We shall therefore de- 
termine TS, using the following expression for 
the entropy of a nonequilibrium Bose gas:° 


SS Dd ((m@ + 1)In (nq, + 1) — ny In ny}. 
k 
By differentiating this expression with respect to 


time and taking into account the energy conserva- 
tion law 


Denn’, =0 
k 


[a corollary of the linearized kinetic equation (9)], 
we obtain 


Q=TS=—T >) (Ax)es m/c (mk + 1). (14) 
k 
From (14), (12), and (13) we then have 
by = Xp (.2/a°A,) (T/Oc)'? Wtss, (15) 


where Kk, is a numerical constant that can be de- 
termined only by solving the kinetic equation ex- 
actly. 

Equation (15) is valid for 1/Tg] K w « 1/Tgg. 
A comparison with (7) shows that w4 and pw4 co- 
incide when w ¥ (Ts] Tsgg)7/2. At lower frequen- 
cies w4>ps and at higher frequencies pj < pz. 
As the frequency approaches 1/Tg, the value of 
yu must be reduced since the spin system “cannot” 
depart from equilibrium. This can be taken into 
account by retaining the term @n’/at in (10). We 
then obtain 


t Dome ads Jie WT 5 
eae Oo eee, GRO Ie: 
i= 9789, (8,) Tord, 


(16) 


A comparison of (15) and (11) shows that for fre- 
quencies in the interval (Ts7 Tgg)"/? «K w « 1/Tgs 
the imaginary part pw” of the magnetic suscepti- 
bility is independent of temperature and is linearly 
dependent on frequency: 


Lu” ~ho/pM,. (17) 


We shall now consider the case of relatively 
high temperatures T > Ty. As previously we shall 
assume that the temperature is considerably below 
both the Curie temperature @g@ and the Debye tem- 
perature @). In this temperature region exchange 
forces play the principal part in the interaction be- 
tween spin waves. It is therefore convenient to 
write the kinetic equation as follows: 


On, (ae (al as 


al Orie Nas OL (18) 


ss 
We cannot drop the small relativistic term, which 
is responsible for energy dissipation in one of the 
frequency regions. The large exchange interaction 
between spin waves does not change their number; 
this is reflected mathematically in the fact that the 
Bose distribution with an arbitrary value of the 
chemical potential y causes vanishing of the first 
term in the right member of (18). We recall that 
the equilibrium chemical potential of the spin-wave 
gas is zero. 

The solution of (18) must be found in the form | 


iets ) 7’, 


taking into account the time dependence of the en- 
ergy €, chemical potential y and spin-wave tem- 
perature T. We shall use (2) for the energy of a 
spin wave, regarding it as valid also for k = 0. 
This is permissible if we assume that the ferro- 
magnet has a large anisotropy constant or is ina 
relatively strong magnetic field. The spin-wave 
energy for k=0 without an external alternating 
field will hereinafter be denoted by €9 (€9 = uHegf, 
Heft = Hy + BMo). 

From (18) and (19) we easily obtain the follow- 
ing relations between the variable part of the spin 
temperature T, the chemical potential y and the 
alternating magnetic field: 

(Ary — iag@,)T’ +( TP Aye — ioB) y= Bul, 


[m1 < to, (19) 


(Arr — iC.) T’ + (Ary — i@Cs) 1 = qCpl. 
Here 


(20) 


B =T?/8nO¢'e0", (21) 


and the A coefficients were calculated in refer- 
ence 7, where magnetic-moment relaxation in a 
ferromagnetic dielectric was studied. In the given 
temperature interval (T > Tp, 3 /@¢)* 


Ary = (h/6n7 6°) (Y1-Mo/Ac)” (T/Oc)”, 


Arr = (277h/45pa°*) [287 ok (28, + B.)?] (T/@e)*, 


Ayy = (x/h) (uM /Oc)? (T?/e.8-), x O.1. 


*The notation is that of references 2 and 3. 
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T’ and y canbe calculated by means of (20). 
The formula 


M iM es ee ait (ear) 
k 


for the magnetic moment is then used to give the 
imaginary part of the magnetic susceptibility. Re- 
taining only the principal terms, we obtain 


: ote 
waz He =a (TST), 3) 
where 
We AeA BC.) 
~ (uMo/h) (Bo/mms?O.)'"* (T/8c)"* (T/eo)"" 
I/tz = Arr/Cs ~ (Oo/h) (Oo/ms”) (T/8.)”, 
1/t3 = T Ayy/B ~ (T/h) (uMo/8¢)? (Pc/£0)'”: (24) 


The frequency dependence of the imaginary part of 
the susceptibility is shown in (23), where all relax- 
ation times satisfy the following sequence of in- 
equalities: 


Tss KX Ty XT. XTz, 


and the reciprocal spin-spin relaxation time 1/Tgg, 
is now given by® 


1 /ts5 ~ (O./h) (T/8,)*. (24’) 


At low frequencies 


w” ~ ho/pMo (wg <1;T >T>). 


We assume that My ~ p/a’. 

It can be shown that an additional loss mechan- 
ism exists at frequencies 1/T, Kw< 1/tss> due 
to the departure of the spin-wave distribution from 
equilibrium. (This is analogous to the second 
mechanism at low temperatures.) However, it is 
easily seen that this mechanism always (at all 
frequencies ) results in values of uw” which are 
considerably smaller than those calculated from 
(23). This results from the fact that the exchange 
forces, which play the principal part in this tem- 
perature region, cannot produce dissipation without 
the cooperation of relativistic interactions, since 
the former do not change the magnetic moment. 

This section will be concluded by specifying 
the imaginary part of the longitudinal magnetic 
susceptibility in different frequency and tempera- 
ture ranges. From (7), (16), and (23) we have 


(Mow /T )’ OT ae ; 
2 : Vt) <eAe GW <a rye 
| 0, \9, 1+ w2t?, at Ae 
re M IP Neteig ONS = oe 
Tie ge (a | ROE: : 63 V tsy8og 1 7 <eliigs 
€ VOCs ‘ 
{+t wt oe 
| a 4 2_2)2 ; Se OT. € 4, T >To. 
| PEO! (GL ei eaXGhiise el eo as 
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The relaxation times are given by (8), (11), ea 
and (24’). We recall that Ty ~ HMo(%e /uMy) : 


2. HIGH FREQUENCIES 


Since at frequencies w > 1/Tgg spin waves 
cannot depart from equilibrium, the attenuation of 
the magnetic field can be regarded as the absorp- 
tion of photons by an equilibrium spin-wave gas.°»9 

The interaction Hamiltonian of the field and spin 


waves is obviously 


‘The expansion of the operators 4(r) and a*(r) 
in terms of the spin waves is given by (12) — (20) 
of reference 2, and the magnetic field operator is!” 


H, = iV Wwho/V (gu ele! — que*}. 


The operators om and a have the nonvanishing 
matrix elements 


dng, ti = Vita eH, (25) 


ny is the number of protons with frequency w. 
The magnetic field wave vector q (|q|=/c) is 
parallel to the x axis. 

The interaction Hamiltonian in terms of spin- 
wave creation and annihilation operators is 


* =~ . 
Yigg Rol a V nN eet 


ay a Fea ar ete || * * * 
Seen V 2n hoV > {U, UK Ak Ak’ Joo 
k,k’ 


tie te Ux0x’) ax ako} + compl. conj. (26) 


This equation reveals two possible processes for 
photon absorption—through splitting into two spin 
waves (the first term in the brace) or through 
absorption by a spin wave (the second term). The 
first process corresponds to the momentum conser- 
vation law 


kk’ =4q, (27) 


while the second process corresponds to k =k’ + q. 
However, a photon cannot be absorbed by a spin 
wave since for this process energy and momentum 
conservation would require the velocity of the spin 
wave to be greater than that of light. To be sure, 
if the dielectric constant of the ferrodielectric is 
greater than unity this process is possible in prin- 
ciple (analogously to Cerenkov emission), but it 
is easily seen that its mean probability will then 
be exponentially small. Photon absorption by spin 
waves will therefore not be considered hereinafter. 

The splitting of a photon into two spin waves 
can, of course, occur only if the energy of the pho- 
ton is greater than twice the minimum spin-wave 
energy, i.e., 


hw > 2H of, Aes; = Hy + BM, 
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when it is assumed that the magnetic field Hy is 
in the direction of easiest magnetization. 

For hw < 2uHefg (when the external field fre- 
quency can satisfy the condition w > 1/Tgs) the 
absorption of the magnetic field energy is mainly 
associated with inelastic scattering of photons by 
spin waves. This process occurs in the second 
perturbation approximation and its probability is 
very small. When wtgg > 1 energy is, of course, 
also absorbed through the mechanisms considered 
in the first section. 


However, for hw = 2uHefp increased absorption 
of magnetic field energy should be observed because 


of the new mechanism. We shall hereinafter con- 
sider frequencies greater than 2uHeff/h. 
Thus 


tint 10 V 2rhoV >} Vili QO Fox + compl. conj. (28) 
k, k’ 

Non-zero matrix elements of the Hamiltonian (28) 

correspond to transitions nx, Nk, Ny —ngtl, 

nk’ +1, ng —1 and the inverse transitions, and 

give the transition probability 


An?V on? | Ont + Vg |? (Mk +1) (Me +1) Nod (x + Exe — ho); 


the 6 function insures conservation of energy. 

The photon absorption coefficient is defined as 
the difference between the probabilities of all pho- 
ton absorption and emission processes: 


i= > An’Voow? {(7,-+ 1) (Mee + 1)— nny} 
k,k’ 


X | Ul + Up q? 175 (OK + EK — ho). 


Here nx, ny are understood to be equilibrium 
Bose functions. The summation over k and k’ 
in the last equation is subject to the momentum 
conservation expressed by (27). 

Since the wave vector number of a spin wave is 


considerably greater than that of a photon,* we have 


(7/8 V2) Van(v—a)? 


Substituting our results into (29), we can deter- 


mine the frequency dependence of the photon absorp- 


tion coefficient in all limiting cases. At high fre- 


quencies we have 


*k ~ (hw/@,)%/a is comparable with the wave vector q 
only at a frequency that satisfies the condition w ~ c*i/a’O, 
~ 10? sec. We of course always have w <fic’/@,a’. 


T = 4n°Vop? >) (m +01 + 1) 
k 


X | Ope + UO, |? 8 (&_ + &_~ — ho). 


Since €,, UK and v_ are even functions of the 
wave vector the last equation leads to 


TP = (2n)? 32n?V 2p? \ Ott [8 (My + 5) 5 (2c, — hw) dry. 


By using (12) — (20) of reference 2 we therefore 


obtain 
__ p? (27uMo)# ho 

IF = 267 akh coth oT J (y, N)s 

v= ho/4ruMo, 1 = Heg;/2nMy. (29) 
Here 

(VRE — (x +) 
ni) =\2 = d 30 
rec es 


when vy >V7%+2n and 
(vm?) /20 


AV Se ae 
V (1 — x) (x? + v2) 


Jf (v5.7) == 


when v< Vn2+ 2n ‘ 

We note that the condition fw/2 > uHef¢ gives 
vy>yn. When v<7 (fiw < 2uHe¢p) we have T =0 
in this approximation. We shall calculate the in- 
tegrals (30) and (31) in different limiting cases. 

1. » >1 (strong magnetic field or large aniso- 
tropy energy ):* 


ieee re 
u 3 
sel by kal se as ue i 
Hon) ait Zt+5int4 v) In(v— 74 ae yv>nt+ 
1 5 : 
ie tmpteti—win(ntiny}, vende: 
| 16 (v — 9)?/105%, oe 


2. n <1 (weak magnetic field and small aniso- 
tropy energy):f 


( 16/15 Vv; v > 4; 
| 2, a fi45 bie —V2n,, V 2y ie 0 es 
=| ay 2 Va v — V 2nf V 2m 
(v, 7 ~~ Fac afi 
2 eee Ye Vie gee iy 
Rela ee 2 "Yam — Vin 
( 


_ 16 yp? / 2apMo\*% oe hw 
Vai al 6 ee | eottog 


c 


(ho > 2nuMo, pH). (32) 


*We note that in this case Vn’ + 2n ~7 + 1 and v is also 
considerably greater than unity since v>7. 
tIn this case Vn? + 2n ~ V2n, and v can be either greater 


or smaller than unity. 
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We note that for hw/2 = V(uwH)? + 4mu2M oH _ the 
derivative of the absorption coefficient with respect 
to frequency becomes infinite. 

The attenuation coefficient of the magnetic field 
is obviously equal to half the photon absorption co- 
efficient (6 =I'/2). The imaginary part yw” of the 
magnetic susceptibility is thus easily obtained by 
means of the dispersion equation for an electromag- 
netic wave with w = qc/V€ pA) . 

Since the magnetic field is parallel to the mag- 
netic moment there is no need for taking the gyro- 
tropy of the magnetic susceptibility tensor into ac- 
count. Assuming w = w,)-id, py = by + Imi e~ yp’ 
Pale We Ontain (f= 20/0, 1.e:, 67 =1/o. Thus 
(7), (15) — (17), (29), and (32) solve our problem of 
determining the imaginary part of the longitudinal 
magnetic susceptibility for a ferromagnetic dielec- 
tric over a broad range of temperatures and fre- 
quencies. 

In the limit w—o the magnetic susceptibility 
approaches unity, while its imaginary part ap- 
proaches zero. The frequency dependence of pu” 
at very high frequencies is* 

542 (2mpM,)? 4 
Wm eS ordeal (hw = Ts, teldies ey 
Thus the decrease of yw” at higher frequencies is 
inversely proportional to w/? and is independent 
of temperature. 

We are not aware of any sufficiently thorough 

experiments (with a fully magnetized samplef at 


*Our treatment is, of course, subject to the high frequency 
limit @ < @./h, since we have not taken into account the 
excitation of vibrations of sublattices with respect to each 
other (see the Introduction). 

tIn a polydomain sample most absorption of the magnetic 
field will obviously be accounted for by the motion of domain 
boundaries. 
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low temperatures ) with which our results might 
be compared. Our entire discussion shows that 
such experimental investigations could greatly 
extend our knowledge of the character of interac- 
tions between different quasi-particles (spin waves 
and phonons) in a ferromagnetic dielectric. 

In conclusion the authors take this opportunity 
to thank V. G. Bar’yakhtar for useful discussions. 
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The magnitude of the critical supercooling field Hg, in superconductivity theory! is deter- 
mined. It is found that the field Hg, is larger than or smaller than the critical field Hg, 
depending on whether the superconductor in a weak field is of the London or of the Pippard 
type. The superconductor in the first case must in a strong field display a behavior simi- 
lar to that of alloys. The magnitude of the ratio Hg;/Hg depends weakly on the tempera- 


ture in the whole temperature range. 


Gi is well known that superconducting metals in a 
magnetic field undergo at some value of the field a 
phase transition from the normal to the supercon- 
ducting phase. For a bulk specimen this transition 
is a first-order transition; the value of the critical 
magnetic field He can thus be obtained from ther- 
modynamic considerations and was evaluated by 
Bardeen, Cooper, and Schrieffer (BCS) in their 
theory of superconductivity.! Along with the ther- 


modynamic field there exist, apparently, for a given 


» temperature, still two other critical field values 
corresponding to the so-called “superheating” field 
and the “supercooling” field H,,;. These fields de- 
termine a region of possible hysteresis: for fields 
above Hg, but below the superheating field the 
superconducting phase is metastable and, on the 
other hand, for field values below He, but above 
Hg, the normal phase is metastable. (We under- 
stand by metastability, as always, an instability 
with respect to a finite perturbation.) To deter- 
mine the magnitude of these fields thermodynamic 
considerations are insufficient and one must turn 
to the microscopic theory of superconductivity. 
Using an earlier developed method? the existence 
in the BCS theory of a “supercooling” field is 
proved in the present paper and its magnitude is 
found. 

In the method mentioned above, the supercon- 


ductor is described by two Green functions G (x, x’) 


and F*(x, x’), and equations for these in a mag- 
netic field can in the usual manner be obtained 
from the field-free equations. We shall first con- 
sider the absolute zero. These equations are then 
of the form 
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MARCH, 1960 
a0) 41 eo) : 2 
d+ e(G—enioy +f oraat 
ae iA (r) (Fas (65 ou) = 6 (x— xe). 
foo 4 0 F 2 f ] 
‘ix—aal> + 1eA (r)) =u} FEM a) 
— iA* (r) G(x, x’) = 0, (1) 
where 
Nis) = eile ae 2) 


In a constant magnetic field G(x, x’) and 
F*(x, x’) are functions of the difference in the 
time variables, t—t’; expanding all quantities in 
Fourier integrals in this difference we get for the 
Fourier components G,)(r,r’) and Fj,(r, rv’) 
the following set of equations 


| ey ENG Cea, Rte Gree 
Nie ees) eric (r)) a u| o(t,t’) 


+ iA (r) Fo (r,t) =8(r— Fr’), 


{ AV YE yo) : 2 ; 
{© + 52 (5. + ie (r)) + v4 Fd (r, r’) 

Ba NEG OPA ( ae dl ed (1’) 

-+00 
A* (r) =| gj (22) \ dwFé (r, r). (2") 

The value Hg, of the supercooling field is the 
boundary itself of the metastability of the normal 
phase; at smaller fields the normal phase is abso- 
lutely unstable with respect to the appearance of a 
superconducting phase. We are, of course, not 
talking of the appearance of small layers of the 
superconducting phase but about the possibility 


594 


that there appears that specific correlation between 
electrons which is caused by the interaction between 
them and which leads to the superconductivity phe- 
nomenon, and which finds an expression in the ex- 
istence of a non-vanishing function F*(x, x’). 
metastability of the normal phase for fields H>H 
means instability with respect to the occurrence of 
finite values of F*(x, x’) and A(r). In the point 
Hg; there occurs for the first time a solution with 
infinitesimal A(r) and F*(x, x’). This makes it 
possible to simplify the set (1’) essentially, retain- 
ing in the equations only the first nonvanishing 
terms for small A(r). Furthermore, the magnetic 
field is uniform in the normal phase; it is conven- 
ient to take the vector potential A(r) in the form 


Ax = Hy, Ay =Az,= 0. The second of Eqs. (1’) 
takes the following form 
1[/d ieHy\? , & , a1 ov ‘ 
\- OoF 2m (é Cc ) ag Oy? | sr | IF u} Fo (t,) 
— iA*(r) Go (r,t’) = 0. (3) 


In this equation Gat r’) is the Green function 
of the electrons in the normal metal: 


fo+ t[(Z + AY + 2+ SB] tof Goer)=30@—r), 
(4) 


If we rewrite (4) in such a way that the differen- 
tiation is with respect to the variables r’: 


7) HOE GG 
{o bo [(< Cc ) Gee Vee 


=ds(r—r’), 


| +e} Gore) 
(4’) 


we can use (4’) and (3) to write the function 
Fi)(r, r’) in the following form 


FE (r, ¢') = —i\G. w (8, t’) Ge (8, r) A*(s) ds. (5) 


Substitution of (5) into (2) leads to an integral 
equation for A*(s): 


-+co 
A*(r) = —i| g| = \ dw \ Go (s,r) G3 (8; 1) A*(s) as 
qe (6) 


The value of the magnetic field for which there oc- 
curs for the first time (coming from large fields ) 
a nonvanishing solution of this equation is then just 
the value of the supercooling field Hg, which in- 
LEGeESLTS Us 

For what follows, it is necessary to determine 
the form of the function Gh, r’). We perform 
the transformation 


a 


Go(PZ ft) EXD \- He (y+ y')(x— x’) } G 
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After substituting this expression into (4) the co- 
efficients in the equation for Gy(r-—-r’) are func- 
tions of the difference, namely, 


{° 1 om ae 


3 (r—r’). 


(8) 


eux tr—r'l) + +ulG (r—r')= 


Thanks to this Gi(x —r’) clearly also depends 
only on the difference R=r-—r’. If there is no 
field the Green function Gpy(R) is, as can easily 
be checked, of the form 


{— (m / 2mR) exp [tpoR +- ioR/ vj, o> 0 


\—(m/ 2eR) exp [ — ipoR + iwR/v), © <0 (lol << m 


(9) 


Such a choice of the solutions of (8) without a field 
was made in accordance with the requirement that 
the imaginary part of the Green function changes 
sign when the frequency changes sign.? We shall 
show that the function Gi (R) in (7) is the same 
as its value (9) without a field. Looking ahead we 
note that in the following we require distances R 
of the order of &) where é is the parameter in 
the BCS theory which is connected with the value 
Ay of the gap in the spectrum at T=0 and which 
is equal to £) ~ fiv/Ay. It turns out that one can 
neglect at those distances the term quadratic in 
the field in (8), or in other words, that the curving 
of the electrons in the fields of interest to us is 
very small. Under those conditions it is conven- 
ient, because of the large value of pp, to look for 
solutions of (8) in the form exp {ig(R)}Goy(R), 
where Gpo,,(R) is the Green function (9) when 
there is no field present. Substituting this expres- 
sion into (8) leads to the following equation for 
y(R), which contains only quadratic terms in 

the field: 


F podp / OR — (e?/ 4c?) ([HX R])? = 


Goo (R) = 


[the + sign in this equation depends on the sign 
of the frequency in accordance with (9)]. As will 
become clear below, the fields of interest to us, 
are such that eHé2/c ~ 1. Therefore, gy (R) 
which is determined by this equation will give a 
correction in the phase factor in (7) of the order 
of 1/poé, i-e., an insignificant quantity of the 
order 107‘, 

Substituting (7) and (9) into (6) and integrating 
over the frequency we get thé following equation 


mpo | g\ 


At (r) eae \ceuer) (yy) (x —x’)} At 


eang? 


(r’) dr’. (10) 


The kernel of this equation leads to a logarithmic 
divergence when we integrate the right hand side 
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for r =r’, which is connected with the fact that 
_ the relation (2) determines the gap A(r) as the 
value of the function F* for equal arguments. This 
definition is somewhat inaccurate. The fact is that 
in the BCS model the interaction Hamiltonian which 
( leads to superconductivity was chosen in the form 


yteeeee y 
hp tae Paar ea at. (11) 
PitP2=PstPe 


with a constant coupling constant for all electrons 
with energies in a narrow layer hd in the neigh- 
borhood of the Fermi surface. This cutting off is 
realized in (11) by the functions Op: 

le,—ep|<o 

|¢,—e-|> @” 

The quantity @ enters logarithmically in the de- 
termination of the gap Aj, in the Fermi spectrum: 


1 =| g|(mpy / 2x?) In (20/ A,). 


To the cut-off in momentum representation there 
corresponds, in coordinate space, some spreading 
out over distances of the order hv/w. Using (11) 
for the interaction Hamiltonian and repeating the 
derivation of the equations in reference 2, we find 
easily that the quantity A*(r) is connected with 
the function F*(x, x’) in the following manner: 


A*(r) = \\ 0(r —s)0(r —m) F*(t,s;¢,m) d’sd°m, 2”) 


where 6(R) is a smearing out function corre- 
sponding to the cut-off function @p) in the momen- 
tum representation: 


(12) 


‘ -3 5 i Rsi oR ) 
0(R) = (2r) * | eFPR0,d%p ee es jo) 


On this basis we must, strictly speaking, write 
Eq. (6) in the form 


\G (s,r) G_a(s,r) A*(s) d's, (6’) 


Qn 

—0oo 
denoting by Gault, r’) the integral over the Green 
function (7): 


re 


Go (r, 1’) = \ {(r—s) Gals, tr) d's, 


The field dependent phase factor in (7) can be taken 
out from under the integral sign in the last expres- 
sion since @(r—s) has the character of a 6 -func- 
tion. It amounts thus practically to replacing 
Gow(R) in the previous calculations [see Eq. (9)] 


by 


Gos (R) <i (2x) * \ CPRG oo (p) 0,d3p. 


Following this, all expressions stay finite. We have 
succeeded in eliminating the cut-off quantity using 
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the relation (2”), which determines the gap in the 
energy spectrum at T=0 when there is no field. 
One verifies easily, by evaluating the corresponding 
function F9(t,r;t,r’) through the Fourier compo- 
nents found in reference 2, that 


me 1, __ mAo sin poR RAo 
oat or) im R Rot ; se 


(13) 


where Ky is a Bessel function of imaginary argu- 
ment which tends logarithmically to infinity for 
small R. 

Substituting (13) into (2”) and noting that the 
function @(r) possesses the following 6 -function 
property 


\9 (rs) 0(s)d°s = O(r) 
(this equation can be most easily checked by the 
Fourier components) we get, using the form (12) 


for the function 6(R) and averaging the fast os- 
cillating factors: 


; t RAp\ sin (@R / 2) 


__m| gi (( cos(RE J) Rdo\ > 
= 44 \(\ R2 de) Ko(=2) OS. 
0 
Integrating over d|R| in the last expression by 
parts we find 


~ 


/ 2A.¢ dé si 
ie | | SE) K (Rao / 0) BR. 
0 


This expression for 1/|g]| is convenient because 
the integral over d°R posssesses the same singu- 
larity as Eq. (10) when @ — oo. 

After substituting this expression into (6) we 
get an equation in which the logarithmically diverg- 
ing terms are cancelled after which @ can tend to 
infinity. Omitting the intermediate calculations we 
shall give the final form of (10), taking into account 
that the function A*(r) depends on the coordinate 
y only: 


* /eyAo \ 
A* (y) In rae | 
LF explo) YD) aw yy dy! 
; \ eae (y’) dey’. 


—os 


[We shall show below that the general form of the 
function A*(r) corresponding to a given value of 
He, can be found by a simple method in terms of 
the solution of this equation.] Here y is Euler’s 
constant, ¢€ an infinitesimal constant introduced 

to cause the integration on the right hand side to 

be performed only over a distance ly-y’| =. 

Thanks to the logarithmic character of the singu- 
larity on the right hand side, € disappears from 
the final results. It is convenient to introduce di- 
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mensionless variables £ =yVveH/c_ in which the 
equation becomes 


F AG exp—Je— 8") pee 
[E—e'| ii 
ae (14) 


A* (é) In if ey Ad lie os 1 


Ly Vell /c 


The largest value of the magnetic field, for 
which a solution that decreases at infinity exists 
for (14), is just the value of the critical field Hg, 
the “supercooling” field. Equation (14) can only 
be solved numericaily. We shall show that (14) 
has a maximum eigenvalue for the magnetic field 
and we shall estimate its magnitude. To do this 
we add to and subtract from A(é’) under the in- 
tegral on the right hand side of (14) the value A(é). 


After this (14) is transformed to the following form, 


which no longer contains the infinitesimal constant 
0: 


a*(yin(“Y/ ©) = o@) 4° @) 


CO 
i \ exp {— | &? — 


By. 
a 


=D fare’) — 


ie EG 


A* (e)| de®. (15) 


—co 


The function ®(£&) is here equal to 


Multiplying (15) by A(é) and integrating over 
— we get 


[o) 


papin (87/1) = \ oe 


joe) 
1 ‘ eAUGs) Giese 
eal 


S127 | 


| A (é) P dé 


DA) —A) Pata. (15’) 


Since ®(&)> 0 it follows from the fact that the 
right-hand side is positive that 


eH fc < Aye? / v. (16) 


We can obtain the value of Hag; approximately 
(and conceivably with great accuracy) by a varia- 
tional method if we choose A(é) in the form of 
exp (— aé? ). With such a form for A(é) all inte- 
grals in the variational principle for (14) can be 
evaluated and the maximum value of H arises 
when @=1 and is equal to 


He, = (Cy [ 2) (CAG / €0). 


One can show that a lower limit is then obtained 
for the value of Hay. The theory gives for the 
thermodynamic critical field He at T=0 


Ae = Ao V 2mipo/ sz. 
The ratio of the two fields is 


Her/He = 1.77 (3nT ome /e)(2nm/76(3) ps) (17) 


[&(x) is Riemann’s zeta-function; 3(3) = 1..202)|5 

It is convenient to write this quantity as follows. 

We have shown earlier‘ that in a sufficiently nar- 
row region of temperatures near Tg the equa 
of the phenomenological Ginzburg-Landau theory°® 
with a double charge follow from the theory of super 
conductivity. The phenomenological constant k of 
this theory was defined microscopically and turned 
out to be equal to 


x = (3nT ome /e) (2nm/ 76 (3) p>)”. (18) 


If the ratio (17) is expressed in terms of this con- 
stant it can be written as follows 


Hag) He = lei (19) 


Near Tg the result of the Ginzburg-Landau the- 
ory” must hold, i.e., 


Ag / He = V 2x. (20) 


We see that the change in the ratio Hg,;/He is 
small in the whole of the temperature range and 
does not exceed 25%. 

It is interesting that according to (18) — (20) the 
magnitude of the field Hg; does by no means have 
to be less than Hg, not even for pure superconduc- — 
tors. Moreover, it is well known that in the new 
theory we can distinguish among the pure super- 
conductors two classes depending on their proper- 
ties in a weak magnetic field. For superconductors 
of the first class the penetration depth 6 is at all 
temperatures appreciably larger than the param- 
eter &) of the BCS theory. Such superconductors 
satisfy the electrodynamics of the Londons and 
may be called London superconductors (see the 
survey by Abrikosov and Khalatnikov® ). The eri= 
terion for this case 6 > &) can be written as the 
condition x > 1 (more accurately k > 0.4). The 
opposite case may be called the Pippard case. Here, 
the penetration depth is in the whole of the temper- 
ature range, except in the immediate vicinity of Te, 
much less than & , and the London equation is re- 
placed by a more complicated nonlocal relation. 
The corresponding criterion willbe x «<1. The 
majority of the known pure superconductors be- 
longs to the last or to an intermediate type. It is 
clear from (18) and (20) that if a superconductor 
belongs to the Pippard class the condition He; K He 
is sure to be satisfied. In the London case, how- 
ever, Hey must be larger than Hg. In other words, 
a metal the behavior of which in a weak field shows 
the London character must display in a strong field 
the characteristic properties of alloys: a negative 
surface energy, a smeared out transition, and so 
on. Abrikosov’ studied alloys in the phenomeno- 
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logical Ginzburg-Landau theory from this point of 
‘, view and showed that superconductors with x > 

| 1/V2 possess such properties. 

| Apart from T,, the combination of quantities 

_ that make up the constant x according to (18) con- 
} tains also the effective electron mass m at the 
Fermi surface and the Fermi momentum py; ex- 
pressing x in terms of the density of the number 
of “free electrons” n=p}/37 we get 


x = 0.485 RT .cr®h / eh? ns. 


To determine m and n from experimental data 
we choose as one of the quantities the value of the 
critical magnetic field Hey at T=0, which is 
expressed as follows in terms of m and n: 


Hoy = 2.48 h Ime ne RT o. 


We can take as the second quantity, for instance, 
data on the anomalous skin-effect in the normal 
state. The magnitude of the active part of the re- 
sistance R yields n directly:® 


n = (n° 3's wh’? / ce) R7". 


When we evaluate the processed data on the spe- 
cific heat in the normal state and the magnitude of 
R for the anomalous skin effect in reference 1 
(see reference 9) we find x = 0.011 for alumi- 
num and x = 0.135 for tin. At the same time we 
must note that this method is rather unreliable, 
since the result is very sensitive to a change in 
the magnitude of R (R® enters into x). It is 

therefore advisable to use other data. The evalu- 
ation must proceed differently for Pippard and for 
London superconductors. 

It is convenient to use for London superconduc- 
tors the fact that the equations of the Ginzburg- 
Landau theory hold for them over a wide range 
near the critical temperature. We can thus use 
the well-known relation’ with the doubled charge‘ 


x = (V 22e/ hc) (Hers? )r=r,, 


where He7T is the critical field at the given tem- 
perature and 67 the penetration depth. We can 
also use this relation for metals intermediate be- 
tween London and Pippard types, since in that case 
the region of applicability of (21) is sufficiently 
wide. The majority of the most studied supercon- 
ductors belongs apparently to the intermediate 
type. Tin!® (x = 0.158), lead’! (x = 0.234) and 
indium!! (x = 0.22) are, for instance, such super- 
conductors. 

The Ginzburg-Landau equations are, finally, 
applicable also for Pippard metals in the immedi- 
ate vicinity of Tg, but this neighborhood is very 
small (AT/Tg ~ x”). For aluminum the London 


(21) 
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temperature region begins at AT/T,g ~ 1074. Equa- 
tion (21) can therefore not be used to determine x 
in the range of temperatures which is easily acces- 
sible. The value of x can in that case be deter- 
mined from data on the magnitude of the magnetic 
field Hgp and the penetration depth 6) at T= 0. 
The theoretical expression for 6) in the Pippard 
case is according to the BCS theory of the follow- 
ing form: 


Sue (V Sf 2) pelea. 


Expressing the constant x in terms of 6) and 
Hey we get 


x = 213 (eH / ch)? 86. (22) 


For aluminum we find in this way k ~ 0.012. 

The available experimental data of Faber’s on 
the magnitude of the supercooling field refer to a 
temperature range near (pea For tin, the value 
of He,;/He as given by (20), with x = 0.16 — 0.226, 
agrees very well with the experimental!” value 
0.232. For indium with k = 0.22 the theoretical 
value He,;/He = 0.32 is nearly twice as large 
as the experimental!” one, 0.16. It is difficult to 
understand the causes of such a discrepancy. 

At first sight Eq. (20) for aluminum pertains 
only to that temperature range where the Ginzburg- 
Landau equations are applicable. This range is 
very narrow, but we shall see in the following that 
the region of applicability of (20) is for a Pippard 
metal appreciably wider than the London tempera- 
ture region* near Tg. It is, in particular, helpful 
to note that at T=0 the character of the solution 
of (14) does not depend on whether the metal is a 
Pippard or a London metal in a weak field. With 
the value of x found above for aluminum near Te 
we have Ho; /He ~ 0.017 while the experimental” 
value is 0.036, i.e., larger than the theoretical one 
by a factor two. Such a discrepancy should not 
cause any surprise for a Pippard metal if we take 
into account how rough the model is and the high 
powers of the experimental quantities which enter 
into (22). At the same time Eq. (20) can itself serve 
to determine «x for Pippard metals. The smallness 
of the ratio Hg;/He (or, what is the same, the 
large magnitude of the surface energy) is a cri- 
terion for a metal being of the Pippard type. 

In conclusion we wish to discuss some addi- 
tional points. First we touch upon the general form 
of the solution of (6). Up to now we assumed that 
the magnitude of the gap A(r) depended only on y. 
Such an assumption is permissible, since an appro- 
priate choice for the vector potential A had been 
made in the equations of the basic set (1’). It is also 


*This fact was already noted by Ginzburg.** 
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rather obvious from uniformity considerations that 
the value of the field equal to Hg, will correspond 
to a constant solution A(x, y) in the direction of 
the field. At the same time the problem is degen- 
erate in the x,y plane, i.e., many solutions A(x, y) 
correspond to one value of Hg;. One can easily 
verify with the aid of (3) and (4) that if A(y) is 

a solution of (6) the function 


N(x; Up exp Geliex (ey. A (y == a) 


is also a solution, and the general form of the func- 
tion which corresponds to a given value of Hg, will 
thus be 
NGS) = Sexp (ieH xa; /c) A;A (y —a,;) 
J 
with arbitrary aj and Aj. 

We shall finally dwell on the problem of the 
temperature dependence of the field Hg,. If the 
temperature is different from absolute zero, one 
must use instead of (1’) the appropriate thermody- 
namic technique.!4 We applied this technique ear- 
lier’ to a superconductor; we shall here only indi- 
cate to what differences from the foregoing results 
it leads. The mathematical change in the formal- 
ism used above consists of the following: it is suffi- 
cient to replace w by iwy [where wy = 7T(2n+1), 
n is an integer] in all equations, beginning with (4), 
and to replace the integration over dw by summa- 
tion over n, as follows: 


ee CY ace 

— 5 \ BOR GRINS or >) (akc ihe 
The field dependence of the Green functions re- 

mains as before, and the further calculations lead 

instead of to Eq. (14) to 
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Because of the complexity of this kernel one can 
in the general case only obtain the dependence of 
He; on T by a numerical integration. We shall 
consider limiting expressions. 

The kernel (24) can for low temperatures be 
written in the following form: 


dn?T%e? exp {—| 8 — E71) 


3eH ,,v? eerste) aie 


(25) 


where Ko(é, &’) is the kernel of (14). This expan- 
sion loses its validity in the neighborhood of é 

= —&’, where the temperature dependent correction 
term in (25) has a singularity. In that point one 
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cannot expand the hyperbolic sine in (24) in powers 

of T since it just guarantees the convergence of . 
(24) for large u. One sees easily that the width of 
the region Aé = |é+&’| where (25) is inapplicable 

is of the order Aé ~ (21T/v)Vc/eHg;, . We re- 
write (23) in the following form: 

\ Ko (&, €") & (8) dé" 
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| 8Kr (8) Mo (6') Ae, 
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tH 4 
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where | 
h (€) = Ar (€) Ay (€). | 
One must determine 6HT~/Hq, from the condition 
that the right hand side be orthogonal to the solu- 
tion of the homogeneous Eq. (14). If we use an ap- 
proximate solution for A)(é) ~ exp (—&7) we can 
find the main term in the additional term in 
Ho;/HeT at low temperatures, using (25), which 
is of the form (T?/T2,) In (T/Tg). Integrating 
with logarithmic accuracy, we get 


Ha/ Hor = 1.77 [1 40.65 (TY T2)? In(const-T /T.)] (26) 


with an unknown constant [if T<«< Te we have:® 


Hot = Heo(1 — Y°T?/3T? )). 

Near the transition temperature the field He, 
is small, and the equation becomes considerably 
simpler. It is clear from (23) and (24) that in that 
case in the integration the essential |&-—é’| are 
of the order of £)VeH/c because of the exponen- 
tial character of the kernel (24), while it is natural 
to assume that A(é) changes little over those dis- 
tances. Using this, it turns out that near Te the 
integral equation (23) is changed into a differential 
equation which to a first approximation is the same 
as the corresponding equation for the same problem 
in the Ginzburg-Landau theory with a doubled 
charge,*»? the known solution of which leads to (20). 

Taking the next terms into account, we can find 
after some calculations the temperature dependence 
of the ratio Hg,;/He near Te: 


HakHe= V2x(\ +04 Lat sor, ee 


We should like to note here that the condition for 
the applicability of (20) and (27) follows from the 
derivation: AT «< To, whereas the applicability of 
the general equations of the Ginzburg-Landau the- 
ory obtained in reference 4 near Te was confined 
to a much narrower temperature range near Te 
In discussing the penetration depth problem, for in- 
stance, for these equations to be applicable it is 
necessary that not only AT/T, be small, but also 
that the superconductor be in the London region at 
the temperatures considered, i.e., that the pene- 
tration depth be large compared to €). For this 
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it is necessary that the condition VAT/Tg «xk 

is satisfied which for superconductors with a 
small x (Pippard superconductors) may be an 
appreciably stronger restriction. In the problem 
of the supercooling field, therefore, the question 
whether a superconductor belongs to the Pippard 
or to the London class is not a decisive factor over 
the whole temperature range. 

We saw already that the change in the ratio 
He;/He is small in the whole of the temperature 
range. We can thus believe that an interpolation 
formula, combining (26) and (27) can represent 
adequately the variation of Hg;/He over the whole 
temperature range. Since the logarithm in (26) is 
a Slowly-varying function, we can take simply for 
such a formula the polynomial 


Hey /H, = «(1.77—0.43 (T / T,)? + 0.07 (T / T,)4]. 


Returning, in conclusion, to the problem of the 
possibility whether there exist pure superconduc- 
tors with alloy properties, i.e., with k > 0.56, we 
note that among the best studied superconductors, 
lead and indium, have the largest k, about 0.23. 
To increase x it is necessary to have a larger 
value of He anda larger penetration depth. From 
this point of view, La, V, U, and Nb are worthy 
of attention. Unfortunately there are, apparently, 
no data about the penetration depth for these super- 
conductors. There are in reference 11 some indi- 
cations about the anomalous properties of these 
metals which are similar to the properties of al- 
loys, although it is not clear whether these anoma- 
lies are caused by the presence of impurities. 
There is at any rate considerable interest in clari- 
fying the problem of the existence of pure super- 


conductors with k > 0.56, since they should possess 


all anomalous properties of alloys. 
In conclusion the author expresses his gratitude 
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An investigation is made of the propagation of monochromatic plane waves in interpenetrat- 
ing moving media. Equations are obtained for the refractive index; these equations are 

used to investigate the stability of the propagating waves. The time growth (damping) fac- 
tor for the wave is found for the case of motion of a plasma through a dispersionless dielec- 


TLIC. 


As is well known, under certain conditions grow- 
ing electromagnetic waves can be produced in the 
motion of electron streams in a plasma or any 
other medium. The growing plane waves (with 
longitudinal electric fields) produced in the motion 
of an electron stream in a plasma have been con- 
sidered by Akhiezer and Fainberg! and by Ginzburg 
and Zheleznyakov.* Below we give a phenomeno- 
logical method which can be used to analyze the 
building (damping) of electromagnetic waves in 
moving media. 

We consider two infinite, uniform, isotropic, 
lossless and nonmagnetic media, I and II. Medium 
II is at rest in the laboratory Cartesian coordinate 
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system K and has a dielectric constant ¢,. Me- 
dium I, in which the coordinate system K’ is fixed, 
moves uniformly along the x axis of system K 
with a velocity v and has a dielectric constant e; 
in the K’ system. 

If €, and €, are approximately equal to unity, 
or if we consider the motion of a plasma in a 
plasma, the effective electric field is equal to the 
average macroscopic field and the polarization 
vectors of medium I and medium II add.* The ma- 
terial equations that relate the electromagnetic 
field vectors D, B, E, and H, inthe K coor- 
dinate system can be written as follows:+ 


D = aay (es (1 BE + (1— 1) [Sx] — (LE) + HE, 
B= 4 —=y {( - 6°) H — (e, 1) ([xE| ~ (= H))t, 8 =~ 


These differ from the well known electrodynamic 
equations for moving media in that the first equa- 
tion contains the additional term (€, —1)E which 
characterizes the contribution to the electric in- 
duction D due to the.polarization of the fixed me- 
dium, II. 

Using the material equations (1) and Maxwell’s 
equations we solve the problem of propagation of 
plane electromagnetic waves in medium I and me- 
dium II. Because of the symmetry of the wave 
propagation pattern with respect to the x and x’ 


*It the effective field for the combination of medium I and 
medium II is known, in principle all of the following results 
can be generalized for media with high dielectric constants. 

TIn the monographs by Veksler’ and Pauli* in the equation 
for B(E, Il) the minus sign in front of the term v(vH)/c? is in- 
correct. 
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(1) 


axes, which coincide with the velocity vector v, 

we will assume that the plane electromagnetic wave 
is propagated in the direction of the unit vector y 
which lies in the xy plane and forms an angle 0 
with the x and x’ axes and v. As is well known, 
the Maxwell curl equations lead to the following 
relation® when the expression for the plane wave is 
used 


tIf medium I and medium II move with different velocities 
with respect to the laboratory coordinate system, K, these 
equations become considerably more complicated. They may 
be obtained by computing the total tensor of the moments in 
the K coordinate system and comparing it with the electromag- 
netic field tensors. In a similar manner it is possible to find 
the equations for the motion of an anisotropic medium through 
another anisotropic medium (a practical example of a system 
of this kind is the motion of a plasma ina plasma in the pres- 
ence of an external fixed magnetic field). 
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D = —nlyxH], B= nlyxE], (2) 


where n is the “refractive index” of the medium in 
which wave propagation takes place. Substituting 
(2) in (1) and eliminating the components of the 
electromagnetic fields E and H, we obtain after 
some simple manipulation the following equations 
for the refractive index: 


fi(n") =n” 
(1 — £18?) (e1 + €2 — 4) cos? 0 + [er (1 — €28?) -|- (eg — 1)] sin? 0 
x (GIs 63 4) | 
-++ 2n* (2; — 1) 8 cos 0 
ee eee tap) eee te ey — t)B 0 
1— £8? Te % 
fo(n~) = n™? [(1 — B) sin 76 + (1 — ¢,8?) ens? 6] 
+ 2n™ (2, — 1) 8 cos 9 
(1 — 8?) Jen (1 = e982) + (ep — 1)] — (e, —1)282 
ee eno) 


These differ in the coefficient of the n? term. As 
is well known, the difference in the equations in (3) 
when @ #0 denotes the existence of two character- 
istic waves with different polarization and veloci- 
ties. The equation f;(n*) =0 refers to the wave 
with the field components E,, E, and H, while 
the equation f,(n**)=0 refers to the wave with 
the components Hx, Hy and Ez. When 6 =0 
both equations coincide and, since it can be shown 
that 


iiss N= — (s,s, — Pe. — nF, sind =H, 


the field components Ex and Hx (parallel to the 
velocity of medium I) vanish.* 

For a given frequency and known dielectric con- 
stants [e,(w) and €,(w)] the two equations of (3) 
determine the velocity of propagation of the electro- 
magnetic waves in both media (one moving). The 
solutions of these equations determine the “growth 
factor” of the electromagnetic wave in the moving 
medium. In this connection we determine the 


*In the derivation of the first equation of (3) one actually 
obtains a somewhat more complicated expression: 
f,(n*)(€, + €, — 1) Ex/sin 0 =0. The requirement Ex # 0 means 
that either f,(n*) = 0 or €,+ €, - 1 = 0. In the case in which 
medium I and medium II are plasmas the last condition corres- 
ponds to a plasma wave with a longitudinal electric field. Re- 
placing €, and €, by the appropriate expressions which apply 
in the plasma for nonrelativistic velocities (8 « 1) it is easy 
to obtain the dispersion equation w?/w? + 2? /(w — kv)’ = 0 
which coincides (if the thermal-motion corrections are ne- 
glected) with the equation obtained in references 1 and 2 on 
the basis of a kinetic analysis. In the equation given above 
@, is the square of the plasma frequency of the fixed plasma, 
(? is the square of the plasma frequency of the moving plasma, 
and k is the wave vector. 


growth of an electromagnetic wave in a plasma 
moving in vacuum, since it is of some interest. 
For a plasma that moves with nonrelativistic 
velocity (v «<c) in the absence of a magnetic 
field in the laboratory system (K) we have 
n? = 1- w/w’, where w is the frequency in this 
reference system. Thus, the flow velocity v does 
not appear in the expressions for the “refractive 
index” and the “drag” of the wave does not appear 
in explicit form. On the other hand 


n? = 1 — wp (1 — nB)?/@? (1 — n8)? = 1 — 5 (1 — 2n8)/0”, 
np <1, (4) 


where w’ =w(1—-—nf) is the frequency of the wave 
in the K’ reference system, which moves with the 
plasma (for simplicity it is assumed that the wave 
is propagated in the direction of motion of the 
plasma). Equation (4), which is quadratic in n, 
coincides with Eq. (3) in the case of longitudinal 
propagation (6 =0) when B<1 and e€,=1 if 
the quantity ¢,=1-—w%/w’* is the dielectric con- 
stant of the plasma in the reference system that 
moves with the plasma. Solving Eq. (4) for n we 
have 


Ne (e = 1) BEV oye (5) 


This equation indicates that the wave is dragged. 
Thus a plasma is an example of a medium in which 
dispersion leads to the appearance (disappearance) 
of a drag effect, depending on the choice of the 
reference system* used for computing e. 

Equation (3) can also be used to compute growth 
(decay ) of the electromagnetic waves [when the 
dispersion relations for €,(w) and €,(w) are 
known] by replacing n by kc/w and solving 
these equations for w for real wave numbers, k. 
In this case €, must obviously be expressed in 
the K’ coordinate system (fixed in the moving me- 
dium ) by transforming the frequency from the 
laboratory reference system to the K’ coordi- 
nate system. 

As an example we solve the problem given above 
for the case in which an infinite uniform plasma 
moves in a nondispersive medium characterized by 
a dielectric constant €,. Inthe K’ coordinate sys- 
tem (fixed in the moving plasma) the dielectric 
constant is 

Ciel a I wg (1 — B?) 

w? (1 —nB cos 6)? (w — ku cos 8)? ” 


(6) 


y= 


where w and k are the frequency and wave num- 
ber of the electromagnetic wave in the K coordi- 


*This situation has been clarified in a discussion with 
3. N. Gershman and V. V. Zheleznyakov. 
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nate system. If we substitute the expressions which 
have been derived for ¢€, in Eq. (3) for n=n* 

and n=n** andtake w=@+é£& and ®-—kv cos @ 
=0, very complicated algebraic equations are ob- 
tained for &. If it is assumed that the plasma is 
rarefied (we —0) and we impose the additional 
condition w?/t*—0 when wy—0 sothat €,—1 
when w)—0 and assume that «KW, the equa- 
tions can be simplified considerably: 

1 — e8? cos? 0 


oo Al 
B cos? 0 2 


bd ate rene a 2 
E52mMe, — E2w? — wm tan” 6 ou 0, 


1 — £28? cos? 6 

peer 9 a 
where @=kv cos 6 and k is real. We note that 
in the derivation of Eq. (7), because w? « &? « @? 
we have neglected terms which contain é¢* and 
higher powers of & and terms proportional to 
w. The first equation in (7) corresponds to a 
wave whose polarization coincides with the polari- 
zation of the Cerenkov wave (Ey, ~0) while the 
second is for a wave with Hx #0. When 
1—€,)* cos? 6 = 0, which is the Cerenkov condi- 
tion for a single charged particle, the solution of 
the first equation in (7) is 


E32we, — E70? 


E = [weo tan? 0 (ce, — 1)/2e2]"", (8) 


while the solution of the second equation is & = 0. 

In extracting the roots in Eq. (8) it is found that 
two values are complex; one of these corresponds 
to a wave whose amplitude increases in time. It 
is apparent from the solution to Eq. (8) that the 
original assumption (for which w?/t— 0 when 
w%— 0) is actually satisfied. When €,—1 we 
find £—0, which is to be expected. We note also 
that when 6 — 7/2 the quantity £ remains finite 
because when 1-€,8* cos? 6 =0 and cos 6 — 0, 
€g > ©. If @—0, €—0 and consequently a wave 
which propagates in the direction of motion of the 
plasma exhibits no growth. In this case, as has 
been noted above, the electric field component Ex 
also tends to zero. Since this component is paral- 
lel to the direction of motion of medium I, the 
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work done by the plasma on the wave, by virtue 

of which the amplitude of the field increases, also 
tends to zero. The same interpretation applies for 
the absence of the growing solution in the second 
equation of (7), which refers to the wave for which 
Hy =0 but Ex =0. 

Equation (8), which determines the growth of the 
transverse waves at an angle found from the 
“Cerenkov” condition (in the sense of the depend- 
ence of on wy and @) is analogous to the 
growth factor for longitudinal plasma waves.!*? The 
only difference is that in plasma waves the plasma 
frequency of the fixed plasma is used rather than 
@. 

Incidentally, if we assume formally that ¢, in 
Eq. (8) is large, the expression obtained coincides 
exactly with the expression for the gain in a travel- | 
ing wave tube (derived in the nonrelativistic ap- 
proximation) transformed for the case of propaga- 
tion of the wave at the “Cerenkov angle” with re- 
spect to the motion of the electron beam.* 

The author is indebted to A. V. Gaponov and V. 
V. Zheleznyakov for valuable advice in the execu- 
tion of this work and for many useful discussions. 
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Aw. Pauli, Theory of Relativity, Gostekhizdat, 
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lr has been shown by Hasted and Stedeford! and 
Fogel’ and coworkers”? that the extensive experi- 
mental material on the capture of electrons in col- 
lisions of atoms and ions can be well accounted 
for within the framework of the so-called adiabatic 
hypothesis of Massey.* Thus the magnitude of the 
cross section is determined by the parameter 
| AE | a/hv, where | AE| is the change in the in- 
ternal energy in the collision, v is the relative 
velocity of the atoms before the collision, and a 
is a quantity with the dimension of a length whose 
magnitude is of the order of atomic dimensions. 
For a|AE|/hv > 1, when the process is adiabatic, 
the cross section is small. As the velocity in- 
creases the cross section becomes larger and 
reaches its maximal value for | AE|a/hv ~ 1. 
For still higher velocities the cross section drops 
again. 

With a defined as 


a=hvm/| AE], (1) 


where vy, is the velocity for which the cross sec- 
tion is maximal, it appears that the numerical value 
of a is mainly determined by the type of process 
and is almost independent of the nature of the col- 
liding particles. Thus, according to the data of 
Hasted, a~ 8A for the capture of an electron by 
singly charged ions, and a~ 1.5A, from the data 
of Fogel’, for the capture of two electrons. 

It is of interest to clarify what physical charac- 
teristic of the process corresponds to the param- 
eter a as defined by formula (1). For this purpose 
we consider the known formulas for the momentum 
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q(@) imparted in the scattering into the angle 6 with 
a change AE in the internal energy (in the center 
of mass system). Let py and p be the momentum 
of the particle before and after the collision. Using 
the relation (p}—p?)/2m = AE and observing that 
lpo—p| « Po (which is usually true in the case of 
atomic collisions ), we obtain 


(9) =|po —p| = [(AE/v)? + 4p2 sin? 10 /2))"*. 


In the small angle forward scattering (0 <0 
<«< |pyo—p|/po) the momentum q(0) =|AE|/v is 
imparted. In particular, if v=vm, we have qm 
= |AE|/vm. Since the velocity vy, corresponds - 
to the maximal cross section, qm represents the 
most probable momentum imparted in the forward 
scattering. 

We therefore have 


A= Me) Gms 


i.e., a is inversely proportional to the most prob- 
able momentum imparted in the forward scattering. 
The abovementioned characteristic peculiarities of 
the quantity a, therefore, express the fact that 
each process is characterized by a definite most 
probable momentum transfer qy, which is almost 
independent of the nature of the colliding particles. 
The circumstance that a is smaller for the double 
capture than for the single capture has, from this 
point of view, an obvious explanation: the momen- 
tum transfer in the double capture is, of course, 
larger than in the single capture. 

The actual numerical values of a indicate that 
the magnitude of qm, is of the order of the atomic 
unit of momentum fi/ay (aq is the Bohr radius). 
Hence the adiabatic condition corresponds to 
q > h/ay. 

Iam grateful to Ya. M. Fogel’ for a discussion. 


1 J. B. Hasted and J. Stedeford, Proc. Roy. Soc. 
A227, 466 (1955). 

2 Fogel’, Mitin, Kozlov, and Romashko, JETP 
35, 565 (1958); Soviet Phys. JETP 8, 390 (1959). 

3 Fogel’, Ankudinov, and Pilipenko, JETP 35, 
868 (1958); Soviet Phys. 8, 601 (1959). 

“H.S. Massey, Rep. Progr. Phys. 12, 248 (1948). 
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Te most direct experiments that could give us 
information about the electron would be experiments 
on the scattering of electrons by electrons. Assum- 
ing that the interaction is of vector type and gauge 
invariant up to sufficiently high energies, we can 
determine the electric and magnetic form-factors 
of the electron by a comparison of the theoretical 
formula with the experimental data. We note that 
when we take the electric form-factor into account 
we must also regard the magnetic form-factor of 
the electron as nonvanishing. Then the vertex op- 
erator Py, corresponding to a vertex in the Feyn- 
man diagram for the scattering will in the most 
general case have the well known form! 


: Vy : 
Ts 249) ue Vultee OAT) (1) 


where the invariant functions a(q*) and b(q’) of 
the square of the four-momentum transfer (q? = q 
—q’) are respectively the electric and magnetic 
form-factors. 

Omitting the cumbersome calculations, we pre- 
sent the formula for the scattering cross section 
in the center-of-mass system of the colliding elec- 
trons: 


do 2 exe 1+ x)? 
Sy = PP) SS FO) FP?) HE 
yt 12x+2x2 . ,@%(q2) (2+)? 
ais is (p?) 8 = et q’ (4 a5 x)? 


1 of OUG ED (Payee 2a ON NO (p2) (2x 4-1)? 


gp? (SR Pars EE e)s 

9.9 N 2 1 9.2 ) t 2) y 
+ 20% (g?) 2 = + 20% (p) 2 x 

2 0, 9 (p*) 2+ 6x + 3x7 
SCE) aa 2x (1 + x2 

a2¢ (m2) P(g?) x (2x7 + 6x + 3) 
Bess a) ae DTG Se sa , (2) 

where sy = ¢’/ l6e°: GAS fea", wee tbe, 


eesti 4a1/ 2), 
g> = — 4s°x/(1 + x) = — 4c sin? (0/2), 
jor = — 4s°/(1 + x) = = 
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e¢ is the energy of the electron, and # is the scat- © 
tering angle. 4 
In (2) we can make the replacements x = q?/p?, 
—(q? +p*)/4. Then on the right side we have 

a function of q? and p? only. Equation (2) actu- 
ally contains four unknown functions (since a 

single form-factor for different values of the ar- 
gument amounts to different unknowns ). By vary- 
ing x and e we can get six quadratic equations 
with the six unknowns f(pj) and (pj). In fact, 

by changing x and ¢€ ina special way through six 
pairs of values, we get the table of values of q? 

and p?: 


(is 


Dis Di. en Di em 
Dan Ps capone 
patie 


Here the values on the left are those of q?, and 
those on the right, of p’. The first element in the 
table, Di De (which means a choice of x and € 
such that q? = p* = pi ), gives an equation with two 
unknowns. The second element, p?, p3, is obtained — 
by changing p* with constant q?. This adds one | 
more equation and increases the number of un- 
knowns by two. The element pj, p% does the ¥. 
same. It is easy to see that the remaining ele- 
ments of the table give new equations but do not 
form new unknowns. 

After finding the functions g and f, we can 
compare their ratio with the value of w obtained 
from the scattering of electrons by a particles.‘ 

In conclusion the writer wishes to express his 
gratitude to K. A. Ter-Martirosyan for suggesting 
this topic. 


' Akhiezer, Rozentsveig, and Shmushkevich, 
JETP 38, 765 (1957), Soviet Phys. JETP 6, 588 
(1958). 

2G, Salzman, Phys. Rev. 99, 973 (1955). 

3 Yennie, Lévy, and Ravenhall, Revs. Modern 
Phys. 29, 144 (1957). 

4G. V. Avakov and K. A. Ter-Martirosyan, 
Nuclear Phys. (in press), 
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er us consider the first excited states of even- 
even nuclei, which have quantum numbers 2* and 


| are deexcited by electric quadrupole radiation. The 


extensive experimental data available at present 
concerning lifetimes of these states enable us to 
compute for these E2 transitions the reduced 
probabilities B(E2), which are equal (to within 
a statistical factor which is the same for all the 
nuclei considered) to the square of the transition 
matrix element. One then discovers a connection 


' between the value of B(E2) and the energy E of 


the excited state. 

Earlier, McGowan! treated the nuclei in the 
mass number range 90 <A < 130 from this point 
of view. He showed that for these nuclei the rela- 
tion between B(E2) and E can be represented 
satisfactorily in the form B(E2) ~ peat independ- 
ently of the atomic number Z. We have considered 
the nuclei in the broad range of mass numbers from 


‘A = 46 (Ti) to A=198 (Pt). In computing the val- 


ues of B(E2) we used experimental data collected 


in summaries?>? as well as original papers published 


during 1958-1959 and not included in the survey re- 
ports. 

The comparison of B(E2) and E was made 
separately for the isotopes of different elements. 
For the isotopes of all the elements considered, 
B(E2) decreases when E increases. For nuclei 
with a large deformation parameter, whose first 
excited state is a rotational state, this relation be- 
tween B(E2) and E is natural: an increase in 
deformation in such nuclei is associated with an 
increase of the quadrupole moment and the moment 
of inertia, which causes an increase of B(E2) and 
a decrease of the excitation energy. It appears that 
such a dependence of B(E2) on E holds not only 
for nuclei with large deformation parameters but 
for even-even nuclei in general. The relation be- 
tween B(E2) and E becomes even more apparent 


if we look at the dependence of log B(E2) on log E. 


This dependence is shown in the figure for the iso- 
topes of Ru2-!, Gd2»3, w*3)> and Pt?®. [B(E2) 
is in units of e? x (barns)? and E is in kev.] It 
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is apparent that the relation between log B(E2) 
and logE is linear and can be represented by the 
formula 


log B(E2) =alogE + 6, (1) 


where a and b are constant for the isotopes of a 
given element. For isotopes whose first excited 
state is a rotational state, formula (1) could have 
been predicted, by taking account of the quadratic 
dependence of B(E2) on the deformation param- 
eter for such levels, and by assuming a power law 
dependence of the nuclear moment of inertia on the 
deformation parameter. However formula (1) proves 
to be valid for nuclei in various regions of mass 
number, independently of whether or not these nuclei 
have a rotational spectrum of their low lying excited 
states; a linear dependence similar to that shown on 
the figure for the isotopes of Ru, Gd, W and Pt 
also holds for the isotopes of Se, Pd, Cd, Te, Sm 
and Dy. For these ten elements, the values of the 
constant a in (1) were computed from the experi- 
mental data using least squares. For seven of the 
elements (Ru, Pd, Cd, Te, Sm, W, Pt) the values 
of a were very close to one another, lying in the 
range —1.2 + 0.2, which shows that the power law 
dependence of B(E2) on E is approximately the 
same for these elements. Of these seven elements, 
the isotopes of W and two of the four Sm isotopes 
have rotational spectra for their lowest excited 
states, whereas the other nuclei do not have such 
spectra, and are treated as spherically symmetric 
in the uniform model of the nucleus.? A typical 
example is samarium, whose isotopes with A = 152 
and 154 are deformed nuclei whose lowest states 
are rotational in character, while the isotopes with 
A = 148 and 150 do not have rotational spectra, 
and their excitation is treated in the uniform model 
as resulting from quadrupole vibration. However 
the experimental data favor the same dependence 

of B(E2) on E for all four isotopes of Sm, and 
the computed value of the constant a differs from 
that for Ru, W, Pt, and the other elements by no 
more than 15%. 
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For a large class of nuclei (in the mass number 
interval 150 <A < 190 and A > 222) the lowest ex- 
cited states of even-even nuclei are uniquely inter- 
preted to be rotational states. Nuclei lying outside 
this mass number range are treated on the uniform 
model as spherically symmetric and their excita- 
tion attributed to quadrupole vibration. The lack of 
a quantitative theory of such vibrations makes a 
direct test of this assumption difficult. An alterna- 
tive point of view was proposed in the paper of 
Davydov and Filippov,° where it was shown that 
the lowest excited states of even-even nuclei can 
be interpreted to be rotational states even if they 
are outside the mass number range 150 < A < 190, 
A > 222,if one assumes that the nucleus is not axi- 
ally symmetric. Then when we go from highly de- 
formed nuclei to nuclei which are close to a filled 
shell the nature of the excitation does not change; 
only the parameters describing the deformation 
and the axial asymmetry change, resulting in a 
change in the energy of the levels and the separa- 


EXCITATION OF ROTATIONAL STATES OF 
NONAXIAL NUCLEI IN ALPHA-PARTICLE 
SCATTERING 


E. A. ROMANOVSKII 


Institute of Nuclear Physics, Moscow State 
University 


Submitted to JETP editor April 6, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 851-853 
(September, 1959) 


In the present paper an estimate is made of the 
probability of excitation of the second 2” level in 
even-even nonaxial nuclei resulting from scatter- 
ing of a particles with energy E 2 Ep (where 
Eg is the height of the Coulomb barrier), for the 
purpose of determining the role of the competing 
mechanisms of excitation — direct nuclear inter- 
action and Coulomb excitation. 

Since the quasi-classical approximation is valid 
for the scattering of a@ particles with E 2 Ep by 
heavy nuclei (kR > 1), in solving our problem we 
can use a method which was developed in the clas- 
sical theory of Coulomb excitation. In this treat- 
ment the excitation of the nucleus occurs as the 
result of time-dependent nuclear and electric 
interactions. 

It is not hard to show (cf. reference 1) that the 
conditions under which one can treat the potential 
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tion of levels with the same spin. Possibly the 
regularities noted here in the dependence of B(E2)¢ « 
on energy could be explained on the basis of such a 


model. 


1. K. McGowan, Comptes Rendus du Congres 
International de physique nucleaire, Paris, 1959, 
DeeZZO% 

2 Alder, Bohr, Huus, Mottelson, and Winther, 
Revs. Modern Phys. 28, 432 (1956). 

3 Strominger, Hollander, and Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

4p. H. Stelson and F. K. McGowan, Phys. Rev. 
110, 489 (1958). 

°F. K. McGowan and P. H. Stelson, Phys. Rev. 
109, 901 (1958). 

6A. S. Davydov and G. F. Filippov, JETP 35, 
440 (1958), Soviet Phys. JETP 8, 303 (1959). 


Translated by M. Hamermesh 
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energy of interaction as a perturbation are expres- 
sible in the following form: ( kRy)? M(Ij— Ig) « 1 
(for the nuclear:interaction) and n’M (Ij — Ig) «1 
(for the Coulomb interaction). Here 


| 


M (I;- aa 


S) |< fami | au | Tym >? 


Mey nue 


is the matrix element for transition of the nucleus 
from the ground state to the excited state, a, are 
coordinates characterizing the deformation of the 
nuclear surface in a coordinate system fixed in 

the nucleus, and 7 = Z,Z,e*/fiv. In the case of ex- 
citation of the second 2” level in a nonaxial nucleus 
(denoted in the sequel by 2*) we have, according 
to Davydov and Filippov:? 


M02) = a [! 2s], 


V 9—8 sin? 3Y 


where y is the parameter describing the deviation 
of the nucleus from axial symmetry. The quantity 
M (0 — 2") goes to zero for y—0O and y — 30°, 
while it attains its maximum value ~7 x 1073? 
for y © 20°. From these estimates it follows that 
perturbation theory is applicable to the excitation 
of the 2” level. 

If we take account of the change of the orbit of 
the bombarding particles and the change of the 
electric multipole fields when the particles enter 
the nucleus by using the method proposed by the 
author,° then in calculating the probability of exci- 
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tation of the 2” level we can use the perturbation 


foe) 


Fe) <M erat 


—oo 


p> 
Wai 


| where w = (Ef—Ej;)/h, and H(t) is the interac- 
| tion energy. The quadrupole component of the in- 
+ teraction energy, which causes the transition, has 
4 the form 


} A) =—r 2 3 D2 @a.¥xu(0, ) 


uv 
lige A 
+ = Ze DY QeuYo. (8, 0). 
u 
Here 
= Ro] 
V(r) = —V,|1 + exp "| 


is the potential of the interaction of the a particle 


with the nucleus, d ~ 0.5 x 1078 cm;4 Dip (®;) are 


generalized spherical functions, depending on the 
Euler angles, which determine the transformation 
from a coordinate system fixed in the nucleus to 
a space-fixed system; r, @, and ©@ are the polar 
coordinates of the incident particle; Qou is the 
nuclear quadrupole moment operator. Choosing 
for the wave functions %j and 7g the wave func- 
tions of rotational states of a nonaxial nucleus,” 
and carrying out calculations analogous to those 
of the classical theory of Coulomb excitation, we 
find 

* p — 16n°n?B(E2; 0 2+) 


125a4Z2c* 


5RRoV oat 
6nER?Rd 


x> Tou (9, é) RS 


Tou (, Isp a, Ros d) 


co 


\ pit(e sinhw +) (cosh w+ e-+i Ver—1 sinh w)" 


(¢ cosh w + il) rats 


—oco 


x g (3, a, Ro, d, w) dw,. 


exp j-" cosh ms 1) aod 
g(%, a, Ro, d; W) = ) 
[! | exp (SEecenea” ==) / 
a coe oF e = I/sin (9/2), 


where wv is the scattering angle, p» is the reduced 
mass, Rp is the radius of interaction of the @ 
particle and the nucleus, R is the nuclear radius, 
Iy(d, €) are tabulated functions of the classical 
2 3 5 c es 

theory of Coulomb excitation,’ and B (E2; 0—2 ) 
is the reduced probability for excitation of the 2° 
level. 

As an example we show in the figure the angular 


Inu (856, 4, Ry) |¥au(Z,0)f 


eeu 
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dependence of the ratio of the probability of exci- 
tation of the 2* level in Cdi}4 [AE = 1.2 Mev, 

B (E2; 0 — 2*) = 1.25 x 107°°em*]® to the proba- 
bility of excitation by the Coulomb field of incident 
@ particles with energy E = 30 Mev. As we see 
from the figure, in the region of angles ¥ corre- 
sponding to impact parameters ~ Rpg, the proba- 
bility of excitation of the nucleus is approximately 
two orders of magnitude greater than the probabil- 
ity of Coulomb excitation. The rapid increase in 
the ratio P/PCoy] with increasing scattering angle 
is associated with the fact that the maximum value 
of P occurs at small scattering angles J. In this 
angle region, the strong dependence of the impact 
parameter on angle results in an even stronger 
dependence of the function g(¥, a, Rp, d, w) on #, 
and this function essentially determines the change 
in the probability of excitation as a function of 
angle of scattering. 

The maximum cross section for inelastic scat- 
tering is approximately an order of magnitude less 
than the cross section for elastic scattering of a 
particles by this nucleus. The large value of the 
cross section for excitation of the 2* level, which 
is caused by the interaction of the q@ particles 
with the nuclear surface, makes it possible to study 
the properties of second excited 2* states in even- 
even non-axial nuclei by recording inelastically 
scattered a particles. 

In conclusion, I express my thanks to V. G. Neu- 
dachin for discussion of this work. 


17, D. Landau and E. M. Lifshitz, Quantum 
Mechanics, Pergamon Press, 1958, Section 45. 

2.4. §S. Davydov and G. F. Filippov, JETP 35, 
440, 703 (1958), Soviet Phys. JETP 8, 303, 488 
(1959). 

3, A. Romanovskii, JETP 87, 83 (1959), Soviet 
Phys. JETP 10, 59 (1960). 

4R. Woods and D. Saxon, Phys. Rev. 95, 577 
(1954). 

5 Alder, Bohr, Huus, Mottelson, and Winther, 
Revs. Modern Phys. 28, 432 (1956). 

6H. Motz, Phys. Rev. 104, 1353 (1956). 
Translated by M. Hamermesh 
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(September, 1959) 


kes I supernovae exhibit at maximum tremen- 
dous luminous intensities; in some cases these in- 
tensities are two orders of magnitudes greater than 
the intensity of the galaxy in which the supernova 

is located. The radiation from supernovae is non- 
thermal and is due to the synchrotron radiation of 
relativistic electrons.!? 

The author has offered observations to support 
the view that relativistic electrons responsible for 
the radiation of the Crab nebula arise in the stellar 
atmospheres.’ Since the energy of these electrons 
is 10‘! —10!2 ev, they cannot be produced in nuclear 
processes or as a result of induction acceleration 
processes. The latter mechanism is highly ineffec- 
tive for electrons because of the high “magnetic 
bremsstrahlung” losses. Thus there is some basis 
for the suggestion that these electrons are produced 
in secondary processes and that the primary proc- 
ess is the acceleration of protons.? 

We show below that this hypothesis may explain 
the characteristic features of the luminosity curves 
of type I supernovae and certain other nonstationary 
stars. 

Baade has shown that the luminosity curve of a 
type I supernova consists of two parts: a maximum 
followed by a rapid reduction in intensity, and then 


a slower exponential drop with a half-life of 55 days. 


The second phase starts 50 —100 days after the 
maximum. An attempt to explain this characteristic 
of the luminosity curve was made by Borst* who in- 
voked radioactive decay, and by Burbridge et al.° 
who invoked fission of Cf*°4. The shortcomings of 
the first explanation were indicated by Burbridge 

et al.° while those of the second have been indicated 
by the present author.? We may note that in refer- 
ence 5 it was also indicated that the source of ra- 
diation of supernovae may be relativistic electrons 
as had been proposed earlier by us.!*? 

The suggestion that the radiation of supernovae 
is due to relativistic electrons produced in second- 
ary processes® can be used to explain the exponen- 
tial decay of the luminous intensity if it is assumed 
that 50 — 100 days after the maximum there is no 
significant production of new relativistic protons 
and that the density in the shell remains constant 
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in the region in which the secondary processes and 
electron radiation occur. 

In the motion of a beam of particles in a gas with 
constant velocity and mean free path (A), the num- > 
ber of noncolliding particles varies exponentially as — 
exp (—x/A), where A is the particle mean free 
path, or as exp(—t/T) where T is the mean free 
time. The number of electrons which are formed 
is proportional to the number of protons that move 
in the shell and also varies exponentially. A cal- 
culation shows that the radiation time for relativ- 
istic electrons is approximately 100 sec, whereas 
the collision time corresponding to a reduction in 
intensity by a factor of two in 55 days is approxi- 
mately 70 days, a number which is significantly 
larger. Thus the intensity is proportional to the 
number of relativistic electrons and also varies 
exponentially. 

Taking the proton range in hydrogen® as 70 
g/em?, it is possible to determine (using the time 
in which the intensity is reduced by a factor of two) 
the density in the shell p © 3 x 107! g/em? and 
the mass, starting with an expansion velocity of 
10° cm/sec and an expansion time of 10’ sec, cor- 
responding to the beginning of the exponential 
phase. The mass which is obtained (1079 g) is in 
agreement with the astronomical data. The first 
part of the luminosity curve would seem to corre- 
spond to the period in which the formation of rela- 
tivistic protons continues while the density changes. 

This general behavior is exhibited by the lumi- 
nosity curve of H Lac 1950." However, superim- 
posed on the first phase there are observed brief 
rapid reductions of intensity (“dips”); the second 
phase exhibits rapid, isolated intensity bursts. It 
is possible that the dips in the first phase are due 
to the fact that the luminosity curve reproduces 
the source density curve and its behavior is re- 
lated to the weakening of the sources. The bursts 
in the second part of the curve apparently indicate 
the formation of new protons in the regions which 
are more dense than those from which most of the 
particles are emitted. This result follows from 
the greater curvature in the decay curve as com- 
pared with the main curve. It is important that the 
first part of the curve exhibits dips and sometimes 
bursts whereas the second part exhibits bursts 
only. Similar bursts and dips are observed in stars 
such as SS Cyg and R Cor Bor, indicating that the 
atmospheres of these stars may contain relativistic 
electrons of secondary origin. An exponential 
luminosity decay is also seen in stars such as 
UV Cet. From the point of view of the suggestion 
presented here it may be of interest to note that the 
composition of the primary component of cosmic 
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rays exhibits the same anomaly® as the chemical 
composition of certain types of non-stationary 
stars. 

The author is deeply indebted to Academician 
V. A. Ambartsumyan for a fruitful discussion of 
this problem and for valuable advice. 


1T. M. Gordon, Dokl. Akad. Nauk SSSR 94, 413 
(1954). 
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copemanus (Proc. of the 4th Conf. on Cosmogony ) 
Ses ota ACad..;Sci.. Press, M., 1955, p.121. 

31. M. Gordon, Tpyabl acTpoHOMuyeCcKon 
o6cepBatopun XapbKoBCKoro roc. yu-Ta, (Proc. of the 
Kharkov State Univ. Astronomical Observatory ) 
12, 15 (1957). 

‘L. Borst, Phys. Rev. 78, 807 (1950). 

° Burbridge, Hoyle, Burbridge, Christy, and 
Fowler, Phys. Rev. 103, 1145 (1956). 

ns Be Ginzburg, Usp. Fiz. Nauk 62, 37 (1957). 
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8 Koshiba, Schulz, and Schein, Nuovo cimento 9, 
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ike solution of the Navier-Stokes equation for a 
circular dise undergoing torsional vibrations in its 
own plane in an unbounded liquid yields the follow- 
ing expression for the coefficient of viscosity of a 
liquid 

1 = AP? (4 — to) 0/ 2°R%PN?, () 


where I is the moment of inertia of the disc, R 
is its radius, 6 is the period of vibration of the 
disc in the liquid, p is the density of the liquid, 

N is the number of dises entering into the system, 
and y and yp are the damping coefficients of the 
disc in the liquid under study and in a vacuum. 
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Equation (1) was obtained under the approximations 
y/w<«K1, R/A> 1, 0)/0*% 1, where 9 is the 
period of rotation of the disc in a vacuum. The 
difference y—vy ) is the proper absorption coeffi- 
cient, whose presence is brought about by the ac- 
tion of the liquid on the upper and lower surface of 
the disc only. In view of the fact that in the deri- 
vation of (1) edge effects were not taken into account 
(in particular, the effects of the liquid on the lateral 
surface of the disc), they should be excluded in 
some way or other. 

In the determination of the viscosity by means 
of (1), L. D. Landau introduced a correction co- 
efficient and the equation for was written in 
the form 


1 = 42 (4 — 9)? 8/°RpN2(1 + 2d/R+2/R)%. (2) 


Here d is the thickness of the disc used in the 
systems, and A is the penetration depth of the 
viscous wave. 

In this paper, an experimental method is described 
for the measurement of the viscosity of a liquid by 
means of rotating discs which excludes the action 
of viscous forces on the lateral surface of the 
disc without the introduction of any correction co- 
efficients. A test of the method was carried out 
on measurements in helium II. 

The essence of the experiment is as follows. A 
compound disc of thickness D was divided parallel 
to the plane of the characteristic oscillations into 
two, three, etc., parts which formed a rather com- 
plicated but nonetheless single oscillatory system. 
Depending on into how many parts the disc was 
divided, several oscillatory systems with the same 
moment of inertia and the same lateral surfaces 
were obtained; however, in each individual case 
there was a different number of discs (N = 1, 2,3,6), 
in the system. The discs in this case were sepa- 
rated from each other by distances 1 >A, where 
dX is the penetration depth. 

If we determine the damping coefficients yy 
and yy for these systems, both in helium II and 
in vacuo, and compute the expression (yy —))/N 
for each system, then this expression, in view of 
the additivity of the damping, should give the total 
value of the damping (brought about both by the 
front surfaces and the lateral surfaces) of the in- 
dividual dise entering into the various systems. 
Since the thickness of the individual discs dy 
= D/N is different in different systems, the ratios 
obtained from their values must differ from one 
another. 

If we plot (yy-—Yo)/N vs. dy for a given tem- 
perature, and extrapolate this curve to dy = 0, we 
obtain the damping brought about by the action of 
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the liquid alone on the upper and lower surfaces 

of a single disc, i.e., the difference (yY—Yo)d=0- 
Knowing y-—yo, and making use of Eq. (1), it is 
possible to construct the curve for the temperature 
dependence of the viscosity. 

Values are given in Fig. 1 for the viscosity co- 
efficient ny of the normal component of helium II 
for different temperatures, obtained from (1) upon 
substitution in it of our measured values of 
(Y-Yo)d=0 and the values of py taken from the 
work of Andronikashvili.?, The values of mp, taken 
from the work of Andronikashvili,! which were ob- 
tained by him according to (2), are plotted in the 
same figure (the solid curve in the drawing was 
drawn through the mean values ). 
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FIG. 1. Temperature 
dependence of the vis- 
cosity of the normal com- 
ponent of helium II. 

o —data of Andronikash- 
vili, e—data obtained 
according to Eq. (1). 
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It is seen from Fig. 1 that within the limits of 
error of the experiment (5—7%), the values of 
the coefficient of viscosity obtained by the usual 
method are in excellent agreement with one an- 
other, which also indicates the validity of the ap- 
plication of the Landau correction coefficient for 
thin discs. At the same time this circumstance 
again confirms the reliability of the temperature 
curve 7,(T) given by Andronikashvili. 

We now investigate up to what upper limit of 
the ratio (d+A)/R does the correction coefficient 
remain applicable. For this purpose we find the 
dependence 7,,(T) from the measured values of 
yn for all four systems, by means of (2), making 
use of the method of successive approximations 
(see Fig. 2). In the calculations it was taken into 
consideration that the number of discs in the first 
system N=1 and the thickness d, = 0.276 cm; 
in the second case, N=2 and d, = 0.138 cm; in 
the third N=3 and ds = 0.092 cm; in the fourth 
N=6 and dg, = 0.046 cm. 
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FIG. 2. The temperature 
dependence of the viscosity 
of the normal component of 
helium II, computed by Eq. (2) 
for different values of (d+A)/R; 
A—~0.19 to 0.25, V—0.10 to 
0.16, x —0.07 to 0.13, 0—0.05 
to 0.1, o—data of Andronikash- 
vili, e— data obtained from 


Eq. (1). 


1415 Sez alan 


As is seen from Fig. 2, the temperature depend- 
ence of the coefficient of viscosity is strongly de- 
pendent on the value of (d+A)/R. In this case the 
correction coefficient gives an excellent result 
only for the fourth system; therefore the concept 
of the thin disc must be limited to the values 
(d+A)/R < 0.05 to 0.1. It is necessary to note 
that the experimental method of measurement of 
Nn just described does not include that part of the 
damping brought about by the presence of “angles” 
of the disc, which are formed by the front and lat- 
eral surfaces, i.e., the corner effect. But, since 
at all temperatures the values of the viscosity co- 
efficient determined by the method of elimination 
of the effect of lateral surface are in excellent 
agreement with data obtained by Eq. (2) for thin 
discs, one must regard the correction for the 
corner effect to be negligibly small. 

The author expresses his thanks to Professor 
KE. L. Andronikashvili and Yu. G. Mamaladze for 
participation in discussion of the results and for 
valuable advice. 


'f. L. Andronikashvili, JETP 18, 429 (1948). 
*E. L. Andronikashvili, JETP 18, 424 (1948). 
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(September, 1959) 


lk 1958 it was established! that the Ce!4° nucleus 
has a 0° excited level with excitation energy 1902 
kev. This level resulted from the decay of La!*?, 
The ground and excited states of Ce!!° can also 
result from electron capture and £* decay of 
pr!40 (see Fig. 1). 

We attempted to find out whether the 1902 kev 
level of Ce!*° is excited in the decay of Pr‘, We 
expected this level to be excited by allowed p* 
decay and electron capture since the ground state 
of Pr!*° is of the 1* type.” 

To this end we placed an equilibrium prepara- 
tion of Nd!4° + pr!4° in a beta spectrometer with 
triple focusing (radius of curvature 14.5 cm). The 
pressure in the apparatus was 5 x 107° mm Hg. 
The thickness of the celluloid films on the windows 
of the first counter was ~ 0.2 mg/cm?. The count- 
ers were filled with a mixture of argon plus 15% 
alcohol to a total pressure of 100 mm Hg. 

In Fig. 2a we show the conversion line K = 1902 

kev (the energy determination is that of reference 
1), and Fig. 2b is the Kurie plot of the end of the 
B* spectrum of Pr!4°. It is known’»® that the B* 
spectrum of Pr!*° has an allowed shape. Since our 
apparatus, using coincidences, could distort the 
spectrum at low energies we measured only the 
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high energy part of the spectrum and from it re-. 
constructed the entire spectrum. The e /f* ratio 
turned out to be 0.2%. 

To determine e (1902) per decay it is neces- 
sary to take into account the fact that K and L 
capture for an allowed transition to the ground 
level should amount to ~ 47%.° It then follows 
that the number of conversion electrons amounts 
to 0.1% per decay. Consequently the level 
Ce!49 (0+) 1902 kev is excited much more fre- 
quently in the decay of Pr'* than in the decay of 
La!*° (0.013% according to the data of references 
1 and 7). 

The 1902-kev level of Ce!“ probably results 
from both e7 capture and £* decay of page) 
Taking into account values of fx, fy, and f, for 
allowed transitions we find that ft = 2 x 10°. 

Consequently, two 8* decays from the ground 
level of Pr!4° to two 0* levels of Ce!*? differ in 
reduced time by a factor of approximately 100 
(Fig. 1). This is evidence of a different intrinsic 
structure of these levels. 


1 Dzhelepov, Prikhodtseva, and Khol’nov, Dokl. 
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3 Dzhelepov, Anton’eva, and Shestopalova, Dokl. 
Akad. Nauk SSSR 64, 309 (1949). 

4 Browne, Rasmussen, Surls, and Martin, Phys. 
Rev. 85, 146 (1952). 

*>Gromov, Dzhelepov, Dmitriev, and Preobra- 
zhenskil, Izv. Akad. Nauk SSSR, Ser. Fiz. 22, 153 
(1958), Columbia Tech. Transl. p. 151. 

6B. S. Dzhelepov and L. N. Zyryanova, Bausnue 
9EKTPUYECKOLO HOA aTOMa Ha Oera-pacnad, (Effect 
of Atomic Electric Field on Beta Decay), U.S.S.R. 
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Zhui, Izv. Akad. Nauk SSSR, Ser. Fiz. 20, 1387 
(1956), Columbia Tech. Transl. p.1269. Band, 
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Fiz. 22, 952 (1958), Columbia Tech. Transl. p. 943. 
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(1958), Columbia Tech. Transl. p.176. 
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SPONTANEOUS FISSION OF Am*? 


V. L. MIKHEEV,.N. K. SKOBELEV, V. A. DRUIN, 
and G. N. FLEROV 


Submitted to JETP editor May 26, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 859-861 
(September, 1959) 


Aone the nuclei which undergo spontaneous 
fission those with an odd number of protons or neu- 
trons are usually distinguished by the low probabil- 
ity of such fission, their half-lives being a few 
orders of magnitude longer than those of neighbor- 
ing even-even isotopes. 

Most of our information about the spontaneous 
fission of odd nuclei was obtained at different times 
by groups at Los Alamos and Berkeley. Segre and 
his group! determined the spontaneous fission half- 
lives of U299s?35, Njp287,239° py239° and Am24!, In 
most instances they gave only the upper limit of 
the fission probability, because of the small sam- 
ples available and the difficulty of working with 
these isotopes, whose low fission probability is 
accompanied by large specific q@ activity. Ghiorso 
and his group? studied the spontaneous fission of 
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Bk249, of249, £253,254 and Fm?*. Their careful ex- 
periments enabled them to determine the half-lives ; 
to within 25%; only in the case of Fm?> was merely 
the lower limit of T,/ established. 

The recent development of a technique®* em- 
ploying detectors with high resolving power and 
millimicrosecond pulses permits experimentation 
under more favorable conditions. The work can 
now be done with large samples and an appreciable 
effect can be observed in a considerably shorter 
time. 

The fragment detector used in the presént work 
was a gaseous scintillation counter, with a xenon- 
filled chamber constructed of the high-vacuum 
materials copper and teflon. A photomultiplier 
was mounted in contact with a glass-covered win- 
dow of the chamber; a layer of quaterphenyl (~ 50 
ug/cm?) on the inner surface of the glass served 
to transform ultraviolet radiation into visible light. 
Reflection from the magnesium oxide coating of the 
chamber wall enhanced light collection. The seal 
between the glass and the chamber was a teflon 
gasket. The chamber was evacuated to 5 x 10m: 
mm Hg and was filled with xenon to 2 atmos. Dur- _ 
ing vacuum conditioning, the chamber was heated 
by water vapor. A thin layer of americium was 
deposited electrolytically on a platinum backing; 
the amount of material (~60 wg on an area of 
1.8 cm?) was determined by measuring the @ ac- 
tivity of the layer. 

A FEU-33 photomultiplier with ~3 x 107° sec 
resolution was used. Fission fragments were de- 
tected against the large alpha-particle background 
by means of a high-speed discriminator of the 
Moody type.? A DGTs-7 crystal diode was the 
nonlinear element of the circuit, which was trig- 
gered by a LP-34 secondary-emission tube sen- 
sitive to small signals. 

A preliminary test was conducted with a Pu? 
target, using the same geometry as with Am”! in 
the subsequent experiments. 1.20 x 101! years was 
obtained for the spontaneous fission half-life of this 
plutonium isotope, in good agreement with other 
data.® A 30% reduction of pulse amplitude was ob- 
served after a month of work. 

For the work with Am‘! the apparatus was 
calibrated by placing in the chamber a target 
(~ 200ug) of Wis which possesses a large slow- 
neutron fission cross section. The entire counter 
was surrounded by paraffin, and a (Po+ Be) neu- 
tron source was used to study the counting re- 
sponse (see the figure). The response was found 
to be essentially the same for Pu2!° and for Am 
when fragments were counted against a strong a@- 
particle background. These experiments estab- 
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lished the optimum conditions for counting fission 
fragments from Am”*!, Measurements with Am*4! 
(~ 60ug) were conducted for 160 hours with a 4- 
volt discriminator threshold. Twenty-six pulses 
were recorded; control experiments showed that 
at least 18 of these belonged to the background. 
The corresponding lower limit of the spontaneous 
fission half-life of Am74! is 2 x 10'4 years. 

The counter was surrounded by a layer of cad- 
mium and paraffin in order to obviate neutron- 
induced fission. Imitation of the observed effect 
by the spontaneous fission of Cm? impurity is 
excluded since an estimate showed that not more 
than 107!°% of Cm*4? could have been present. 

In Segre’s experiment! on the spontaneous fis- 
sion of Am”! the target consisted of only ~107' g 
and in 2700 hours three pulses from fission frag- 
ments were registered; this led to the lower limit 
T, j= 1.4 x 10'8 years. The enhanced sensitivity 
of our technique resulted in a value of Ty/. which 
is greater by a factor of ~15; this result is ~ 10° 
times greater than would be expected for an even- 
even nucleus with the given value of Z?/A. 

Approximately the same factor of lifetime in- 
crease was observed for the spontaneous fission 
SiePut’, Bk. Ci and Es”°*>254_ The spon- 
taneous fission probabilities of the other odd nu- 
clei must evidently be determined more precisely. 

The authors wish to thank V. F. Gerasimov for 
a number of valuable suggestions concerning the 
construction of the counter. 


1h, Segre, Phys. Rev. 86, 21 (1952). 

2A. Ghiorso, Proceedings of the International 
~ Conference on the Peaceful Uses of Atomic En- 
ergy, Geneva, 1955, Report 718. 

aCe Eggler and C. M. Huddleston, Nucleonics 
14, 34 (April, 1956). 

4 J. A. Northrup and R. A. Nobles, Nucleonics 
14, 36 (April, 1956). 
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ANGULAR ANISOTROPY OF GAMMA 
QUANTA THAT ACCOMPANY FISSION 


V. M. STRUTINSKII 
Submitted to JETP editor May 26, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 861-863 
(September, 1959) 


A certain anisotropy relative to the direction of 
fragment divergence was recently observed for the 
gamma quanta that accompany nuclear fission.! 
The gamma intensity is greatest in the direction 
of fragment divergence, and the magnitude of the 
anisotropy [W.(180°) — W(90°)]/W.(180°) 
amounts to 9 and 5% for the fission of Pu?*? and 
wee? respectively by thermal neutrons. Leachman’s 
review! mentions also one of the possible causes of 
the angular anisotropy, namely that the initial de- 
formations of the fragments, and consequently also 
the initial electric moments of the fragments, are 
correlated in a definite manner with the fission 
direction. This explanation, however, is subject 
to the objection that the time required for the nu- 
cleus to radiate gammas with energies on the order 
of 1 Mev is too long for any reasonable value of the 
electric moments. The quanta are therefore emitted 
by the fragments apparently already after thermal 
equilibrium has been established and after the neu- 
tron evaporation. This is also confirmed by the 
fact that both the shape of the gamma spectrum 
and the number of gammas (~4 or 5 per fragment) 
are close to what is observed for gammas that 
accompany the capture of thermal neutrons.” 
Another possible cause of angular anisotropy 
of the quanta may be the presence of a large frag- 
ment angular momentum correlated with the fission 
direction. The momentum dependence of the density 
of nuclear levels leads in this case to anisotropy of 
the quanta even if complete thermal equilibrium is 
established in the nucleus.®*4 A fragment momen- 
tum of large magnitude, oriented relative to the 
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scattering direction, can occur, for example, if 

the scission of the nucleus is not strictly symmet- 
ric about the fission axis. The scission is a rapid, 
nonadiabatic process?® and both the place of its oc- 
currence and its direction can be assumed to fluc- 
tuate over a wide range. The fluctuation in the 
place of scission can explain the unique dependence 
of the number of secondary neutrons on the frag- 
ment mass,° if it is assumed that at the instant of 
scission there is concentrated in the neck a con- 
siderable mass, on the order of the fragment mass 
difference for the most probable asymmetric fis- 
sion (private communication from O. Bohr). The 
presence of a transverse component of the Coulomb 
repulsion between the stubs, when the fission is 
asymmetric about the axis causes the fragments 

to rotate after scission in opposite directions about 
an axis perpendicular to the fission direction. The 
rotational momentum of the fragments will have an 
order of magnitude 


hj = f.tR ~ (Z,2’e?/R’) (a/R) tR, 


where Z, and R are the charge and radius of the 
fragment, Z’ the charge of the stub, a a quantity 
on the order of the neck thickness, and T isa 
characteristic time, equal to the smaller of either 
the time required for the fragments to diverge by 
a distance equal to the nuclear radius or the time 
required for the nucleus to resume its spherical 
shape. Taking a * 2 x Loe cm, Z,=50, and 
Z’'=5 wefind j ¥ 20 for 7=107*! sec. 

The angular distribution of the gamma quanta 
is calculated most readily in the following manner. 
The probability of emitting a quantum with momen- 
tum L is proportional to 


exp {— a? (j — L)*/2JT} ~ exp {— hr? jM/JT}, 


where J is the moment of inertia, T the temper- 
ature, j the initial momentum of the fragment, and 
M the projection of the photon momentum on the 
direction of j (j is the classical vector ).*»4 The 
probability of emitting a photon making an angle @ 
with j will consequently contain the following 
angle-dependent factor 

IS 


>) exp (— &YyM/IT} | YP, (8) |2, 


M=—L 
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where xy, is a vector spherical function.’ Ex- 
panding the exponential, we get 


lb, 
WP Oeil ttwyry YS meyer. (ay) 


M=—L 


The sum over M is easiest to calculate by using 
i) 
YELM 


(cf. reference 7). After summation over M, only 


the specific expressions for the functions 


one term with cos? @ remains in (1). To obtain | 

the distribution about the fragment direction, itis « 

necessary to average this term also over the ori- — 

entation of j. Noting that the mean value is | 
cos? § = — sin? 8, 

where # is the angle to the direction of fragment 

divergence, we find 


Wi (9) = 1+ Ry (hj/JT)? sin? 9, 


where the values of ky, are +1/8, —3/8, and 

— 81/64 for L =1 (dipole radiation), 2 (quadru- 
pole radiation), and 3 (octupole radiation) re- 
spectively. The negative sign of anisotropy for | 
L=1 is due to the fact that the dipole quanta are | 
emitted predominantly along the spin (L = |M| = 1), 
When j=10, T=1 Mev, J=(2/5)AmR’, and 
A = 100, the anisotropy of the fission gammas is 
found to be ~ —1% for dipole radiation and from 

+2 to +3% for quadrupole radiation. At the ori- 
entation of fragment angular momentum indicated 
above, the observed sign of the anisotropy leads to 
the conclusion that L>1 for the anisotropic part 
of the radiation. The observed anisotropy is pos- 
sibly connected with gamma transitions between 

the lower levels of the fragments, where the quad- 
rupole radiation is relatively more probable, par- 
ticularly considering that the presence of a large 
nuclear momentum leads, from the point of view 

of level density, to a certain preference for radi- 
ation with larger momentum, especially at low 
temperature. The increase in anisotropy with 
decreasing temperature also leads to an increased 
contribution from the transitions between the lower 
levels to the observed anisotropy of radiation. The 
smaller anisotropy of the gammas in the case of 
fission of U?* is possibly due to the poorer ori- 
entation of the fragment angular momentum at the 
large spin of the fissioning nucleus, the value of 
which is 3 or 4 for U®® fission and 0 or 1 in the 
case of Pu???, 

The foregoing results for the anisotropy of 
gamma quanta are correct also for other cases, 
when nuclei with large oriented momenta are ob- 
tained, for example, in the the capture of heavy 
ions. 

I thank B. T. Geilikman, S. T. Belyaev, and 
G. A. Pik-Pichak for valuable comments. 
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CROSS SECTIONS FOR ELASTIC SCATTER- 
ING OF 195-Mev POSITIVE PIONS BY CAR- 
BON AND LITHIUM NUCLEI 


V. G. IVANOV, V. T. OSIPENKOV, N. I. PETROV, 
and V. A. RUSAKOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor May 28, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 863-866 
(September, 1959) 


‘ae elastic-scattering cross sections were meas- 


ured at the Joint Institute for Nuclear Research with 


the aid of the synchrocyclotron and the same cloud 
chamber in magnetic field as used in the experi- 
ments with negative particles.} The source of posi- 
tive pions was a polythene block 25 g/cm? thick, 
placed in the external 670-Mev proton beam. Par- 
ticles of specified momentum were guided to the 
chamber by a deflecting magnet and a four-meter 
collimator placed in the concrete shield of the ac- 
celerator. Carbon and lithium targets (natural 
mixtures of the isotopes of these elements), 1.72 
and 0.8 g/cm? thick, respectively, were placed in 
the working volume of the chamber. The intensity 
of the magnetic field in which the chamber was 
placed was 13,500 oe. 
| The experimental procedure and the processing 
of the photographs were the same as in the experi- 
ment with the negative pions.! In particular, the 
criterion for distinguishing elastic from inelastic 
scattering was the minimum measured energy loss, 
equal to 35 Mev. Taking into account corrections 
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for detection efficiency in the angle interval from 
10 to 180°, we registered 410 and 243 events of 
elastic scattering of mesons by carbon and lithium 
respectively. 

The measured total cross sections (in milli- 
barns) are listed in the table; to determine the 
absolute values of the total cross sections for 
elastic scattering, the total inelastic-scattering 
cross sections were normalized to the geometric 
nuclear cross sections for R = 1.4A¥/3 x 1078 cm. 


Nu- | Ener- Pion Elastic, R? 
cleus nee sign 10° a 
G 195 + 204-26 325 
TA 195 + 156-26 | 226 
Gaile 230) — 200-++31 320 


The last row of the table contains the total cross 
section for the elastic scattering of negative mesons 
by carbon.! Comparison of the data given for carbon 
nuclei shows that, within the limits of experimental 
error, the elastic-scattering sections are the same 
for positive and negative mesons with respective 
energies of 195 and 230 Mev. The cross sections 
obtained are also in satisfactory agreement with 
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the calculated values (equal to 0.6 to 0.8 of the 
geometric cross sections) obtained by Sternheimer 
and by Osipenkov and Filippov? on the basis of the 
optical model, with an interaction potential in the 
form of a rectangular well of radius R. In these 
calculations, the parameters of the well (depth of 
well and coefficient of absorption of the pions in 
nuclear matter) were determined from the cross 
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sections for the scattering of pions by free nucleons. 
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The experimentally-obtained angular distribution 
of elastic scattering by carbon and lithium are il- 
lustrated in Figs. 1 and 2. The solid curves repre- 
sent the angular distributions computed in the quasi- 
classical approximation from the optical-model 
equations* (for the range from 0° to the angle cor- 
responding to the position of the first diffraction 
minimum ) for the following values of the param- 
eters: nuclear radius R =1.4A'¥/? x 10738 em, co- 
efficient of meson absorption in nuclear matter 
K = 0.83 x 10'8 cm"! the real part of the potential 
V is equal to zero for curve A and 30 Mev for 
curve B; K=o and V=0 for curve C. As can 
be seen from the diagram, the measured distribu- 
tions agree with the computed ones, but within the 
limits of experimental error no definite conclu- 
sions can be made regarding the magnitude or sign 
of the real part of the potential. It is obvious that 
the description of the measured angular distribu- 
tions with the aid of a rectangular-well potential 
is inadequate, since these distributions (as shown 
in references 5 and 6) do not exhibit the clearly- 
pronounced minima and maxima which character- 
ize such a potential. For example, it was found in 
references 5 and 7 that to obtain correspondence 
between the experimental and computed data over 
the entire range of distribution angles it is neces- 
sary to forego, in the computations with the optical 
model, the homogeneous distribution of the nucleons 
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of the nucleus and to add to the interaction potential | 
a term proportional to the gradient of the nuclear 
density. No right-left asymmetry of elastic scat- 
tering of positive pions was observed in the ex- 
periment for either nucleus. 


*The computation formula is taken from the book of 
Akhiezer and Pomeranchuk.* 


1 Dzhelepov, Ivanov, Kozodaev, Osipenkov, 
Petrov, and Rusakov, JETP 31, 923 (1956), Soviet 
Phys. JETP 4, 864 (1957). 

2R. M. Sternheimer, Phys. Rev. 101, 384 (1956). 

3. T. Osipenkov and S. S. Filippov, JETP 34, 
224 (1958), Soviet Phys. JETP 7, 154 (1958). / 

44. JI, Akhiezer and I. Ya. Pomeranchuk, | 
Hexoropple Bonpocbl Teopun sgpa, (Certain Problems | 
in Nuclear Theory), 1950, 2nd ed., p. 201. 

> Baker, Rainwater, and Williams, Phys. Rev. 

112, 1763 (1958). 
6 Tadao A. Fujii, Phys. Rev. 113, 695 (1959). 
(TERS: Kisslinger, Phys. Rev. 98, 761 (1955). 


Translated by J. G. Adashko 
165 


ELECTROMAGNETIC MASS OF THE 
kK MESON 


CHOU KUANG-CHAO and V. I. OGIEVETSKII 
Joint Institute for Nuclear Research 
Submitted to JETP editor May 28, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 866-867 
(September, 1959) 


In the recent experiments by Rosenfeld et al.! and 
Crawford et al.” it was established that the mass 

of the neutral K meson exceeds that of the charged | 
K* meson by ~4.8 Mev. On the face of it the sign 
of this mass difference appears to contradict the 
concept that the K* and K® mesons are spinless 
particles belonging to the same charge doublet. 
Indeed, if the K’ meson has no electromagnetic 
interactions and the mass difference is of electro- 
magnetic origin then the electromagnetic self-mass 
of the charged K meson should make it heavier than 
the neutral one (see, e.g., reference 3). On this 
basis the above-mentioned authors are inclined to 
interpret their results as an argument in favor of 
the Pais hypothesis,’ according to which the K* 

and K° meson do not form a charge doublet and 
may have different intrinsic parities. 
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It is shown below that there is not as yet suffi- 
“cient basis for this conclusion since the mass dif- 
ference can be explained, within the framework of 
the Gell-Mann-Nishijima multiplet scheme, by the 
electromagnetic interactions of the K® meson. In- 
deed, as noted in an interesting paper by G. Fein- 
berg,” a spinless neutral particle which is differ- 
ent from its antiparticle, e.g., K°. can interact 
with the electromagnetic field. This interaction 
results from a virtual dissociation of the K® me- 
son into strongly interacting particles, for example 
a nucleon and an antihyperon. As a consequence 
the K°® meson will have an electromagnetic struc- 
ture. 
In the general case the gauge-invariant electro- 
magnetic interaction Lagrangian can be written as 


L = — ju (x) Au (x) (1) 


where jy () is the operator for the total current 
of all interacting particles. In the 8 -formalism 
of Duffin and Kemmer the matrix element of the 
current taken between single K -meson states will 
have the form* 


<P’ | ju (x) | PK 

= — ie (2m) %e—4*9 (p’) Bu [Fix (9?) + t3F ox (9°)] 0 (P) 
q=p'—p, 9(p') =0* (p’) (285 — 1), (2) 
where p’ and p are the K-meson four-momenta 
in the final and initial states, v(p’) and v(p) are 


the corresponding wave functions in the 6 -formal- 
_ism, and F(q’) is the form factor satisfying 


Peg?) RG?) + Fer (97), —  Px+ (0) = 1; 
Fre (9?) = Fix (7?) — Fox (9°), Fe (0) =9, (3) 


since the charge of the particle is eF(0). 

Due to interaction (1) and by taking into account 
(2) we find for the self-mass of the K mesonf 
= ie v(p) 

(2)* vv 


By \ d'q 


yx HE= 9) + (P = 9)?/2m —[(p — 9)? + mlm BEF (g2))2 0 (p), 


[(p — 4)? + m?] q? 
a= Bude (4) 


or 


1 Fe(q@))? ( (2p — 9)? 
a \at [Fe(@)P ( @p—9 4 (5) 


L 
a aon ee =a 


Lhe Fx(q’) as a function of q’? can be determined 
only from an as yet nonexistent exact theory or a 
full analysis of future experiments. For our pur- 
poses it is sufficient to take, for example, 
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F x+(q°) = 16m'4/(q? + 4m?)?, 
Fre (g?) = — AngPm?/(q? + 4m?) (6) 


then from (5) and (6) we obtain for the mass differ- 
ence 


Me — Mx+ = (m/8n?) e° (7/sh* — 1) 
= (m/2r) a (7/:h° — 1). (7) 


Comparing with the experimental value of 4.8 Mev 
we deduce that A ~ 2. 

We note that it will be difficult to observe ex- 
perimentally other effects due to the interaction 
under consideration.t{ 

Consequently it is not necessary to give up the 
idea that K* and K® form a charge doublet in 
order to explain the observed!* mass difference. 
Both the sign and the magnitude of the difference 
mK? —- mK?* could be a consequence of electromag- 
netic interactions. 


*As remarked by Feinberg in the case of the 7° meson, 
which is a truly neutral particle, such a matrix element 
would vanish as a consequence of invariance under charge 
conjugation. 

tExpression (5) for the self-mass may also be derived 
from the usual theory in which the K mesons are described 
by second order wave equations and the electromagnetic 
interaction is introduced in a gauge-invariant manner by the 
substitution: 0/dx,, > 0/0x, — ieF (-L1”) Au (x). 

{+The absence of bremsstrahlung and the difficulties in- 
volved in separating the electromagnetic and nuclear scat- 
tering for K° were discussed by Feinberg.° The most charac- 
teristic experiment would involve observation of fast 6 elec- 
trons from K° mesons. However the K°—e scattering cross 
section is very small at low energies. Consequently the effect 
will be vanishingly small since even a 1-Bev K meson in the 
laboratory system will have an energy of the order of only a 
few Mev in the K°—e center-of-mass system. 


‘Rosenfeld, Solmitz, and Tripp, Phys. Rev. 
Lett. 2, 110 (1959). 

2 Crawford, Cresti, Good, Stevenson, and Ticho, 
Phys. Rev. Lett, 2, 112 (1959). 

3S, Gasiorowicz and A. Petermann, Phys. Rev. 
Lett. 1, 457 (1958). 

4. Pais, Phys. Rev. 112, 624 (1958). 

5G. Feinberg, Phys. Rev. 109, 1381 (1958). 
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TAKING ACCOUNT OF THE GRAVITA- 
TIONAL ENERGY 


D. D. IVANENKO and N. V. MITSKEVICH 
Moscow State University 
Submitted to JETP editor May 30, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 868-869 
(September, 1959) 


Ever since the formulation of the general theory 
of relativity physicists have encountered serious 
difficulties in defining the energy and momentum 

of the gravitational field, needed, in particular, 

to take account of the transformation of these quan- 
tities into the energy and momentum of other fields. 
This problem has to do with the circumstance that 
in the formulation of the theory the equation of con- 
tinuity acquires the physical meaning of a conser- 
vation law through the vanishing of the usual, not 
the covariant divergence. Here we call the con- 
servation law corresponding to the vanishing of 

the usual divergence, the exact conservation law. 
The exactly conserved “pseudo-tensor” of the 
energy-momentum density of the gravitational 
field, introduced by Einstein, is, on one hand, not 

a generally covariant quantity; on the other hand, 
the energy defined in terms of it depends in an 
essential way on the choice of the reference sys- 
tems connected with the purely spatial coordinate 
transformations with no change in the time coor- 
dinate. Definitions of the energy-momentum den- 
sity of the gravitational field different from this 
have therefore been proposed, in particular by 
Lorentz and Levi-Civita. However, the exactly 
conserved tensor for all fields including the gravi- 
tational, proposed by these authors, vanishes at 

all points of space-time and cannot, according to 
Einstein’s equations, have any deep physical mean- 
ing (see, for example, reference 1). 

The problem of the definition of energy and 
momentum in the general theory of relativity has 
begun to be discussed again recently in the litera- 
ture. Mller, in his recent papers,*** has derived 
a new expression* for the total energy of a system 
of gravitational and other fields, avoiding the above- 
mentioned difficulty concerning the critical depend- 
ence of the total energy on the spatial reference 
systems. At the same time, the non-tensor char- 
acter of the energy-momentum density (it is an 
affine tensor density ) turns out to be essential to 
the problem if only for the fact that even from a 
tensor quantity it is impossible to obtain a genuine 
vector by integration. Mgller showed the unique- 
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ness of his results from the requirement that the | 
energy of the system be covariant with respect to 
purely spatial coordinate transformations and from 
the postulate that it can be expressed in terms of 
the metric tensor and its first and second deriva- 
tives. 

On the other hand, our earlier formulation of 
Noether’s theorem, when applied to the gravita- 
tional field,’ leads to conserved quantities differ- 
ent from those of Einstein; as we shall show, these 
are closely connected with the “pseudo-tensor” 
derived later by M¢ller. For this we use a unified | 
treatment of the gravitational and other fields to 
determine, for example, the conserved quantities, 
in particular, the canonical quasi-tensor of the 
energy-momentum density and the spin part of the 
energy-momentum. The latter is particularly im- 
portant in the case of gravitation. Indeed, the gravi-. 
tational field is described by a metric tensor, so 
that there must be particles with spin correspond- 
ing to it; it is known that in the weak field approxi- 
mation the spin of these is equal to two. With the 
help of the expressions obtained by Méller” and 
Mitskevich* one easily establishes the relation 


Te — — Us(grav), (1) 


where TB is the “pseudo-tensor” of energy- 
momentum of the total system of fields, introduced 
by Méller, and UB (grav) is the expression for 
the spin part of the energy of the gravitational 
field, as found by us. It is also easily seen from 
the general derivation of the spin part of the 
energy-momentum‘ that this quantity has the 
necessary transformation properties (invariance 
of the integrated energy under purely spatial trans- 
formations which leave the time coordinate un- 
changed) also for other fields. It should be noted 
that the symmetric tensor found by us coincides 
with the expressions of Lorentz and Levi-Civita 
and is, owing to Einstein’s equations, identically 
zero for the total system of fields. We therefore 
have the following relation 


se (sym) (tot) = tg (tot) + Us(tot)=0.> (2) 


The canonical quasi-tensor of energy-momentum 
for the total system of fields, te (derived in ref- 
erence 4), therefore also leads to the solution of 
the aforementioned problem of the determination 
of the total energy in the presence, and with ac- 
count, of gravitation, for we can write, according 
to (2), 


ta (f) + te (grav) = — (Ug (f) + Ug (grav), (3) 


where t3 (£) and t? (grav ) refer, respectively, 
to the ordinary fields in the presence of gravitation 
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and to the purely gravitational field. In particular, 
if ordinary matter is absent, we obtain a noteworthy 
relation which establishes the equality (except for 
the sign) of the spin part of the energy-momentum 
of the gravitational field and the canonical quasi- 
tensor of the energy-momentum density of gravita- 
tion, introduced by us and also obtained by Méller. 
It seems more natural to us to regard as the 
energy-momentum density of the total system of 
fields, the sum of the canonical (unsymmetric ) 
_ quasi-tensors of all fields, and not the sum of the 
symmetric tensor of the ordinary matter field and 
the canonical quasi-tensor of the gravitational field, 
as proposed by Mller. This is based, first of all, 
on the desirability of having a uniform definition of 
the physical quantities for all fields. On the other 
hand, from Méller’s point of view a quantity de- 
scribing the total system of fields is replaced by 
one which is characteristic only of the gravitational 
field. Our point of view corresponds also to the co- 
variant principles of second quantization. We note, 
however, that both methods coincide completely in 
the consideration of the free gravitational field. 
Mller concludes from the vanishing of the en- 
ergy carried by the two known forms of gravita- 
tional waves in the absence of ordinary matter, 
that the usual quantum theories of gravitation are 
not useful. It should be noted in this connection 
that even if we are not concerned with real, energy 
carrying radiation, the calculation of vacuum effects 
may force us to accept the quantization of gravita- 
- tion and the idea of gravitons. On the other hand, 
if the existence of energy carrying gravitational 
waves were definitely established, our earlier con- 
clusion that the gravitons can be transformed into 
ordinary matter would in some sense undoubtedly 
be true in the general case as well as in the linear 
weak field approximation.° 


*These papers were presented at the Colloquium on Gravi- 
tation in Paris and at the 9th High Energy Conference in Kiev 
in 1959 by Méller and also by Geiniot, who independently ar- 
rived at similar results. 
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ON LINEAR THEORIES OF GRAVITATION 
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Deserrs the fact that the general theory of rela- 
tivity has now found wide recognition, attempts are 
still being made to approach the problem of gravi- 
tation by a somewhat different method. Here we 
have in mind mainly the various linear theories of 
gravitation based on the usual pseudo-euclidean 
space-time metric.! It is here essential that the 
linear theories yield, in first approximation, the 
same values for the so-called three critical effects 
as the general theory of relativity (see, e.g., ref- 
erences 1 to 4). 

The linear theories involve serious theoretical 
difficulties. One of these is that the energy density 
of the gravitational field is not positive definite.» 
However, attempts are being made to bypass this 
difficulty (see, e.g., reference 7). Notwithstand- 
ing the clear superiority of the theory of Einstein, 
it is therefore of definite interest to find those dif- 
ferences between the general theory of relativity 
and the linear theories which can, in principle, be 
observed in experiment. 

There is no point in looking for discrepancies 
in the effects of the gravitational red shift and the 
deflection of light in the gravitational field of the 
sun: these are solely determined by the field equa- 
tions, which are the same as in the linear approxi- 
mation of the general theory of relativity. There 
remains the possibility to search for discrepancies 
in those effects which depend on the equations of 
motion in addition to the field equations. 

In the general theory of relativity, one of the 
first integrals of the equations of motion, corre- 
sponding to the second Kepler law, has the form® 


(1 — 2xm/c?r) *r?dp/dt = const. (1) 


Similar expressions can easily be obtained in the 
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linear theories as well. In the theories of Birkhoff! 
and Belinfante? we have, respectively, 


exp (2xm/c?r) r°>dp/dt = const, (2) 
[1 + (my + 1) xm/2c?r + 0?/2c* 
— K (F —4C,) xm/c*r| r°>dp/dt = const. (3) 


Here kK = 6.67 x 10st ost sec~*cm? is the gravita- 
tional constant, m is the mass of the central body, 
r=p/(1+ecos ¢) is the distance from the planet 
or the satellite to the central body, p is a param- 
eter, e is the eccentricity of the orbit, c is the 
velocity of light in vacuum, and 7 * 6 is a con- 
stant to be determined by experiment (see the 
table of constants in reference 2). We note that 
the constants entering in the last term of the left 
hand side of (3) are such that 


v?/2c* — K (F —4C,) xm/c?r > 0. (4) 


Comparing the relations (1) and (3), we see that 
we can find a discrepancy between the Einstein 
theory and the theory of Belinfante by measuring 
the dependence of dy/dt on gy (say for a satel- 
lite with a large e). The maximal difference be- 
tween (1) and (8) is 


do __ fee y—3 xm(1 +e) 
“ a “ ( at Joe 2 c’p 


n—3 (xm) (1 +e)3 
es) a = 2 (5) 


a cp? 


For an earth satellite with e ~ 0.9 and p * 108 
em, this difference is 5 x 107!" rad sec™!. 
From (1), (2), and (3) one easily finds the ex- 


pressions for the third Kepler law: 


’ 


Si + A (xm/e?ry) Ly ret ya (6) 
Sy + iN (xm/c?rz) Le T2 ) ay 


where S is the area, and L, the perimeter of the 
orbit, a is the major half axis, and T is the pe- 
riod of revolution. The constant A takes the value 
AX =1 for the general theory of relativity and for 
the theory of Birkhoff, and A = (yn +1)/4 for the 
theory of Belinfante (A = 0 corresponds to the 
classical Kepler law in the theory of Newton). 

We see from a comparison of formulas (1) and 
(2) that they lead to Kepler laws which differ only 
in second approximation, so that it is at present 
impossible to detect this difference in experiment. 
One may distinguish between the general theory of 
relativity and the theory of Birkhoff, however, by 
considering the rotation effect. 

The rotation of the central body leads, accord- 
ing to the Einstein theory, to an additional displace- 
ment of the perihelion of the planet, which is equal 
to 
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16 Vum QI)? 


5e2p!? (1 — e)? 


Aw = (1 = osine “) ; (7) 


per revolution.?*!” In the theories of Birkhoff and 
Belinfante we obtain, respectively, 


Regia eek Sete OO eon ae (8) 
5e2p /2 (1 — e2)3 
Jum 2 . . . 
A@ = ae) ie [((7—3 cos 20, —10.5 sin? i cos 29) cos t 
5e2p/? (1 — ec)8 
+6 cos? i—1]. (9) 


In the theory of Belinfante we also obtain, besides 
the effect (9), an increase in the major half axis 
and in the eccentricity of the orbit, given by 


3609 Vum QI? sin? i cosi 
5c (1 — e2)* Vag 
4x Yum QP 


5e2q/2 
0 


AG = (2sin2@,+ 1), (10) 


Ae (6 + 4,5e, sin 2w,). (11) 
per revolution. Here i is the inclination of the 
orbit, wy is the longitude of the perihelion, Q is 
the angular velocity of the rotation, and 7 is the 
radius of the central body (the index 0 character- 
izes the initial values of the corresponding con- 
stants). Although the quantity (10) is also very 
small (for Mercury, e © 0.2; a * 5.8 X 10” cm, 
i= 7°, Aa=1cm), it does have fundamental im- 
portance in that it indicates that the planetary or- 
bits are not stationary in the theory of Belinfante. 
In conclusion I express my deep gratitude to 
Prof. V. L. Ginzburg for his guidance, his valuable 
comments, and a discussion of this work. 
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Tae polarization effects in the bremsstrahlung 

of electrons have been investigated in detail in a 
number of papers.! 3 However, the question of 

the change of polarization of the electron beam due 
to the bremsstrahlung process has received almost 
no attention. 

To investigate this question, we use the method 
developed by Lipps and Tolhoek‘ and Rozentsveig 
and the author.’ We shall describe the state of 
polarization of the incoming electrons with mo- 
mentum p, by the density matrix 


0S Pa) = 4 (Pr) C1 + Bra) WO (P.), 


where 
1 (p) == (m — ip) ta/2e,, EL = inyets. 


The vector £, which characterizes the polariza- 
tion of the electron in the laboratory system, is 
connected with the polarization vector ¢° in the 
rest system of the electron by the relation 


6° =— p(fp)/e(e + m), 


where € is the energy of the electron. 

The vector £, which describes the state of 
polarization of the electrons emitting the brems- 
strahlung quantum, is given by 


Ce = Sp [Ey (ps) Sy (py) eG, Pa) a (pr) Sty (p2)]/Q, 
Q = Sp [x (pe) Sy (py) 0 Gi, Pi) 4 (pr) S* J, 

where S is the scattering matrix element for the 

bremsstrahlung process. Here k and w are the 

wave vector and the energy of the emitted photon; 

the indices 1 and 2 refer to the initial and final 

states of the electron, respectively. As a result 

of the calculations we obtain 


Qbe = Qh — (pok)? {— £1 (pik) (pok) O + me, (k — py) (G, k + Pi + Pe) +8; [(p2) —(p;P2)) ps (Gk) 


+ [meg —w (PiP2) + © (Pek) ++ &, (Pik)} (Sips) Po + &s [m? ++ (pik)] (GiP2) Po} — (pik)? {— & (pik) (P2k) 


+ me, (G1, k -+ pz) (k — p,) + m? (e2 — ) (Gip,) (Kk — ps) + © [(02k) — (p12) (ik) Pe 


AL [ep -+ ©, (p,k) + © (p1P2) — © (psk)] (GPs) Po + 21 [m® + (prk)] (Gps) po} — [2 / (pik) (pak) 


X {€; [(pik) (p2k) — wo (PiP2) — om?) + 21 (Pipe) (Gk) k — [m?e, 4- @(p,P2) — 2o( Prk) (Sip )k — 2,[m? +p (pik)] (Cpe) k 


+ & [m? — pk] (Qik) py -- [er (P2k) — ez (Pik) — £2 (P1P2)] (S:P1) Pr + &1 [(Pok) — (pik) — (P1P2)] Pr (GP) 


Beet [(11Ps) — 8,0] (Gik) pe + [ee (PiP2) — & (Poke) — 21820] (S1P1) Po + &11(P1P2) — (Pak) — So] (Pe) Po}, (1) 
Q = lige [mt —t (pip,) + m* (pe) — (0k) — (0,8). +e [= mt — mi (Dp. + (pk) — (Pk) — (0, (PZ) 
a oes Sale [— mw? — m? (Pips) — (P1P2) (pips) + (pok) (p:P2) — (PR) (21P2) — 0? (PP2) + 4 (Pok) + 290 (Mik)I, (2) 
(pik) (P2k) 
where strahlung quanta (w—0, i.e., €9 * €;=€) we 


(pik) = pik — eo, (pk) =pk+¢o etc. 


The expression for Q coincides, up to a factor, 
with the bremsstrahlung cross section computed 
from the Bethe-Heitler formula. 

In some special cases the expression (1) can be 
considerably simplified. 

In the nonrelativistic limit (¢,, €; ~ m) we ob- 
tain ‘as = a i.e., the polarization of the beam does 
not change. 

In the limiting case of extremely soft brems- 


have 


Gent. 
m2 + e2 + pypa (P2 —- P1)- (3) 


Se =o 4 


Going over to the vector ¢8, we see that this vec- 
tor, while preserving its absolute magnitude, is ro- 
tated around the normal to the p,, Pp, plane through 
the angle g, given by 


pI) EG eos 8) 
(27 + (72 — 1) cos 9 + (y — 1)? cos? 9} 


tan ¢ = sin’, (4) 


where y=€/m. For y—-1 wehave » —0, and 
for yO? O-==o- 
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Tue main characteristics of universal A-V inter- 
action can be explained by the hypothesis of the ex- 
istence of an intermediate boson of large mass.! 
One of the consequences of this hypothesis is the 
possibility of » -meson decay according to the 
scheme u—et+y. For a point A-V interaction 
such a decay is forbidden. Feinberg? calculated 
the probability of the decay 4 —e+y and showed 
that the ratio py =R(u—erty)/R(u—~retvt?) 
depends on the cutoff parameter A. If A =M, 
where M is the boson mass, then p,; = 107%. 
A <M, p, can be arbitrarily small. 

In the present work, a search for the decay 
J —-e+Yy was made, using a 17-liter freon bubble 
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chamber, sensitive to y rays.® The chamber was | 
placed in the external 7* beam of the synchrocyclo- | 
tron of the Joint Institute for Nuclear Research. 1” 
mesons of energy approximately 200 Mev were 
slowed by a graphite filter, and stopped inside the 
chamber. About 20,000 stereophotographs were 
obtained and scanned twice. 

In the scanning, a search was made for cases 
in which the m-w-e decay was accompanied by an 
electron-positron pair directed along and following 
the end of a m- or pw-meson track. The direction 
of the pair corresponded to the direction of flight of 
the y ray to within an accuracy of ~5—7°, and 
the length of the track of the » meson from the 
m-meson decay was 0.16 cm. Therefore, the case | 
in which the m-y-e decay was accompanied by a | 
directed pair could relate to one of three processes: | 


(1) 
(2) 
(3) 


pe ty Bvt 1 
ie os Ay phd al 
Ui aCe ane 


In the decay (3) the angle between electron and 
y ray is 180°. In 91,000 m-y-e decays, nota 
single such case was found. From this, knowing 
the efficiency of the chamber for detecting y rays, 
it is possible to determine an upper limit for the 
quantity p,. The-efficiency was calculated on an 
electronic computer for various y-ray energies 
by the Monte-Carlo method, taking into account 
the distribution of the number of a mesons stop- 
ping inside the chamber. The efficiency turned 
out to be equal to 0.253 for the decay (3). From 
this, p; =4.3 107°. This quantity is in agree- 
ment with results of experiments in which the 
decay (3) was studied using counter methods.‘~® 

In scanning the photographs, cases of directed 
pairs with various angles (e,y) < 180° were found. 
One of these cases is shown in Fig. 1. We interpret 


ae 


FIG. 1. Radiative decay of a yp meson by 
scheme (1). 
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No. | Angle between Electron y-ray Energy of the 

p/p electron and energy, energy, decay prod- 

y ray, degrees Mev Mev ucts, Q, Mev 
1 aes) Su >16 = 30 
2 6142 >40 15 105 
3S 7642 >11 >19 00 
4 98+3 >14 >18 > O38 
oy) 101+2 Saas) >24 > 65 
6 120+2 S13 >138 > 40 
7 128+3 S15 34 Sie 
8 14344 is} S13 2 SD 
9 144+2 Se/ Soe) oe Ph 
10 15144 sda >20 > 44 


such an event as the result of a radiative decay of 
a # meson according to the scheme (1). This de- 
cay has not been observed before experimentally. 

All of the cases in which the y-ray energy was 
215 —20 Mev and the angle (e,y) 250—60° are 
given in the table. In addition, two doubtful cases, 
not given in the table, were found, so that the total 
number was 12*3:2. In the table we indicate re- 
sults of measurements of the angle (e,y), the 
energy of the y-ray and electron energy, and also 
the lower limit Q to the energy of the decay prod- 
ucts, calculated from conservation laws. 

For process (1), the kinetic energy of the decay 
products Q,; = 105.2 Mev; for process (2), Q, 
= 33.9 Mev. As follows from the table, there is 
no case with Q >Q,;. In addition, in only one case 
(No.9) is it possible that Q <Q», so that the in- 
terpretation of this event is ambiguous [(1) or (2)]. 
The remaining cases give Q > Q2, and can there- 
fore be related to the decay (1). The small contri- 
bution of decay (2) can be confirmed from measure- 
ments of the probability of this decay.’ Calculations 
show that the background from the decay (2) consti- 
tutes about 3%. 

In scanning the photographs, 109 randomly ori- 
ented pairs were found. In order to evaluate the 
background of random superpositions, a search 
was made for cases in which these pairs coincided 
with six markings made on the inside of the glass 
of the chamber. No such cases were observed. 
Another way of measuring the background consisted 
in measuring, for all observed pairs, the angle of 
revolution necessary to turn the pair towards the 
point at which the »-meson stopped. Results of 
the measurements are given in Fig. 2. The distri- 
bution has a peak at 0°, coming from the effect 
studied. The level of events outside of the region 
near to 0° corresponds to random superpositions. 
From the graph it can be seen that the ratio of this 
level to that of the effect is approximately 0.2, but 
since there measurements were carried out for 
only one of the stereophotographs, the actual back- 
ground is substantially lower (roughly 10 times ) 
and, consequently, does not exceed a few per cent. 
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The ratio, calculated from 12 cases and taking 
into account the efficiency for detecting y rays, 
was 


P= R(wpret+v+v+ 4)/Rre ++) 
= (0.80288) -10° 


In order to compare this result with theory, we 
calculated the total probability and angular distri- 
bution of the decay (1) for various values of the 
minimum detection energy of y-rays for the A-V 
variant of interaction. We started with work of 
Lenard?® in which an expression for the differential 
probability for the decay (1) was obtained. The 
calculations showed that the theoretical value of 
the quantity p, should lie within the limits 1.02 
% 105" <po.< 1.80-x 10°°. These limits correspond 
to the indeterminacy in the minimum values of the 
angle (e,y) and y-ray energy, referred to above. 
We see that the experimental value of p, is near 
to the theoretical one. 

We would like to express our gratitude to Acade- 
mician A. I. Alikhanov for discussion and interest 
in the work, M. F. Lomanov, Yu. I. Makarov and 
V. I. Smetanina for help in the work, I. S. Bruk 
for the opportunity of carrying out the calculations 
on the M-2 electronic computer of the Institute of 
Electronic and Control Machines of the Academy 
of Sciences, U.S.S.R., and R. A. Ioffe for carrying 
out these calculations. 
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AND STRANGENESS WITH THE BEHAVIOR 
OF SPINORS UNDER INVERSION 
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Tae usual treatments of isotopic and strangness 
properties involve an isotopic space of two, three, 
or four dimentions, sometimes with the possibility 
of transitions to a pseudo-Euclidean space. One 
can, however, try to describe these properties 
within the framework of ordinary space, by bring- 
ing in hitherto unused possibilities of different be- 
haviors of spinors under inversions and taking into 
account nonconservation of the parity P. The in- 
terpretation of isotopic properties in the frame- 
work of ordinary space that we propose here is a 
development of earlier more special considera- 
tione ° 

As has been pointed ou under both space and 
time reflections spinors can behave in different 
ways, with transformation matrixes that differ by 
factors —1, i, ys, or products of these. In addi- 
tion to p" = yy) (under xj) 3 = —xX; 23), etc., there 
are also the possibilities ~’ =ysy,~ or wW’ = iy4, 
etc. Thus there arise different spinor representa- 
tions of the Lorentz group, some of which are 
equivalent by unitary transformations (but differ 
from each other under charge conjugation). 

A more important difference between spinors, 
not having the property of unitary equivalence, ap- 
pears when the additional factors that have been 
mentioned occur under space reflections only or 
under time reflection only. We shall characterize 
spinors by two pairs of indices a, b and a, B. 
The index a takes one of the two values 1 or 2, 
depending on whether or not the additional factor 
Ys is used for space reflection. Similarly, the 


t,o»? 


index b=1, 2 characterizes the geometrical time 
reflection T°, which can be replaced by the i 
Schwinger reflection T® = T° x(~) = TC, where 
(~) denotes transposition in Hilbert space and T 
the Wigner time reversal. The indices a, 6 run 
through the four values (0, 1, 2, 3) corresponding 
to the appearance of the additional factors i? “for 
space inversion and i®8 for time inversion. The 
essential difference between two spinors is char- 
acterized by the differences (a—b) and (a-§f), 
or, more precisely, by their absolute values. In 
particular, the “mixed” spinors with (a—b) #0 
that we introduced earlier® provide a realization, 
without doubling of the number of components, of 
the “anomalous” representation, for which T°P 
=+PT°, in contrast to the usual anticommutation. 
For the “mixed” spinors the construction of the 
Dirac equation with a mass is possible only with 
violation of invariance with respect to P, together 
with preservation of the invariance with respect 
to the strong (combined) inversion PS = Pox 
When there is invariance only with respect to 
PS and T® we have the question of the character- 
istics of spinors of distinct types. To solve it we 
introduce the self-adjoint (“large”) spinors 


YW) = "21 ay) = ty) oI, 
(2) == "all Saige) Coe (sie, 
We" (1, 2) = OV (1,2) See 2) ye 


Under the strong inversions of the small y% the 
quantities (1,2) transform linearly, each one 
by itself, in complete analogy with the transforma- 
tion of the ordinary ~ under geometrical inver- 
sions. Corresponding to the phase transformation 
y’ =el@y wehave W'(1,2) =exp(+ys5a) - U(1,2). 
For self-adjoint small ~ (neutrino), (1) and 
W(2) coincide. An additional difference between 
W(1) and W(2) is due to the possibility of differ- 
ent or equal relative signs under inversions. Self- 
adjoint ~’s are possible only for those (1,2) 
for which these signs are the same. 

For characterizing the behavior of spinors under 
the strong inversions PS, TS we need only the 
pairs of indices J=a+a, K=b+8, and accord- 
ingly the one difference 


N=J—K =(a—b) + (« — 8) (mod 2). (2) 


Here a, b, a, B relate to the original small 
spinors ~ from which the (1,2) are constructed. 
W(1) and (2) form a doublet, whose components 
go over into each other under geometrical inver- 
sions or charge conjugation of the original #. These 
transformations, together with the Salam-Touschek 
transformation, can be put in basic correspondence 
with three-dimensional isotopic rotations.!° The 


construction of bilinear combinations (bosons ) 
having the usual covariance properties (scalar, 


pseudoscalar, vector, etc.) from spinors of which 


the first has N=1 (“mixed”) and the second 
N=0 (“normal”) is impossible even when we use 
the strong inversions. It is also impossible to con- 
struct bosons that behave in the usual way under 
geometrical inversions from spinors that differ 

in the values of (a—b) or (a@-—£)(modulo 2). 
This provides a basis for identifying, for example, 
N with the baryon number, (a@-— 8) with the 


We then have the usual relation N = Y-S. 
Corresponding numbers can be assigned to bosons; 
then bosons constructed from spinors that differ 
in N, S, Y form doublets, whose components 
transform into each other under inversions, i.e., 
particles of the type of the K mesons. We then 
get new conservation laws, in which N is con- 
served strictly (modulo 4), and S and Y are 
conserved when there is invariance only under the 
geometrical inversions. Therefore the fact of si- 
multaneous violation of the conservation of P, S, 
Y, which has seemed accidental, can now receive 
a legitimate explanation. If we take as a universal 
invariance condition the conservation of PS and 
TS, then when there is violation of the isotopic 
group the ordinary parity P is also not con- 
served.!! 

We point out that it is convenient to carry out 
the construction of the interaction Lagrangian by 
means of the (1,2), since then the invariance 
with respect to PS and TS is most explicitly 


- manifest, and, for example, it can be seen why 


for two-component spinors one is confined (Feyn- 
man) to the vector and pseudovector terms, which 
are invariant under the Salam-Touschek transfor - 
mations for the large (1,2). 

In conclusion we remark that it is most natural 
to characterize the leptons by “normal” spinors, 
assigning different factors +1, i, ys to the par- 
ticles e, v, pu, andthe baryons by spinors that 
are “mixed” under strong inversions (N # 0); 
bosons are assigned bilinear combinations of spin- 
ors. In view of the absence of absolute conserva- 
tion of the number of baryons in this formalism, 
they can in principle be converted into mesons 
and leptons; owing, however, to the existing con- 


- servation laws and the necessity of contact inter- 


action of several particles, the probability for this 
conversion will be extremely small. 
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strangeness S, and (a—b) with the hypercharge Y. 
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Au experiments on pion beta decay performed 
to date are devoted to 6 decay of the stopped posi- 
tive mesons.*~® In two recent papers, the following 
result is obtained for the relative probability of 
this process: 


(n* > e* + v) /(x* > ut + v) = 1-104 + (20—40%). 


This agrees with the value 1.3 x 104 which follows 
from the universal V-A theory of 8 decay.’ It 
follows from relativistic invariance (CPT theo- 
rem )° that this process should have the same rela- 
tive probability for negative pions as for the posi- 
tive ones. However, we deemed it important to de- 
termine the relative probability of 8B decay of nega- 
tive pions by direct experiment. 

Unlike 1*—e* decay, 7 —e decay can be 
observed only in flight. We therefore sought for 
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B decay of negative pions among the data obtained 
in a diffusion chamber operating in a 9000-gauss 
field, used to study the interaction of 130-Mev and 
160-Mev negative pions with protons as well as 
rare types of neutral-pion decay.®»!° By thrice 
scanning approximately 100,000 stereographs, we 
found 29 decays in which the secondary particles 
were deflected by 6 > 20° (the maximum angle 
for m-y decay at 130 Mev is 10°). In all cases 
the primary and secondary particles had minimal 
ionizations (estimated visually). As a result of 
the data reduction (the method used to measure 
momenta and angles was analogous to the one pre- 
viously described?! ), 26 cases were identified as 
pp —e decays and 3 cases were classified as 
mw —e decays. It should be noted that the condi- 
tions for separating the —~e and w—-e decays 
in flight by their momenta are somewhat better than 
for stopped a and uw mesons, for in this case the 
ratio of the momentum of the —e decay electron 
to the maximum yu—-e decay electron momentum 
possible at the given angle exceeds, over a wide 
range of angles, the ratio of these momenta for 
stopped 7 and uw mesons. Another favorable 
circumstance was the lower background of the 
lu—e decays. Figure 1 shows the distribution of 
the momenta of the electrons from mt —e™ decay 
(the three points on the right) and w= —e™ decay, 
in the rest system of the a and pu mesons. The 
errors listed are the maximum errors in the meas- 
urement of the radii of curvatures of the m and p7 
mesons and electrons. A photograph of one of the 
17 —e +v decay events, obtain in a diffusion cham- 
ber, is shown in Fig. 2. 

The reduced data for the 1 —e™ decays are 
listed in the table. 
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FIG. 2 


As can be seen from Fig. 1 and from the table, 
the electron momenta in the m -meson rest system 
are close to 69.8 Mev/c. If the primary particle is 


assumed to be the ” meson, then in the ww -meson 


rest system the electron momenta for these three 
cases are 80+ 8, 77+4, and 70+ 11 Mev/c, re- 
spectively, whereas the maximum electron momen- 
tum in 4—e decay is 52.9 Mev/c. 

Other possible processes, which may imitate 
1m —e decays (inelastic scattering of mesons 
by complex impurity nuclei in the gas in the cham- 
ber, electron bremsstrahlung, successive m™—p™ 
—e decay in flight with short uw -meson track) 
have very low probabilities. 

To determine the relative probability of the m - 
meson £8 decay it is necessary to determine the 
total number of mt —wy™ decays. This number, 
(5.6 + 0.3) x 104, was calculated from the known 
total path length of the m mesons in the chamber, 
which amounted to (7.8 + 0.4) x 10! ecm, and from 
the momentum, p, = 253 Mev/c. Considering the 
detection efficiency of 7 —e™ decays to be the 
same as that of u~—e™ decays, which has been 


Laboratory system Rest system of 7 meson 
Number of = 
ee T meson electron Q electron 
Brent momentum momentum d momentum 0 
(Mev/c) (Mev/c) AS (Mev/c) deg 
4 228+10 104+8 4D 040) 7T4+7 10842 
2 207411 103+3 42+0.5 T1+4 402+2 
3 266+6 156+26 Poa) 68+11 8641 
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estimated to be 70%, and taking into account the 


contribution from the angle range 6 < 20, the 


_ relative probability of m-meson B decay becomes 


(nm —>e" + v)/(m >" + ¥) = (1.2£0.7)-1074, 


Within the limits of errors, this quantity agrees 
with the relative probability of 8B decay of positive 
mesons and with the aforementioned value calcu- 
lated on the basis of the universal V-A theory of 
B interaction. 

The authors express their gratitude to T. S. 
Sazhneva, L. I. Krasnoslobdtseva, and Yu. L. 
Saikina for help in scanning the photographs. 
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Tae data of different authors on the transition 
temperature for the compound BiPt differ consid- 
erably one from another. According to Matthias! 
Te =1.21°K; Alekseevskii found in one case Te 

= 2.4°K but other alloys of the composition BiPt 
did not become superconducting until 1.3°K.?»? 

We may, then, suppose that the different behavior 
of alloys with composition BiPt at helium tem- 
peratures is related to the conditions of prepara- 
tion. 

In their study of the phase diagram of the 
bismuth-platinum system, Zhuravlev and Kertes* 
found that the compound BiPt has only one crystal- 
lographic form, belonging to the hexagonal system 
with lattice spacings a=4.20A and c=5.55A, 
and has the AsNi type structure.>’® 
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We repeated the thermal analysis with differen- 
tial measurement on a Pk-52 instrument and an 
x-ray examination from 20 to 600°C and confirmed 
the existence of only one crystalline form. The 
measurements showed that the NiAs structure 
was retained up to high temperatures and the co- 
efficient of thermal expansion was derived. In the 
direction of the hexagonal axis aj = 4.0 < L0g 
2aOpe LOE” deg}, and perpendicular to the axis 
a, = 19.0 x 10°§ + 2.0 x 10°8 deg”. 

We examined alloys that had various heat treat- 
ments and corresponded both to the stoichiometric 
composition BiPt (48.3% Pt by weight) and to 
higher and lower bismuth content (45 and 53% Pt 
by weight) than corresponds to BiPt. For alloys 
annealed and rapidly cooled from various temper- 
atures which did not exceed the liquidus tempera- 
ture for the given composition, the main phase 
(the compound BiPt) always had the AsNi type 
structure with a=4.315 and c=5.490 + 0.005A. 

If these same alloys were rapidly cooled from 
temperatures 50, 100 and 200°C above the liquidus 
point, then defect structures are formed. 

A reduction in unit cell dimensions of the NiAs 
phase (BiPt) was found from x-ray powder photo- 
graphs of these alloys, and the higher the temper- 
ature from which the alloys were cooled and the 
greater the bismuth content, the greater was the 
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reduction in unit cell dimensions. The maximum 
reduction in volume of the unit cell was ~ 0.8% of 
the cell volume of the 48.3 wt% Pt alloy, obtained 
with an alloy containing 45 wt % Pt, quenched from 
950°C (~ 200° above the liquidus line). 

The difference in superconducting properties 
of various alloys prepared from bismuth and plati- 
num and corresponding to the composition BiPt 
or close to it, is most likely due to the formation 
of a defect structure based on the BiPt structure. 
This is probably produced because of the high rate 
of cooling the liquid alloy, when on crystallizing 
into the NiAs structure all the vacant sites are 
not occupied by bismuth or platinum atoms. The 
defect structure is apparently formed with plati- 
num deficiency. The decrease in unit cell dimen- 
sions leads to a reduction in the minimum bismuth- 
bismuth interatomic distance, which produces a 
change in Tg. This agrees well with the previously 
noted’ increase in Ta with decreasing minimum 
bismuth-bismuth interatomic distance in supercon- 
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Lanpav and Lifshitz! have shown that there may 
occur in some antiferromagnetic crystals a pecu- 
liar phenomenon, namely that if a crystal is placed 
in a constant magnetic (or electric) field, an elec- 
tric (or magnetic) moment proportional to the 
field is produced in the crystal. 

This phenomenon, which can naturally be called 
the magnetoelectric effect, is intimately connected 
with the magnetic symmetry of the substance. In- 
deed, the thermodynamic potential of such a solid 
must contain terms proportional to the product of 
the first powers of the electrical and magnetic field 
components (® ~ EH). It is at once clear that this 
is impossible in a paramagnetic crystal, since its 
thermodynamic potential is invariant with respect 
to a change in the time direction (t — -t, R- 
transformation) in which, as is well known, the 
magnetic field changes sign while the electrical 
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| 
ducting bismuth compounds with the AsNi structure. 

We are grateful to Professors G. S. Zhdanov and 
N. E. Alekseevskii for discussion of the results. 
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field does not. The position is, however, essentially 
altered for substances which have a magnetic struc- 
ture. The magnetic-symmetry group of such solids 
may either not contain the R-transformation at all, 
or may contain it only in the form of a combination 
with other symmetry elements, so that the appear- 
ance of terms proportional to EH in the thermo- 
dynamic potential turns out to be possible. 

We should like to show here that among the well- 
known antiferromagnetic substances there is one, 
namely Cr203, where the magneto-electric effect 
should occur from symmetry considerations. The 
magnetic structure of Cr ,O3 is well known from 
the neutron-diffraction studies of Brockhouse” and 
the susceptibility data (McGuire et al.*). It is 
easy to verify that the magnetic symmetry class 
of Cr,O3 consists of the following elements: 


WHGr, OCB PRS 2S6R, 334k, 


where C3 is vertical axis of symmetry of third 
order, U, a horizontal symmetry axis of second 
order, I an inversion, Sg a mirror axis of the 
sixth order, and og a plane of symmetry. 

The transformations of this class are invari- 
ants of two expressions linear in E and H: 
E7Hz (the z axis is along the crystal axis) and 
ExHx + EyHy. The thermodynamic potential of 
Cr,O03 has therefore as a function of E and H 
the form 
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me = — 3, (2, B24 ©, (Ee + Ep) 
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where ¢jj and e€| are the longitudinal and perpen- 
dicular dielectric constants, py, and wy, the mag- 
netic susceptibilities, and qa}; and a, constants 
describing the magneto-electrical effect. Using 
the thermodynamic relations 479¢/9E = —D and 
4706/0H = —B we get the relations between the 
inductions and the field strengths: 


p= 5) ee a“, f,, Dae E. + a Hf, 


eras aH; Bo =p HH, +0. ES 


B = wT, -+|- a E., Be = BA, +- o£, ‘ 
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less hyperfine structure of three lines of Gd I: 
5015A (z”Gg—a” Fg), 5103A (z”Gg—a” F7) and 
5251A (z”Gg—-a” Fg) was investigated by means of 
a photoelectric spectrometer with a Fabry-Pérot 
interferometer.! The work was carried out using 
separated gadolinium isotopes of a high degree of 
enrichment (Gd!*97.3%, Gd'5™91.4%). In agree- 
ment with paramagnetic measurements? it was 
shown unambiguously that the spin of both isotopes 
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is 1 =%/). The value of the ratio of the magnetic 
moments 455/457 =0.79 + 0.02 and the absolute 
values [y55 =— 0.32 + 0.04 and pys7 =—0.40+ 0.04 
agree satisfactorily within the indicated limits of 
error with earlier measurements.2~4 

For the ratio of the quadrupole moments we ob- 
tain the value Q455/Qi57 = 0.78 + 0.06 which dis- 
agrees with Speck’s investigation’ in which he found 
that Qi55 = Qis7. The absolute values of the quad- 
rupole moments calculated from our experimental 
data (Qys; =11.6'% 10524 em*eand Qj.7=12 10a, 
cm’) are larger by almost a factor of two than 
those given by Speck, but it is difficult to estimate 
the error in the final result since the L-S coupling 
does not hold very well for the G-terms of gadolin- 
ium used by us, and this introduces a large indeter- 
minacy in the estimate of the electronic matrix 
elements. 

The values for the internal quadrupole moment 
Qe = 8 x 10-24 em? and) @j20= 10 «1002 emeanres 
calculated from the above data agree in order of 
magnitude with the values obtained by the method 
of Coulomb excitation of gadolinium nuclei.°*® The 
deformation parameters determined from our data 
are O45, = 0.31 and 6457 = 0.37. The ratio 6455 /O457 
= 0.8 is directly obtained from the ratio of the quad- 
rupole moments Qj55/Qi57 and does not depend 
strongly on the possible error in the determination 
of the electronic wave functions. The values of the 
deformation parameters given above are in good 
agreement with the data on the variation of nuclear 
deformation in the series of rare earth elements 
obtained by the method of Coulomb excitation of 
even-even nuclei.! 

By using these values of 6,5, and 6457 and the 
values of pyss and p45, given above we made an 
estimate of gx and gp — the gyromagnetic ratios 
for the internal and the collective motions. The 
calculation of gx was carried out in accordance 
with Nilsson’s scheme, and in order to do this the 
expansion coefficients for the wavefunction of the 
unpaired nucleon tabulated by Nilsson® were ex- 
trapolated for the ground state of gadolinium 
(N=5, l= YE. hg/2 ) into the region of large nu- 
clear deformations (0.31 <6 < 0.41). As a result 
it was established that 455 /Skis7 = 0.9 + 0-1 and 
then (gR/gK)1is7 = 1-1 (gR/8K)155 + 0-2. These 
relationships were obtained by utilizing only the 
relative values of 6455/6457 and [455/U457, Which 
are determined from the experimental data with a 
high degree of accuracy. The absolute values of 
8K may be found with an accuracy determined by 
the error in the values of Qjs55; and Qj57. Calcu- 
lations gave the values gx 455 = —0.8 nuclear mag- - 
netons and gK 457 = — 0.9 nuclear magnetons, from 
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which we obtain gRis5 =@Ri57 = 0-7. This value 
differs appreciably from the approximate estimate 
gp ~ Z/A = 0.4, and is in good agreement with the 
data of de Boer et al.,®° but contradicts earlier 
measurements of Bjerregard and Meyer-Berkhout,° 
although the ratio gx 455/8K1i57 determined by 
them experimentally is in complete agreement 
with the value obtained by us. This confirms to 
some extent the correctness of the extrapolation 
of Nilsson’s data made by us into the region of de- 
formations 6> 0.3. Similar calculations made by 
Gauvin® for strongly deformed nuclei with an un- 
paired nucleon (153 < A < 197) have shown that 
for a number of nuclei such an estimate leads to 
gp > Z/A. The values obtained by him for gx 
and gp in the case of Gales agree with our esti- 
mate. In the case of Gd!*" the estimates of gx 
and gp differ, since we based ours on the value 
6457 = 0.37, while Gauvin adopted 6457 = 0.31. 
Gauvin discusses the possibility of a modification 
of the evaluation of gx which would lead to the 
values of gr © Z/A, but the new experimental 
data® on the value of gp for Gd'*" contradict such 
an estimate. Therefore an additional investigation 
of the odd isotopes of gadolinium by the method of 
Coulomb excitation is highly desirable. 


RESONANCE INTERACTION OF PIONS 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 884-886 
(September, 1959) 


Ly order to explain the maximum in the 7 -p 
interaction at energy E = 1 Bev, Piccioni,! Dyson, 
and Takeda? advanced the hypothesis of resonance 
interaction between a mesons. This hypothesis 
was also used to explain the high multiplicity of 
m™ mesons produced in nucleon-antinucleon anni- 
hilation*”® and to explain the inelastic (m -p) scat- 
tering for E=1 Bey.®8 However, the assumption 
of a resonance 1-7 interaction was not obligatory 
inall cases considered inthese articles, since the ex- 
perimental results could be explained in other ways. 
It is of interest to consider what conclusions 
would follow from the assumption of a resonance 
m-m interaction in the case of inelastic interac- 
tions of particles at E > 1 Bev, where a large 
number of m mesons would be produced, and an 
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assumption about the m-7 interaction would have 

a considerable effect on the results of calculation. 
As an example, we consider inelastic m -p colli- 
sions at KE =5 Bev. We considered this case in 
detail earlier? without taking account of a resonance 
™-m% interaction. 

We assume, as in reference 9, that statistical 
equilibrium is established for the K mesons ina 
spatial volume of radius rx = h/mxe, and, for all 
other particles, in a spatial volume of radius r, 
=h/m7yce, where mx and my are the masses of 
the K- and m-mesons. As we showed in refer- 
ence 9, these were the best choices for explaining 
experimental data on multiple production of ordi- 
nary and strange particles.* We will take the same 
conservation laws into account and use the same 
method for calculating statistical weights as in our 
previous work. 

Taking account of the resonance m-7 interaction 
is formally equivalent to introducing a “pion isobar” 
of mass yp = 0.47 nucleon masses,® spin S=0 and 
isotopic spin T=0 (variant of Dyson?) ors i3=il 
(variant of Takeda*) into the statistical theory of 
multiple production. f 

In the table we show the ratio of the experimental 
results from reference 11 to the theoretical results 
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ee ee ed Se ed SS! HG 
Number of prongs 


Variant of the theory 
2 4 6 

Without the 7-7 

interaction 0,98+0.12 | 0.99+0.16 22414 
With the 7-7 inter- 

action in Dyson’s 

variant 1,2140.15 | 0.8340,13 | 0.49+0,28 
With the 7-7 inter- 

action in Takeda’s 

variant doo Ol Ton Oe daeOn 4) 0.6440 ,36 


for two, four, and six-prong stars, the latter calcu- 
lated for three variants of the theory. (The indi- 
cated statistical experimental error is Ay = +VNy 
where Ny, is the number of n-pronged stars. ) 

It can be seen that the results of calculations 
without account of the m-7 interaction agree well 
with experiment. Inclusion of this resonance 1-7 
interaction, especially with Takeda’s variant, wors- 
ens this agreement. The disagreement between the 
theoretical and experimental values for stars with 
a small number of prongs is a characteristic fea- 
ture of the calculations which take account of the 
resonance 7-7 interaction, not only at E =5 Bev, 
but also, at other energies. 

The proportion of charged strange particles pro- 
duced in inelastic a -p collisions constitutes 8.6% 
for the theory which neglects the a-7 interaction 
(5.5% from K* and 0.3% from K™ mesons) and 
6.4% and 5.7% for the variants of Dyson and Takeda. 
Of the 110 inelastic stars in the experiment, in only 
' four cases (i.e., in 3.5% of all cases) were strange 
particles produced. However, it is not possible to 
differentiate between the three theoretical variants 
on this basis, as was proposed in reference 10, be- 
cause stars in which strange particles are produced, 
but do not decay in the chamber, may be included in 
the remaining 106 stars. Considering the lack of 
statistics of stars with strange particles, one would 
expect such cases to be very probable. 

Thus, available experimental data can, within 
the limits of experimental error, be explained with- 
out employing the hypothesis of resonance m-7 in- 
teraction. Further assumptions would be necessary 
to bring the statistical theory, with this interaction, 
into agreement with experiment. 


*If one is interested only in the production of ordinary par- 
ticles, then all reactions with strange particles can simply be 
discarded (i.e., set rx = 0). Such a simplification has little 
effect on the results obtained for pions and nucleons since 
the proportion of strange particles produced is small. 

tInelastic 7~-p scattering at 5 Bev with account of the 
resonance 7-7 interaction was considered by Rus’kin.’* How- 
ever, only part of the possible inelastic reaction channels 
were included here. Thus, for reactions with strange particles, 
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the neglected channels have approximately the same statis- 
tical weight as the reactions taken into account by Rus’kin. 
If these channels are included, then the ratio of the cross 
section for the production of strange particles to the cross 
section for production of the observed 7 mesons exceeds that 
indicated by Rus’kin by a factor of more than two and is sev- 
eral times larger than the experimental value. The agreement 
with experiment for the distribution of stars with number of 
prongs is correspondingly worsened. This well-known result 
(see reference 9) indicates that K mesons should be taken 
into account differently than 7 mesons in the statistical 
theory. 

We are grateful to V. I. Rus’kin for discussion of the com- 
parison of our numerical results with his calculations. 
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ON THE DETERMINATION OF NUCLEAR 
DEFORMATION FROM THE ALPHA-DECAY 
FINE STRUCTURE 


V. G. NOSOV 
Submitted to JETP editor June 1, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 886-887 
(September, 1959) 


V Ve have shown earlier that by studying the a - 
decay fine structure it is possible to determine the 
form of the surface of the daughter nucleus.! A 
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theory was developed for the decay of even-even 
nuclei, by which unique analytic expressions, valid 
in all space, can be obtained for the wave functions 
of the a particle. The resultant formula for the 
relative probability of excitation of the rotational 
level of a daughter nucleus with momentum J is 
found to be 


2 


1 
\ x (u) e8P2 (4) Py (u) du 


—1 
wy = (QF + lye Ut (1) 


1 
\ x (2) PP) du 


Sail 


where x(y) is the wave function of the alpha par- 
ticle on the surface of the nucleus, described by 
the equation R(uw) = Ry {1+ QP.(u)}; pw =cos oe 
the parameters y and B/a, depend in a definite 
manner on the nuclear radius Ry (we assume in 
the computations Ry = 1.4 AM x 19738 cm), the 
atomic number Z, the decay energy, and moment 
of inertia I of the daughter nucleus (it is also 
possible to take the right half of (1) to mean inte- 
gration over some other weakly-nonspherical sur- 
face, but x, y, and 8 must then be taken to mean 
the corresponding quantities that pertain to that 
surface). Using Eq. (1) and assuming x = const, 
we determined the quadrupole deformations dp» 

for 22 even-even daughter nuclei from the experi- 
mentally-observed probability w, of the excitation 
of the 2* level. 

This problem was considered anew by Strutin- 
skii? under the same physical assumptions, but by 
a different method, which led to poorly-converging 
series. The wave function was therefore deter- 
mined by him only inside a spherical surface S’ 
of radius R’ = 2Ze2/E — Rp. He then used the 


formula 
2 1 
| \ x’ (uw) dp. 
] Hl 


where yx’(u) is the wave function on the surface 
S’. The results of references 1 (al) and 2 (a?) 
are compared in the table. The values aj deviate 


1 


wW, = (2) + 1)| \ x’ (4) P, (uw) du 
i 


2 


» (2) 
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systematically from aN , and the deviation in- 
creases with increasing AE = 3h?/I. 


Formula (2) is equivalent to stating that the pene- ; 


tration of the part of the barrier located outside the 
surface S’ is independent of the momentum of the 
alpha particle. To verify (2), we apply (1) to the 
surface S’ (8=0). Identifying the corresponding 
values of wj and y by primes, and comparing 
with (2), we obtain 


wi, = e-VII+) w,, (3) 

Thus in reference 2 the deformation agrees ac- 
tually not with the experimentally-observed wj, 
but with some quantity w; which has no physical 
meaning. Formula (3) can also be obtained by or- 
dinary unidimensional quasi-classical methods, 
since the field is practically centrally-symmetrical 
in the region r>R’. 

To estimate the role of the factor exp {-y’J 
x (J+1)}, which describes the dependence of the 
penetration on the momentum of the alpha particle, 
we put J =2 in (3); the values e *Y listed in the 
table deviate substantially from unity, indicating 
that the deformations obtained by Strutinskii are 
in error. 

To verify the foregoing considerations, let us 
insert wy» in the left half of (1) and calculate the 
corresponding deformation a@§. Inasmuch as w% 
is that value of the probability (not equal to the 
experimental one) with which the deformation in 
reference 2 actually agrees, a should be equal 
to a’. As seen from the table, this is indeed so 
(certain discrepancies apparently do not exceed 
the accuracy limits of Strutinskil’s calculations ). 

The present calculation thus confirms the cor- 
rectness of the deformations computed in refer- 
ence 1. We note that in calculating aN in accord- 
ance with (1) the error is very small. Account of 
all the first-order correction in the expansion in 
powers of the parameters 1/kRo, Q), and 
J(J+1)/k*R% (« is the wave number of the alpha 
particle on the surface of the nucleus) corrects 
the deformation by not more than 3%. Therefore 


a 


Daughter} AE N Ss eon Daughter} AE F 
re kev Crs a, Bs Coe) eaoiene kev ay ae Cane te 
E220 220) Oe2ts SOOT OMT OOS [230 50 | 0.14 | 0.08 | 0.64 | 0.08 
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the only sufficient reason for changing al would 
be an improvement in the experimental data, to 
which, in particular, the review of Perlman and 
Rasmussen is devoted.’ 

I thank A. S. Kompaneets for evaluating the re- 
sults of this work, and also T. V. Novikova for help 
in the calculations. 
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THE NON-ADDITIVITY OF LONDON- 
VAN DER WAALS FORCES 


L. I. PODLUBNYI 
Odessa Pedagogical Institute 
Submitted to JETP editor June 6, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 888-889 
(September, 1959) 


lie so-called dispersive interaction forces be- 
tween neutral atoms are not additive (notwithstand- 
ing statements which are sometimes made); the 
additivity occurs only in the first non-vanishing 
perturbation theory approximation. We consider 
here the next terms (of third order in the coupling 
constant) of the perturbation series and we shall 
obtain an expression for the energy of the disper- 
sive interaction of three hydrogen atoms, in its 
dependence on the interatomic distances Rj, Rg, 
R3 as parameters and including the retardation 
effect. 

For this purpose it is advantageous to use the 
Feynman-Dyson technique, as done by Dzyaloshin- 


skii! for the interaction of two atoms. We are in- 
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terested in processes of the kind of Fig. 1a lead- 
ing to a contribution 


SO el ar, dx5 DF (1, 4) D* (3, 6) D¥ (2,5) 


 P [js? (5) 8 (6)1 P Lis? (8) ie (4)1 PLP (1) i? (2)1- ) 
To derive this expression we eliminated the vari- 
ables of the intermediate electromagnetic field, 
used the usual, non-Heaviside system of units 
[h =c=1 up to Eq. (5)], and took into account 
that, for instance, for an N -particle interaction 
there are in all 2N-1(n -—1)! different processes 
of order e2N corresponding to connected diagrams 
of the kind shown in Fig. 1a. Generally speaking 
we should have started our consideration with 
processes of the type of Fig. 1b, leading to a non- 
additive correction of the second order (in the 
coupling constant), but in the approximation cho- 
sen by us (we are only interested in the dipole 
interaction) all matrix elements of S"*) contain- 
ing “propagator functions” of three interacting 
atoms give zero for the ground state, since two 
out of the three “propagator lines” are involved 
in only one vertex. One must drop processes de- 
picted in Fig. 1c for similar considerations. 

In the first non-vanishing order, in which the 
interaction energy depends simultaneously on the 
coordinates of all three atoms, we therefore get 
precisely Eq. (1). Performing in this equation 
the integration over all time coordinates we find: 


U =a Tar \ Pam eh ig \ d*p,d°p.d*p3 exp {ip, (t, — fra) 
; : ° dw 
+ ips (ts — Te) + ips (ts — ray | (0) eae 
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In the non-relativistic approximation we can put 
CL ju (ra) | > <r | ju (ra) | E> = — e142 (74) bm (1) 
—8 (1) 81m] [Ym (r2) $a (re) — 8 (ra) bmel (3) 
If we now introduce the polarizability 
01 (0) = S120 | don? / (no — ©”), (4) 


n 


and so on. 
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where doy is the dipole moment matrix element, 
and perform the necessary integration in (2), we 
get finally after elementary, but cumbersome 
computations 


U (Ri, Rs, Rs) == 132 hCX, (0) 
X ay (0) a (0) /TR RRs (Ri + Re + R3)’, (5) 


and this fermula is valid under the assumption that 
the distances between the atoms are much larger 
than the characteristic wave length A» in the spec- 
trum of the atom (R,, Rz, R3 > Ag so that exchange 
forces play no role whatever; as was already stated, 
we neglect the effects of higher multipoles ). 


1T. E. Dzyaloshinskii, JETP 30, 1152 (1956), 
Soviet Phys. JETP 3, 977 (1957). 
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NUMERICAL SOLUTION OF STATIC DISPER- 
SION RELATIONS OF THE PHOTOPRODUC- 
TION P-WAVE 
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Submitted to JETP editor June 29, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 889-890 
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We found an exact numerical solution of the static 
dispersion relations obtained in references 1 and 2 
for the photoproduction P -amplitudes. We used 
the method, proposed by Omnes? and based on the 
work of Muskhelishvili,* of reducing the linear sin- 
gular integral equations to regular Fredholm equa- 
tions. The procedure (which is not unique in the 
case of scattering), for the transition from the 
singular to the regular equations is found to be 
unique in this case under the following conditions: 
1) the scattering phase shifts vanish at the threshold 
and at infinity, 2) the solution of the regular equa- 
tion is bounded and has the same value at infinity 
as the solution of the singular equation. 

The values used for the phase shifts were ob- 
tained from the Chew-Low static equations (at 
f? = 0.08 and a cutoff parameter P = 7), the solu- 
tions of which were obtained by the Salzmans? and 
repeated by Tentyukova on the “Strela” computer. 
The regular photoproduction equations were solved 
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by successive approximation on the “Ural” com= 
puter of the Joint Institute for Nuclear Research. 

The exact solutions for the quadrupole ampli- 
tudes and the e-parts of the magnetic dipole am- 
plitudes behave qualitatively like the correspond- 
ing Bohr terms multiplied by cos 63).The w. -parts 
of the magnetic dipole amplitudes (including the | 
isotope-scalar amplitudes) behave like ~ q~? sin 6. | 
This means that the meson created upon interaction 
of a photon with the static magnetic moment of the 
nucleon always experiences secondary scattering. 

It is shown further that the electric dipole am- 
plitude is independent in the static approximation 
of the magnetic moments. This follows from the | 
supplementary condition and from the dispersion | 
relations for the longitudinal amplitudes, obtained 
in reference 6. | 

As a first attempt at comparing the complete 
expression for the photoproduction amplitude with 
experiment, with allowance for the obtained cor- 
rections, we calculated the coefficient C in the 
photoproduction cross section of n> mesons at 
threshold: 


ds (yp—>n°p) /dQ = A +B cos 6+ C cos? 6. 


In the figure, C is given in (h/ypc)? units, q is 
the meson momentum in the c.m.s. and in units of 
uc, and q’=V1-—q2. The solid curve corre- 
sponds to the exact solution, while the dotted one 
corresponds to the approximate solution obtained 
in reference 1; the experimental points for 160 — 
240 Mev are taken from reference 7, while those 
for 260 Mev are from reference 8. It is seen that 


(c/y°g?)*10" 
a4 


el 
240 260 Eyya Mev 


1 L il dbs 
160 180 200 220 


the exact solution leads to fair agreement with ex- 
periment near threshold. This agreement becomes 
somewhat worse for large energy, which can be 
attributed to relativistic effects. The approximate 
solution of reference 1 is in poor agreement with 
experiment, as noted by Baldin and Govorkov 
(private communication). 

We take this occasion to express sincere grati- 
tude to A. A. Logunov, S. V. Fomin, and N. N. 
Govorun for interest in the work, and also to 
A.M. Baldin for very valuable comments and for 
acquainting us with his paper prior to publication. 
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ON THE QUESTION OF CRITICAL VELOCI- 
TIES FOR FLOW OF He IL IN CAPILLARIES 
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(September, 1959) 


As is known, Onsager’s! and Feynman’s? ideas 
about vortex lines yield the right order of magni- 
tude of critical velocities for superfluid helium 
rotating in a cylinder and for flow from a narrow 
capillary into a large beaker. In the former case 
the vortex lines are straight and parallel to the 
cylinder axis, while in the latter they are rings 
formed in the beaker near to the junction with the 
capillary.’ 

It will be shown below that similar values of 
the critical velocities can be calculated for the 
flow of helium through a long capillary. It is 
natural to suppose that the vortex lines will, in 
this case, be closed curves lying in planes per- 
pendicular to the capillary axis. The shape of 
the lines will be determined by the capillary cross 


section, i.e., for a circular cross section the lines 
will be circular and for a rectangular section the 
lines will form closed curves nearly rectangular 
in shape. The angular momentum associated with 
such lines is evidently zero, while the linear mo- 
mentum is non-zero and is directed parallel to 
the capillary axis, i.e., parallel to the flow veloc- 
ity v. According to Landau?’ the change in energy, 
AE, of flowing helium (in a coordinate system 
fixed with respect to the capillary walls), associ- 
ated with the formation of a vortex line, is AE 

= Ey —- pyv (Ey and py are the energy and mo- 
mentum of a vortex line). A vortex line can be 
formed if AE <0. As superfluidity disappears 
when a vortex line appears, the critical velocity 
Vv; is determined by the condition AE = 0, ie., 
Vk = Ey /py- 

The momentum py of a narrow vortex line is 
given by’ Py = Ko f4Fn, where « is the circula- 
tion of velocity along a contour enclosing the line 
and p is the density and the integration is over a 
surface bounded by the vortex contour 1. In cal- 
culating the line energy we shall assume that the 
vortex line is sufficiently far from the walls for 
surface effects to be neglected. Then? 

Eos ie \ (curl v (r), curl v (7’)) ode 

eral 

Since py is proportional to the square of the lin- 
ear dimensions of the line and Ey is directly pro- 
portional to it, the minimum AE corresponds to 
the maximum line length, coinciding with the trans- 
verse dimensions (for a rectangular cross section 
it is therefore not energetically profitable for cir- 
cular vortices to be formed instead of rectangular 
vortices). If, in fact, the line is near the walls, 
Eq. (1) for Ey is inexact, but it is sufficient for 
calculating vx. 

According to Feynman,’ the circulation xk is 
quantized: «x = 2mgh/m, where ng = 1, 2,...... 
The smallest values of energy, Ey and of |AE| 
correspond to ng =1. By calculating the line en- 
ergy and momentum we obtain for a circular cross 
section of radius r 


Up = (h/ mr) (In (r/d) + In 16 — 7/,) 


(d is the diameter of the line cross section, d«r). 


For a rectangular cross section 
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a and b are the sides of the rectangle (a, b > d). 


According to Lifshitz and Pitaevskii® we should 
take d as 2x10°' cm. For r 107° cm we then 
obtain vy * 80 cm/sec. A similar estimate for 
the flow of helium from a capillary into a beaker 
was derived by Feynman. 

We would like to thank V. M. Galitskii and 
A. B. Migdal for interesting discussions. 
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